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Chapter 1

Introduction

Let us start considering a linear system of di erential equaions of order 1 on
aninterval I R.

dx
— = Ax; t 21 1.1
. (1.1)
wherex = (x1;:::;Xp) 2 R" and A = A(t) isann n real matrix.
It is well-known that given xo = (X10;:::;%Xno) 2 R" and to 2 I, there is

a unique solution x(t) = (x1(t);:::;xn(t)) to (1.1) such that x(tp) = Xo. The
simplest case is of course iR 0 and in fact we can change (1.1) into this by
change of gauge

y = gXx (1.2)
where g = g(t) 2 GL(n; R). To see this notice that we want to nd g such that

dy dg dx _ %} o

gt T XY g T g ¢ 9O
That is we want

dg

a9 (1.3)
or by transposing

dg' t At

— =Agg:

a O

That is, the rows of g are solutions to (1.1) with A replaced by A!. Hence
we just choosego = g(to) 2 GL(n; R) arbitrarily and nd the unique solution
corresponding to each row, i.e., we nd the unique solution b (1.3) with g(to) =
Oo. To see thatg is in fact invertible we solve similarily the equation of matrices

dh
— = Ah
dt
with h(te) = g, ! and observe that
d dg dh
—(gh)= —= h+ — = gAh Ah=0;
g9 = 4 9 59 9

thus by uniquenessg h = 1. Hence we have proved the following proposition.



Proposition 1.1.  Consider a system of equations (1.1) on an interval R.
Let to 2 R and gy 2 GL(n;R). Then there is a unique gauge transformation
g = g(t), such that (1.1) is equivalent to

dy
dt

Remark. We shall think of g as a family of linear transformations parametrised
by I, i.e. given by a mapg in the commutative diagram

=0; for y = gx and g(to) = go:

I R —2 5 Rn

pr& \%OJ

with g(t;x) = (t;g(t)x).

We want to generalize this to the case wherd is replaced by an open set
U R™ or more generally by anydi erentiable manifold M = M ™. For that
purpose it is convenient to rewrite (1.1) as an equation of dierential forms:

dx = (Adt)x:

Absorbing dt into the matrix we shall in general consider a matrix A of di er-
ential 1-forms on M and we want to solve the equation

dx = AXx (1.4)

is a smooth family af non-singular linear mapsg = g(t) 2 GL(n;R),t 2 M, or
equivalently, a smooth mapg in the commutative diagram

M R —2 3M R
M

such that g(t;x) = ( t; g(t)x) de nes a non-singular linear mapg(t) for eacht 2
M. Again putting y = gx the equation (1.4) changes into thegauge equivalent
equation

dy= A%

with A9 = gAg ' (dg)g . In particular we can transform the equation into
the trivial equation

dy=0

(which has the obvious solutiony = constant) if and only if we can nd g
satisfying

dg= gA or g dg= A: (1.5)



Example 1.2. Let M = R? with variables (t!;t?). Consider the equation (1.4)
with A = t2dt!, that is

dx = (t2dt})x;
or equivalently, the partial di erential equations

@x @x_

— 2y .
ot tox; at 0: (1.6)
But this implies
_ @x _ @5 _ ..
O—M— @(t X) = X:

Hence onlyx 0 is a solution to (1.6) whereas the equationdy = 0 has other
(constant) solutions as well. Therefore they arenot gauge equivalent.

More systematically let us nd a necessary condition for soling (1.5): Sup-
poseg is a solution; then

0= ddg= d(gA) = (dg) » A+ gdA= gA"™ A+ gdA
and sinceg is invertible we obtain
Fa=A"A+dA=0: (1.7)

This is called the integrability condition for the equation (1.4) and F4 is called
the curvature. We have thus proved the rst statement of the following propo-
sition.

Proposition 1.3.  For the equation (1.4) to be gauge equivalent to the trivial
equationdy = 0 a necessary condition is that the curvature=5 = 0. Locally this
is also su cient.

Proof. For the proof of the second statement it su ces to take M = B™ R™
the open ball of radius 1, thatisB™ = fu = (uy;:::;uy) jjuj < 1g. Let S™ 1
be the sphereS™ ! = fujjuj=1gand dene g:B™! GL(n;R) by solving
the equation

@g @

—=gA — ; 0)=1;

ar 9 ar g(0)
along the radial linesfru jO r 1gfor eachu 2 S™ . Now choose a local
coordinate system(vl;:::;v™ 1) for S™ ! so that we get polar coordinates
(vt ii;vm 1)y on B™. By construction the equation (1.5) holds when evalu-
ated on the tangent vector @ =@YVe need to evaluate on@=@n\ =1;:::;m 1,
as well, that is, we must prove

@g @ .

—=gA — ; i=1;:::;m 1 1.8

v g av (1.8)



Notice that by construction (1.5) and hence also (1.8) holdsat u = 0. Let us
calculate @=@of the di erence using the assumption

e e
@r @V
@A @

= — QA_@

@r @V @V @r
@

av °

OZFA

@
+ A @rA

@ @
@A@r

Then

@ @g @
erav ¥ av
@y @g
@r@v @r

@
@V

@g, @ @
+ @A

" @l er
_ @9, @
" eV er

_ ey , @ , @
S av P av M ar

By uniqueness of the solution to the equation

@x_ @
@ ar

along a radial we conclude that

@g @
av P av °

which was to be proven. O

>

@
9 @it ar
A

In the global case there are obvious di culties even forM of dimension 1.

Example 1.4. Let M = S! = f(cos2t; sin2t) j t 2 [0;1]g and suppose
A = Aqdt for a constant matrix Ap. Then, on the interval [0;1), the unique
gauge transformation to the trivial equation with g(0) = 1 is given by

tn AI"I
g(t) =exp(tAo) = —°
n=0 n!

so that g(1) = exp( Ag). Hence we have a globally de ned gauge transformation
to the trivial equation if and only if g; = exp(Ag) = 1. If g; 6 1, on the other
hand, we can overcome this diculty if we replace S* R" with the vector
bundle obtained from [0; 1] R" by identifying (1;v) with (0; gv).



This example suggests that we should (and will) generalizette problem to
vector bundles (real or complex). However, as seen above, it really the Lie
group G = GL( n;R) (or G = GL( n; C)) which enters in the question of gauge
transformations. This gives rise to the notion of a principal G-bundle with a
connection where locally the connection is given by the matrix A of 1-forms
occuring in the equation (1.4). Again we will encounter the rotion of curvature
as in (1.7) which is the starting point for the de nition of characteristic forms
and characteristic classes



Chapter 2

Vector Bundles and Frame
Bundles

In this chapter we shall introduce the notion of a vector bunde and the associ-
ated frame bundle. Unless otherwise speci ed all vector spzes are real, but we
could of course use complex vector spaces instead.

De nition 2.1.  An n-dimensional di erentiable (real) vector bundle is a tripl e
(V; ;M ) where :V! M is a dierentiable mapping of smooth manifolds
with the following extra structure:

(1) Foreveryp?2 M;V, = 1(p) has the structure of a real vector space of
dimension n, satisfying the following condition:

(2) Every point in M has an open neighborhoodJ with a di eomorphism
f: (U)! U R"

such that the diagram

l(U)—)U R"
\ %JJ

commutes, ie.,f (V) p R"forall p2 U;andf,="fjy,:Vp! p R"isan
isomorphism of vector spaces for each 2 U.

Notation. (V; ;M ) is called a vector bundle overM , V is called thetotal space
M is the base spaceand is the projection. We shall often write V instead of
(V; ;M ). The di eomorphism f in de nition 2.1 is called a local trivialization

of V over U. If f exists over all of M then we call V a trivial bundle.

Remark. If (V; ;M ) is an n-dimensional vector bundle, then the total spaceV
is a manifold of dimensionn + m, wherem = dim M.

Example 2.2. The product bundle M R" with =proj: M R"! M is
obviously a trivial vector bundle.



Exercise 2.3. For g2 GL(n; R) show that the quotient space ofR R" by the
identi cation (t;x) (t+1;gx) where(t;x) 2 R R", de nes ann-dimensional
vector bundle overR=Z = St.

Example 2.4. The tangent bundle of a di erentiable manifold M = M ™, that
is, the disjoint union of tangent spaces
G
™ = ToM
p2M

is in a natural way the total space in an m-dimensional vector bundle with

the projection :TM ! M given by (v) = pforv 2 TM. If (U;x) =
(U;xt;:::;x™M) is a local coordinate system forM then
L G
(V) = ToM
p2U

and we have a local trivialization
x: Hu)! u RM

de ned by

Sections

For a vector bundle (V; ;M ) it is useful to study its sections.
De nition 2.5. A (di erentiable) section in (V; ;M )is adierentiable map-
ping
MV
such that =idw, thatis, (p)2V,= Yp) forallp2 M.
Notation. The set of di erentiable sections in V is often denoted ( V).

Example 2.6. Every vector bundle V has a zero section, i.e., the section(p) =
02 Vp, forall p2 M. The zero section is di erentiable and in fact ( V) isin a
natural way a vector space with the zero section as the zero ator.

Example 2.7. A (di erentiable) section in the tangent bundle of a manifol d
M is the same thing as a (di erentiable) vector eld on M.

Example 2.8. For the product bundle V = M R" (Example 2.2) a section
in V has the form

and is dierentiable if and only if s:M ! R" is dierentiable. Thus we
have a 1-1 correspondence between di erentiable sections V and di erentiable
functionsssM! R".
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The Frame Bundle

By the last example the notion of a section in a vector bundleV generalizes the
notion of a function on it. But we can actually do even better: We can consider
a section ofV as a function de ned on a di erent manifold, the so called frame
bundle F (V) for V.

First consider a singlen-dimensional real vector space/ and de ne
F(V) =Iso(R";V) = flinear isomorphismsx:R"! Vg:

An element x 2 F (V) is determined by the n linearly independent vectors

an n-frame in V. Notice that a choice of basis inV gives an identi cation of
F (V) with

Iso(R";R") =GL (n;R)
which is an open set in the setM (n; R) = R ofalln n matrices.

Now let us return to (V; ;M ) a di erentiable vector bundle over the ma-
nifold M . We shall make the disjoint union

G G
F(V)= F(Vp) = Iso(R"; Vp)
p2M p2M

into a di erentiable manifold such that :F(V)! M given by (x) = p for
x 2 F(Vp) is di erentiable. Thus suppose we have a local trivialization of V

f: (U)! U R"
Then there is a natural bijection

ff: Y(U)! U GL(nNR) (2.1)
de ned by

x7 (p;fp X); for x 2 F(Vp):
wheref,: V! R" is the restriction of f to V.

Proposition 2.9. There is a natural topology and di erentiable structure on
F (V) satisfying:

(1) F(V) is a di erentiable manifold of dimension m + n2.

(2) The bijectionsff de ned by (2.1) are di eomorphisms for all local trivial-
izations f .

(3) The mapping is di erentiable and locally we have a commutative diagram

L) LYY GL(n; R)

N A
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(4) We have a di erentiable right group action

F(V) GL(mR)!  F(V) (2.2)
given by

X g=Xx @; for x 2 F(Vp), 92 GL(n; R):
Exercise 2.10. Prove Proposition 2.9.

Remark. (1) The proof of the rst statement is similar to the construc tion of
the di erentiable structure on the tangent bundle of a manifold.

(2) That the mapping in (2.2) is a di erentiable right group a ction means that
it is given by a di erentiable mapping and that it satis es

(x 9 ¢°=x (gd for all x 2 F(V), 9;d°2 GL(n; R);
and
X 1=xX forall x 2 F(V).

Notice also that eachF (V,) is an orbit , that is F(V,) = x GL(n; R) for any
X 2 F(Vp), and we can identify M with the orbit space F (V)=GL(n; R).

Notation. The triple (F(V);;M ) is called the bundle ofn-frames ofV or for
short, the frame bundle of V.

Now we can interpret the set of sections oV in the following way:

Proposition 2.11. There is a natural 1-1 correspondence between the vector
space ( V) and the space of equivariant functions orF (V) with values in R",
ie., the set of di erentiable functions s:F(V)! R" satisfying

s(x g) =g s(x); for all x 2 F(V), g2 GL(n; R): (2.3)
Proof. Let s2 ( V) and de ne s by
s(x) = x (s(p); for x 2 F(V,) = I1so(R"; Vp):

Then it is straightforward to check that s satis es (2.3). Also, using the local
triviality in (2.1), it follows that s is di erentiable if and only if sis. On the other
hand givens:F(V)! R" satisfying (2.3) it is easy to see thats:F(V)! V
given by

s(x) = x(s(x))

is constant on every orbit F (V,), and sos de nes a function s:M !V such
that the diagram

F(V) — v

s

M
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commutes. Agains is seen to be di erentiable (provided s is) using the local
trivialization in (2.1). O

We next study homomorphisms between vector bundles with thesame base
M, that is, vector bundles (V; ;M ) and (V% %M).

De nition 2.12. A homomorphism' :V! VCis a di erentiable mapping of
total spaces such that the following holds:

(1) The diagram

V —— VO
M

commutes, thatis,’ p = ' jy, mapsV, to V.
(2) " prVp! Vp0 is a linear mapping for eachp2 M.

An isomorphism' :V!  VCis a bijective map where both' and' ! are
homomorphisms.

Example 2.13. A trivialization f:V! M R" is an isomorphism to the
product bundle.

Remark. It follows from the de nition that a homomorphism ':V ! VCis
an isomorphism if and only if ' is a di eomorphism of total spaces such that
"o Vp ! Vp0 is an isomorphism of vector spaces for everp 2 M. We can
improve this:

Proposition 2.14. A homomorphism' :V !  V0is an isomorphism if and

only if ' p:Vp! VpO is an isomorphism of vector spaces for everp 2 M.

Proof. () ) Obvious.

(( ) We must show that ' is a di eomorphism. Since ' is clearly bijective it
su ces to show that ' ! is dierentiable. This however is a local problem, so
we canassum¢/ =M R", V=M R".Inthatcase':M R"! M R"
has the form

"(psv) = (ps (V)

where' ,:R"!  R" is a linear isomorphism. It is easy to see using local coor-
dinates for M that the Jacobi matrix for ' at every point (p;Vv) has the form

I O

. 2.4
X ' (2.4)
where '  is the matrix for ' ,:R" I R". Since' ; is an isomorphism the
matrix (2.4) is clearly invertible and hence the proposition follows from the
Inverse Function Theorem. O

Corollary 2.15. A vector bundle(V; ;M ) is trivial if and only if the associated
frame bundle(F (V);;M ) has a section; i.e., if there is a di erentiable mapping
‘M1 F(V) such that =idy .
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Proof. () ) Letf:V! M R" be a trivialization. Then we de ne
M F(V) by (p) = f, ' 2 1s0(R"; Vp):
By the de nition of the di erentiable structure in  F (V) is dierentiable since

f (PM=@EH2M GL(nMR"):

(( ) Let :M! F(V) be adierentiable section. Then we de ne a homomor-
phism':M R"! V by

"(pv) = (P)(V); for (p;v)2 M RM:

(here (p) 2 I1so(R";V,)). It follows from Proposition 2.14 that ' is an isomor-

phism, hencef =' V! M R" is a trivialization. O
Remark. A section in F(V) is equivalent to a set ofn sectionsf q1;:::; ,
in V such that f 1(p);:::; n(P)g V, is a basis forV, for everyp 2 M (cf.

the de nition of F(V})). A section in F(V) is also called amoving frame for V.
Since every vector bundle is locally trivial it always has a bcal moving frame.

Riemannian Metrics

For the remainder of this chapter we shall study vector bundes with a Rie-
mannian metric: First recall that on a single vector spaceV an inner product
h; i is a symmetric, positive de nite, bilinear form on V, that is, a function
h;i:V V! Rsuchthat

() hv;wi, v;w 2 V, is linear in both v and w,
(2) hv;wi = hw;vi, forall v;w 2 V,
(3) hv;vi O, forallv2V,and
(4) hv;vi =0 ifand only if v=0.
Now return to V a vector bundle overM .

De nition 2.16. A Riemannian metric on a vector bundle V over M is a
collection of inner productsh ; i, onV,, p2 M, which is di erentiable in the
following sense: Forsy;s; 2 (V) the function bsy;syi given by hs;; szi(p) =
hs1(p); s2(P)ip is di erentiable.

Notation. We shall often just write hvi;vai = hvy;vaip for vi;ve 2 V.
Example 2.17. The product bundle V = M R" has the standard inner
product given by the usual inner product in R":

hv,wi = viw'; for vi= (vl vy w=(whinwn):

Proposition 2.18.  Every vector bundle has a Riemannian metric.

Exercise 2.19. Prove Proposition 2.18. Hint: Use a partition of unity.
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Now supposeg(V; ;M ) is an n-dimensional vector bundle with Riemannian
metric h ; i.

Proposition 2.20.  Every pointin M has a neighborhoodJ and a trivialization
f: 1(v)! U R"suchthatfp:V,! R"is a linear isometry for every
p2 M (with the metricin U R" given by Example 2.17).

Proof. By the remark following Corollary 2.15 every point in M has a neigh-

by f 1;:::; ngsuchthatf (p);:::; n(p)gis an orthonormal basis forV, for
everyp 2 U. Again i;:::; n are all dierentiable. As in the proof of Corol-
lary 2.15 we considerf 1;:::; ng as a section of the frame bundle- (V) over
U, i.e. we obtain an isomorphism' :U R"! 1(U) given by
"(prv) = (p)(V); for (p;v) 2 U R".

Since' p(e) = (p)(e)= i(p) and sincef 1(p);:::; n(pP)gis an orthonormal
basis for V,, it follows that ' ,:R" !V, is a linear isometry for eachp 2 U.
Hencef ="' % (U)! U R" has the desired properties. O

We can now de ne the orthogonal frame bundle for a vector bunde with
a Riemannian metric. For a single vector space/ with inner product h ; i we
let Fo(V) F (V) be the set

Fo(V) =Isom(R";V) = flinear isometriesx:R"! Vg;

that is, x 2 Fo (V) if and only if the vectors

constitute an orthonormal basis for (V;h ; i). We will call x an orthogonal
n-frame in V. With respect to a given orthonormal basis forV we get an iden-
ti cation of Fg(V) with the orthogonal group O(n)  GL(n;R), which is an
n(n 1)=2-dimensional submanifold in GL(n; R).

Now return to (V; ;M ) a vector bundle with a Riemannian metric h ; i
and we de ne the orthogonal frame bundleas the subset

G
Fo(V) = Fo(Vp) F(V):
p2M

Proposition 2.21. (1) Fo(V) F(V) is a submanifold and

jrovy:Fo(V)! M

is di erentiable.
(2) There is a di erentiable right O(n)-action

Fo(V) O(n)! Fo(V)

such that the orbits are the setdo(V,), p2 M.
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(3) There are local di eomorphisms
ff: YU\ Fo(V)! U 0O(n)

such thatff p = f jg, (v,) mapsFo(Vp) to p  O(n) for every p2 U, and also
ff(x g)=f(x) g; for all x 2 Fo(Vp), g2 O(n):

Proof. Choose a local trivialization
f: (U)! U R"

as in Proposition 2.20. Then the corresponding local di eonorphism for the
frame bundle (F(V);;M )

ff: Y(U)! U GL(NR)
is given onFp(V) by
ff (x) = (p;fp  X); x 2 Fp(V)

wheref , is the restriction of f to V,. Sincef,:V,!  R" is anisometry it follows
that ff mapsFo(Vp) to p  O(n), that is,

ff: YU\ Fo(V)! U 0O(n)

is a bijection. SinceO(n) GL(n;R) is a submanifold it follows that Fo (V)
F (V) is also a submanifold and all the statements in the proposithtn are now
straightforward. We leave the details to the reader. O

Example 2.22. The real projective n-spaceRP" is de ned as the quotient

be the natural projection, that is,

(x) = [x] = [X1::::iXn+ ]
and these(n + 1) -tuples are called the homogenous coordinatesRP" is an n-
dimensional di erentiable manifold with coordinate systems(U;; i),i =1;:::;n+
1, given by

U =f[x]2RP" jx; 60g
and ;:U;! R" dened by

Notice that the inclusion of the unit n-spherei:S" (R"*! nf0g) gives rise to
a commutative diagram

s ' R nfQOg

.

s"=f 19— RP"
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Hereii is a homeomorphism; hencdRP" is compact.

We shall now construct a 1-dimensional vector bundle withRP" as basis.
This is called the real Hopf-bundle or the canonical line bundle The total space
H RP"™ R"1 jsthe subset

H = f([x];v) jv 2 sparfxgg

and the projection :H ! RP" is the restriction of the projection onto the
rst component. There are local trivializations

hi: YU)! U R; i=1::::n+1;
given by

hi ([x];v) = ([xL;vi):

Theorem2.23. (1) H RP" R"*! is an embedded submanifold and: H !
RP" is a 1-dimensional vector bundle with local trivializationsh; as above.

(2) The associated frame bundle is :(R"*! nfOg)! RP". Here the action
by GL(1;R) = Rnf0g is just given by the usual scalar multiplication.

Proof. (123 As before h ; i denotes the usual inner product inR"*!, that is,

hyi = M xyi for x;y 2 R™ . For x 2 R nfOg let P, denote the
orthogonal projection onto sparf xg, that is,
_ hy;xi
Px(y) = h xi ¥

and denote the projection onto the orthogonal complement byP; =id  Py.

PiiR™ 1 R P7:R™ 1 RO
be the projections

Pi(x) = xii  P?(x) = (xai1:031005Xn)

Ki: U [URCH! Ui R R" by
ki([x];v) = (X, Pi Py(v); P P (V)):

It is easy to see thatk; is a homomorphism between the two product bundles
and that it is injective (and hence bijective) on each bre. By Proposition 2.14
k; is therefore an isomorphism, hence in particular a di eomophism. Since

ki(H\  *uU)=U R O

it follows that H is embedded inRP"  R"*!, and sincekij,;, -1y, =hi 0
we have shown (1).

(2) By de nition the frame bundle for H is given by
F(H) = Ho=f([x];v) jv 2 sparfxg;v60g

and = ju,. Now projecting on the second componentirH, RP" (R"*ln
f0g) gives a di eomorphism | in the commutative diagram
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Ho —> R"*1 nfog
RPN
In fact the inverse| ! is given by
I Y(v) = ([v];v); forv2 R" 1nf0g:

Also | clearly respects the action ofGL(1;R) = R nf0g since in both cases it is
given by the scalar multiplication. O

Corollary 2.24. H is a non-trivial vector bundle for n > 0.

Proof. If H is trivial then by Corollary 2.15 the frame bundle F(H)! RP"
has a section. That is we have a di erentiable map

‘RP"!1  R"! nfog;
such that =id.Forx2S" R"*! dene f(x)2 R by
(Ix]) = f (X)x; x2S" R" nfog:
Then f:S"!  RnfOgis dierentiable. But f( x)( x)= ([ x])= (x])=

f (x), which implies that f ( x) = f (x). Hencef takes both values inR, and
R . Sincef is continuous andS" is connected this is a contradiction. O



Chapter 3

Principal G-bundles

The frame bundle for a vector bundle is the special case of a pcipal G-bundle
for the Lie group G = GL( n; R). In the following G denotes an arbitrary Lie

group.

De nition 3.1. A principal G-bundleis a triple (E; ;M )inwhich :E! M
is a di erentiable mapping of di erentiable manifolds. Fur thermore E is given
a di erentiable right G-action E G! E such that the following holds.

(1) Ep= (p), p2 M are the orbits for the G-action.
(2) (Local trivialization) Every pointin M has a neighborhoodJ and a di eo-
morphism' :  (U)! U G such that the diagram

L) U G
\ ﬁn

commutes, i.e.' , ="' jg, mapsEp to p G;and' is equivariant, i.e.,
' (xg) = ' (X)g 8x2 HU);g2G
where G acts onU G by (p; d)g = (p; %)

Notation. E is called the total space M the base spaceand E, =  1(p) the
bre at p2 M. Often we shall just denote the G-bundle (E; ;M ) by E.

Remark. (1) s surjective and open
(2) The orbit space E=G is homeomorphic toM .
(3) The G-action is free, i.e.,

Xg = x implies g=1 forall x2 E,g2 G:

(4) For eachx 2 E the mapping G!  Ep givenbyg?7 x g, is a dieomor-
phism.

18
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(5) If N M is asubmanifold (e.g. ifN is an open subset) then therestriction
to N

Ejin = ( *(N);;N)
is again a principal G-bundle with base spaceN .

Example 3.2. (1) For (V; ;M ) ann-dimensional vector bundle the associated
frame bundle (F(V);;M ) is a principal GL(n; R)-bundle.

(2) If V is equipped with a Riemannian metric then(Fo (V); ;M ) isa principal
O(n)-bundle.

(3) Let G be any Lie group andM a manifold. Then (M  G; ;M ), with
the projection onto the rst factor, is a principal G-bundle called the product
bundle

De nition 3.3.  Let (E; ;M ), (F; %M) be two principal G-bundles over the
same base spac® . An isomorphism ' :E ! F is a di eomorphism of the
total spaces such that

(1) The diagram
E— —F
M

je, mapsEp to Fp.

commutes, i.e.' p ="'
(2) ' isequivariant, i.e.

"(xg) =" (X)g forall x2 E, g2 G:
Remark. In this case' ;:Ep!  Fp is also a di eomorphism for eachp2 M.

De nition 3.4. A principal G-bundle (E; ;M ) is calledtrivial if there is an
isomorphism' :E! M G and' is called atrivialization .

Remark. It follows from de nition 3.1 that every principal G-bundle E haslocal
trivializations

":Eju T U G:
Lemma 3.5. Every isomorphism' :M G! M G has the form
" (p;a) = (p;g(p) @) p2M;a2G 3.1)

whereg:M ! G is a di erentiable mapping.

Proof. It is easy to see that' de ned by (3.1) is an isomorphism with inverse
1 given by

" Ypb=(p;gp) ' B p2M;b2G: (3.2)
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converselylet' :M  G! M G be an arbitrary isomorphism and letg: M !
G be the mapping de ned by

"(p:1) = (p;o(p) p2 M:

then g is clearly di erentiable and since ' is equivariant we obtain forp2 M,
az2G:

"(pra) =" ((p;Da) = ( (p;D))a= (p;g(p) a)
that is, (3.1) holds. O

Now for an arbitrary G-bundle (E; ;M ) choose an open covering oM ,
U=1fU g » , and trivializations

:Eju r u G:
For U \ U 6 ; we consider the isomorphism
Lu\u G! U\VU G

and by Lemma 3.5 this has the form

(p;a) = (p;g (p) a) (3.3)

wherea2 G;p2U \ U andg :U \ U ! G is adierentiable mapping.

Notation. The collection fg g. , are called thetransition functions for E
with respect to the covering U (and trivilizations f' g » ).

Remark. For ; ; 2 suchthatU \ U \ U 6 ; the following cocycle
condition holds

g (P g P=g (P forallp2U \ U \ U;

34
g (p=1 forallp2 U : (3.4)

Conversely we have the following proposition.

Proposition 3.6. LetU=fU g, be an open covering of a manifold and

supposefg g. 2 is a system of dierentiable mappingsg :U \ U ! G
satisfying the cocycle condition. Then there is a principalG-bundle (E; ;M )
and trivializations ' :Ejy ! U G, 2 ,suchthatfg g. » is the

associated system of transition functions.

Proof. The total space E is the quotient space

G .
E= U G
2

of the disjoint unionofall U G, 2 , for the equivalence relation de ned
by

(p; @) (g;b ifandonly if p=qgandb=g (p)a
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where(p;a) 2U Gand(q;B 2 U G. The cocycle condition ensures that
is an equivalence relation. Furthermore the projectionsy G! U give a
well-de ned continous mapping :E! M and we also have obvious bijections

vy UG

givenby' ((p;a) )=(p;a).Itis now straight forward to de ne a di erentiable
structure on E such that the maps' become di eomorphisms. Furthermore
one checks that(E; ;M ) is a principal G-bundle and by constructionf' ¢ »
are trivializationswith fg g. 2 the associated system of transition functions.
O

Exercise 3.7. Show that the bundle constructed in Proposition 3.6 is trivial if
and only if there is a system of di erentiable mappings

h:U! G; 2
such that

g (p)=h (ph (p) *; forallp2 U \ U :

In the previous chapter we associated to a vector bundi¢V; ;M ) the frame
bundle (F(V);;M ) which is a principal GL(n; R)-bundle. We shall now show
how to reconstruct the vector bundle V from the principal bundle using the
natural action of GL(n; R) on R". In general for a Lie groupG and a principal
G-bundle (E; ;M ) we consider a manifoldN with a left G-action G N! N
and we shall associate to this abre bundle (En; ~;M) with bre N. For this
we de ne the total space Ey as the orbit space

EN=E ¢N=(E N)=G
for the G-actionon E N given by
(x;u) g= (xg;g ‘u); Xx2E;u2N;g2G

so that Ey is the quotient space for the equivalence relation , where (x; u)
(y;v) if and only if there exists g 2 G such thaty = xg and u = gv. Furthermore
let y:En! M beinduced by the composite mapping

E NI"™ EI1 M

Then we have the following proposition.

Proposition 3.8. (1) Ey is in a natural way a di erentiable manifold and
N En! M is dierentiable.

(2) There are local trivializations, i.e. every point in M has a neighborhoodJ
and a di eomorphism f : Nl(U)! U N such that the diagram

l(U)—>u N

A
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commutes.
Exercise 3.9. Prove Proposition 3.8.

Notation. The triple (En; ~;M) is called the bre bundle with bre N associ-
ated to the principal G-bundle (E; ;M ).

Example 3.10. Let (V; ;M ) be a vector bundle and(F (V);;M ) the corre-
sponding frame bundle. Then the associated bre bundle withbre R" (F(V)r; r;M)
is in a natural way a vector bundle isomorphic to (V; ;M ). In fact there is a
natural isomorphism '

F(V) eynrR" —— Vv

NV

"(x;v) = x(v); x 2 Fp(V) =1s0(R"; Vp):

given by

Exercise 3.11. Let (E; sM ) be a principal GL(n; R) bundle and let (V; ;M )
be the associated bre bundle with bre R" using the natural action of GL(n; R")
on R". Show that V is in a natural way a vector bundle and that the corre-
sponding frame bundle(F (V);;M ) is isomorphic to (E; =M ).

Finally let us consider bundles over di erent base spaces: $pose(E% %M 9
and (E; ;M ) are principal G-bundles.

De nition 3.12. A bundle mapfrom E°to E is a pair of di erentiable map-
pings f;f ) in the commutative diagram

f
EO—— E
f
MO——— M

such thatff is G-equivariant, i.e.
ff(x g)=ff(x) g; forall x 2 E% g2 G:

Example 3.13. (1) A bundle isomorphism is by de nition a bundle map of
the form

f
EO——E

1, |

M —M
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(2) If N M is asubmanifold and(E; ;M ) is a principal G-bundle, then the
inclusion maps in the diagram

EjN —— E

I

N —>M

is a bundle map.

(3) Inthe product bundle M G the projection , on the second factor de nes
a bundle map of the form

Given a di erentiable mapping f:M?! M and a principal G-bundle
(E; ;M ) we can construct a G-bundle called the pull-back of E by f over
MO denotedf (E)=(f (E); 3 M9, and a bundle map (f;f ):f (E)! E.
That is, we construct a commutative diagram

f () — S E

i, |

f
MO—— M
To do thiswe letf (E) MO? E be the subset

f(E)=f(px)2M° Ejf(p= (X9

and let %andff be de ned by the restriction of the projections to M % and E
respectively. Then we have

Proposition 3.14. f (E) = (f (E); %M9 is in a natural way a principal
G-bundle andff;f ) is a bundle map.

Proof. G clearly acts onf (E), and for eachp2 M?°
(9 P =f(P;X)ix2Epg

is mapped bijectively by ff to E;,) which is a G-orbit. Hence it su ces to
show that f (E) is a locally trivial G-bundle. for this we can assumeE to be a
product bundle E = M G. In this case

f (E)=f(p;g;92M° M Gjf(p=agg=M° G

by the map (p;g;9 # (p;g). Via this isomorphismff is furthermore given by
the map (p;g) # (f (p); g) which shows thatff is a bundle map. O
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Exercise 3.15. (1) Show that if @f ):(E% %M9! (E; ;M ) is a bundle

map then there is a canonical factorizatiorff~ = , Where' :E%  f (E)is
an isomorphism andff;f ) is the bundle map in Proposition 3.14.

(2) Show that this provides a 1-1 correspondence between theet of bundle
maps with xed map f:M% M of base spaces, and the set of isomorphisms
EO f (E).

(3) In particular there is a 1-1 correspondence between theet of trivializations

of a bundle (E; ;M ) and the set of bundle maps to the trivial G-bundle over

a point (G; ; pt).

(4) Show that if f:M°%! M is a dierentiable map and if fg g. », isa
cocycle of transition functions for aG-bundle E over M with covering fU g »
thenfg f gis acocycle of transition functions forf (E) over M with covering

ff (U )g 2



Chapter 4

Extension and reduction of
principal bundles

We will now examine the relation between principal bundles vith di erent struc-
ture groups. In the following let G and H be two Lie groupsand :H! Ga
Lie group homomaorphism. Typically is the inclusion of a closed Lie subgroup.
Now suppose(F; ;M ) is a principal H-bundle and (E; ;M ) is a principal
G-bundle.

Denition 4.1. Let':F! E be a dierentiable mapping of the total spaces
such that the following holds.

(1) The diagram
F—E
M
commutes, ie.' , = ' j;, mapsFp into E, forall p2 M.
(2) The map' is -equivariant, ie.,

"(x hy="'"Xx) () forall x2 F,h2H:

Then' :F! E is called anextensionof F to G relative to and is also called
a reduction of E to H relative to

Notation. (1) We will often omit the term relative to if s clear from the
context, e.g. when is the inclusion of a Lie subgroup.

(2) When s surjective with non-trivial kernel one usually calls a reduction a
lifting of the bundle E to H.

(3) Often the extension is just denoted by the targetE and similarly a reduction
is denoted by the domainF . But it should be kept in mind that ' is part of
the structure. This is important when talking about equival ences of extensions
resp. reductions (liftings).

25
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De nition 4.2. (1) Two extensions' 1:F! Ejand':F! E; are equiv-
alent if there is an isomorphism in the commutative diagram

/l
Ny

E>

F

(2) Two reductions (liftings) ' 1:F;! E and' ;:F,! E are equivalent if
there is an isomorphism in the commutative diagram

F[\
e

F2
Example 4.3. (1) Let (V; ;M ) be a vector bundle with a Riemannian metric.
Then the inclusionFo (V)  F (V) of the orthogonal frame bundle into the frame
bundle is an extension relative to the inclusionO(n) GL(n; R). Thus the
Riemanian metric de nes a reduction of the principal GL(n; R)-bundle F (V) to
O(n). Furthermore there is a 1-1 correspondence between the set Riemannian
metrics on V and the set of equivalence classes of reductions.

(2) Let GL(n;R)*  GL(n;R) be the subgroup of non-singular matrices with
positive determinant. By de nition a vector bundle (V; ;M ) is calledorientable

if the frame bundle F (V) has a reduction to GL(n; R)* and a choice of equiva-
lence class of reductions is called anrientation of V (if orientable).

Proposition 4.4. Let :H ! G be a Lie group homomorphism and let
(F; ;M ) be a principal H -bundle. Then there is an extension of to G relative
to and any two extensions are equivalent.

Proof. There is a left H-action on G dened by h g = (h)g for h 2 H
and g 2 G. Consider the associated bre bundle with bre G, i.e. the bundle
(Fe; ;M) whereFg = F g Gand g(x;9)= (x)forx2 F;g2 G. Here
Fe has a natural right G-action given by

(x9)e°= (xgd);  x2Fg;d°2G:
It now follows from Proposition 3.8 that (Fg; ;M) is a principal G-bundle.
Furthermore the natural mapping ' :F! F & G dened by ' (x) = (x;1)

makesF¢g an extension ofF to G. If ' & F ! ECis any other extension then
there is a natural isomorphism :Fg! E®given by

(xg)="% g  x2Fg2G
and clearly the diagram

/l

EO

F
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commutes. Hence ®F! ECis equivalentto' :F! Fg. O
Hence extensions exist and are unique up to equivalence. Redions (or

liftings) do however not always exist, and if they do, they are usually not unique.

Exercise 4.5. Let :H! G be a Lie group homomorphism and(E; ;M ) a
principal G-bundle.

(1) Show that E has a reduction to H if and only if there is a coveringU =

fU g 2 of M and a set of transition functions for E of the formf h g. , ,

whereh :U \ U ! H are smooth functions satisfying the cocycle condition
(3.4)

(2) If H G is a closed embedded Lie subgroup and is the inclusion, show
that E has a reduction toH if and only if there is a coveringU = fU g , of
M and a set of transition functionsfg g. » for E with fg g mapping into
H.

Let us now restrict to the case whereH G is a closed embedded Lie
subgroup and is the inclusion.

We need the following lemma.

Lemma 4.6. The natural projection :G! G=H de nes a principal H-bundle
(G; ;G=H).

Proof. Let U G be alocal cross section, thatislJ is an embedded submanifold
of G containing the identity element e, such that (U) = W is open in G=H
and :U! W is adieomorphism. Let s:W! U be the inverse. We now get
a local trivialization f: *(W)! W H de ned by

f(a)=( (a);s( (a) ‘a):
This is clearly smooth and so is the inverse
f Y(w;h) = s(w) h:

Also f and f ! are H-equivariant, hencef is a local trivialization . Similarly
over the neighborhoodgW we have the trivialization

fg: Ygw)! gw H
given by
fg(@) = ( (a);s( (g *a) 'g *a);
with inverse
fqH(uh) =g s(g 'u) h
This shows that (G; ; G=H ) is a principal H -bundle. O

More generally we can now prove:
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Theorem 4.7. LetH G be a closed embedded Lie-subgroup and (&; ;M )
be a principal G-bundle.

(1) There is a natural homeomorphismk in the commutative diagram

EH—>E s (G=H)

where isinduced by . In particular E=H has a natural di erentiable structure
induced byk.

(2) Let~:E! E=H be the natural projection. Then(E; =E=H ) is a principal
H -bundle.

(3) There is a 1-1 correspondence between the set of sections ofetlbundle
(E=H; ;M ) with bre G=H and the set of equivalence classes of reductions of
E toH.

Proof. (1) The map k is just induced by the natural inclusionE! E (G=H)
sendingx to (x; [H]) and the inverse is induced by the mape G=H! E=H
given by k 1(x;gH) = xgH. SinceE ¢ (G=H) = Eg-y is the total space in
the associated bre bundle with bre G=H, it has a di erentiable structure as
noted in Proposition 3.8.

(2) Since the di erentiable structure on E=H is given via the homeomorphismk
we have local trivializations of (E=H; ;M ), that s, over suitable neighborhoods
U M we have a commutative diagram

Uy ——— U G

with the horizontal maps being di eomorphisms.

By Lemma 4.6G! G=H is alocally trivial H -bundle; hence by the upper
part of the diagram above (E; =E=H ) is also locally trivial.

(3) Suppose we have a reductiod :F! E, where (F; o;M) is a principal
H-bundle. Then' induces a natural map
s:M=F=H! E=H

which is easily checked to be a smooth section ¢E=H; ;M ) using local trivi-
alizations. Also if ' 1:F;!  E and' 2:F,! E are equivalent reductions then
clearys , = s,
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On the other hand if s:M ! E=H is a section then we get a bundle map
of H -bundles

s(E)%E

|

M ——— E=H

and it follows that s:s (E)! E is a reduction ofE to H. O

Remark. (1) In particular E has a reduction toH if and only if (E=H; ;M )
has a section.

(2) For H = fegTheorem 4.7 gives a 1-1 correspondence between trivializans
of E and sections ofE.

Exercise 4.8. (1) Let G=H K be a semi-direct product of the two closed
embedded Lie subgroup#d and K, that is, H is invariant and the natural map

K,! G! G=H is an isomorphism of Lie groups. show that if(E; ;M ) is a
principal G-bundle then (E=H; ;M ) is a principal K -bundle.

(2) For k nlet Wy« be the manifold ofk linearly independent vectors inR",
let
Gk(R") = Wn =GL(k; R)

be the Grassmann manifold of k-planes inR", and let nx :Whk ! Gk(R") be
the natural projection. Show that (Wn.«; nk;Gk(R")) is a principal GL(k; R)-
bundle.

(3) Similarly let Vhxk  Whk be the Stiefel manifold of k orthogonal vectors in
R" with the usual inner product. Show that the inclusion V,x Wy« de nes
a reduction of the bundle de ned in (2) to the group O(k) GL(k;R)

(4) Show that the natural map

EWK(RY)  GukR Rl Gy(R") R"
de ned by

(X v) = (IXTXv)

is an embedding. (Here[X] = nk (X) is the subspace spanned by the column
vectors in the matrix X, and Xv denotes usual matrix multiplication. Notice
that | identi es the total space of the associated bundle with bre R¥ with the
submanifold of Gx(R") R" consisting of pairs([X ];w) wherew 2 [X]:)



Chapter 5

Di erential Forms with
Values in a Vector Space

In the following M denotes a di erentiable manifold and V a nite dimensional
vector space. We shall consider di erential forms with values inV, generalizing
the usual real valued di erential forms.

De nition 5.1. A dierential form ! on M with values in V associates tok

such that
(1) ! is multilinear and alternating.
(2) ! has the tensor property, ie.,

Remark. Alternatively ! is de ned as a family! x, x 2 M of k-linear alternating
maps

LT (M) (M) Vv

in the form

|:']_e]_+ +!nen

where! 1;:::;! , are usual di erential forms on M . Hence relative to a choice of
basisfe;;:::;eng, there is a 1-1 correspondence between di erential forms wh
values inV and n-tuples of usual di erential forms f! 1;:::;! g. Note that we

tacitly did so already in the introduction in the case of V = R" orV = M (n; R).
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Notation. The set of di erential k-forms on M with values in V is denoted by
K(M;V). For V= Rwe have K(M)= X(M;R).

Similar to the usual case we have an exterior di erential

d: k(Mm;Vv)! K+ (M;V):
Relative to a choice of basife;;:::;eygfor V itisjustdened for ! =11 +
+ ! ,e, by

d = (d')er+ + (dly)e,

and it is easy to see that this equation is independent of basi Furthermore we
have the usual identities

d(d! ) =0; forall! 2 K(M;V),k2N;

= (DX (X R Xk ) (5.1)

from the corresponding ones for usual di erential forms.

In order to generalize the wedge product of two di erential forms we need
the notion of the tensor product V.~ W of two nite dimensional vector spaces
V and W. First let Hom?(V  W;R) denote the vector space of bilinear maps
V W! RandthendeneV W as the dual vector space

VW =Hom(Hom?(V W:;R);R):
Forv2V andw2 W wedenev w2V W by

Hiv o owi =" (v;w); ' 2 Hom?*(V  W:R):

We now have the following proposition.

Proposition 5.2. (1) The mapping V. WI! V W given by(v;w) 7
v w is bilinear.

(2) There is a bijection for any vector spaceU
Hom(V W:U) F Hom?(V W;U)

given by' 7 '

(3) V W is generated by the set of vectors of the form  w, wherev 2 V
andw 2 W.

(4) If fe;;i:i;engandffy;:::;fmg are bases forV resp. W thenfe fjgis
a basis forV ~ W. In particular

dim(vV W) =dim (V) dim(W):
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Exercise 5.3. Prove Proposition 5.2.

For 13 2 kKM;V)and!; 2 '(M;W) we can now de ne the wedge
product ! 1 A 1,2 K(M;V W) by the usual formula

X
= sign( ) 1(X @55 X @) P a(X ey st X (key)

where runs over all (k;1)-shues of 1;:::;k+ |. As usual one has the formulas
Par (oM tg) = ()M s

forall 112 KM;U), 1,2 (M;V), 132 ™(M;W),
d(! 17 1) = (d) Ao+ (DX A (dp)

forall 1y 2 K(M;U), !, 2 '(M;W). Furthermore for a linear mapping
P:V! W there is an induced mappingP: *(M;V)! K(M; W) de ned
by

(P)Y(Xg; i X)) =P T (Xq; i Xk)
and it is easy to see that
d(P!) = P(d!); 12 KM v):

In particularlet T:V W! W V be the linear mapping given byT(v w) =
w V. Then one has

Ponta=( DT N1 ) (5.2)

forall ;2 ¥M;V), 122 '(M;W). Finally for f:M ! N a dieren-
tiable mapping of di erentiable manifolds we get as usual aninduced mapping
f o K(N;V)! K(M;V), where for! 2 K(N;V),f (1) is de ned pointwise
by

for X1;:::; Xk 2 Tx(M). Then one also has the formulas
fanty)=(@F 1)~ (1))
daif (1)) =f (d);
f(P(t))="P({ ()

for P:V! W a linear mapping and for all! 2 X(N;V),!:2 Kk(N;V) and
1,2 '(N;W).

Exercise 5.4. Prove all unproven statements in the above.



Chapter 6

Connections in Principal
G-bundles

We now come to our main topic which, as we shall se later, genalizes the di er-
ential systems considered in the introduction. This is the rotion of a connection.

In general we consider a Lie groupG with Lie algebra g = T¢G, and we
let Ad: G! GL(g) be the adjoint representation, i.e., forg 2 G Ad(g) is the
di erential at the identity element e of the mappingx 7 gxg !, x 2 G.

Let (E; ;M ) be a principal G-bundle. For a xed x 2 E the mapping
G! Egivenbyg7 xg, 02 G, induces an injective mapvy:g! TxE and
the quotient space by the image ofvx is mapped isomorphically onto T (,yM
by the di erential of . That is, we have an exact sequence of vectorspaces

Vx

0 » g y TG E T oM ——0

The vectorsinv,(g) TxE are calledvertical tangent vectorsof E and we want

to choose a complementary subspacd,  TyE of horizontal vectors i.e., Hy is

mapped isomorphically ontoT (,yM by . This choice is equivalent to a choice
of linear mapping ! x: TxE! g, such that

Lo vy =idyg (6.1)

and such that Hy = ker ! . Furthermore we shall require! , to vary di eren-
tially, i.e., f! x j x 2 Eg de nes a di erential 1-form with values in g, hence,
12 XE;Q).

Example 6.1. Consider the trivial bunde E=M G, :M G! M the
natural projection. We dene ! yc 2 *(E; g) as follows:

(mc)pg) = (Lg— 2) p2M;g2G (6.2)

where :M G! Gisthe projection onto the second factorand. ,-.:G! G

is left translation by g . Letusshowthat! yc 2 *(E; g), thatis, we shall show
that ! uc is di erentiable. First notice that ! yc = ,(! o) where! 2 1(G; Q)
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is de ned by
(!o)g = (Lg—1) : (6.3)

Hence it su ces to show that ! o is di erentiable. For this notice that if X 2
g= TG andX is the corresponding left invariant vector eld then

Lo(®) = X

is constant and hence di erentiable. Since every di erentiable vector eld Y on
G is a linear combination of left invariant ones with di erent iable coe cients it
follows that ! o(Y) is di erentiable, hence ! q is di erentiable. Furthermore ! yc
satis es (6.1): In fact for x = (p; g), v« is the di erential of themap G! M G
givenbya? (p;ga), an hence(! uc)x Vx =id =id.

Remark. The form ! 3 on G is called the Maurer-Cartan form . For G = GL( n; R)
it is just the form

lo=g 'dg; 92 G:

The form ! yc in example 6.1 satis es another identity: For g 2 G let
Rgy:E! E denote the right multiplication by g, thatis Rq(x) = xg, x 2 E. In
the caseE = M G we just have

Rg(p;a) = (p; ag) p2 M;a2G:
Lemma 6.2. In E=M G the form ! yc de ned by (6.2) sati es
Rg!mc =Ad (g 1) !wmc; for all g2 G; (6.4)
whereAd(g 1) : E;g)! 1(E; g) is induced by the linear map
Ad(g ):g! g
Proof. Since! yc = ,! o, for ! ¢ given by (6.3), and since
Ri!'mc =Ry 2lo= » Rglo
it su ces to prove (6.4) for | = !, on G. But here we have fora 2 G:
Ry(1)a="!a (Ry)
= (Liag-)  (Ry)
= (Lg) (L) (Ry)
=Ad(g ) (Ly)
=Ad(g ) !a

completing the proof. O

With this as motivation we now make the following de nition.
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De nition 6.3. A connection in a principal G-bundle (E; ;M ) is a 1-form
I 2 1(E;g) satisfying

(1) 'x vx =id wherevy:g! TE is the di erential of the mapping g7 xg.
(2) Ry! =Ad(g 1) 1 forallg2 G,whereRq:E! E is given byRg(x) = xg.

There is a more geometric formulation of (2): For a 1-form! 2 (E; g)
satisfying (1) in De nition 6.3 let Hy TxE, x 2 E, be the subspace

Hy = ker ! 4:

Then as noted above :Hy! T (,yM isanisomorphism. ThereforeH, TxE
is called the horizontal subspaceat x given by ! , and a vector in H is called a
horizontal tangent vectorin E.

Proposition 6.4. For ! 2 1(E;g) satisfying de nition 6.3 (1), the require-
ment (2) is equivalent to
(2% (Rq) Hx = Hyg, forall x2 E and g2 G.

That is, the horizontal vector spaces are permuted by the rightction of G
onTE.

Proof. (2)) (29. If X 2 Hy, then we obtain
Lg(Rg X) = (Rg! )(X) =Ad (g )(! (X)) =0;

henceRg X 2 Hyg.

(29) (2). To prove (2) notice that both sides are zero when evaluaéd on
horizontal vectors. Hence it is enough the verify (2) when ealuated on a vertical
vector vy (X ), X 2 g. But for g 2 G we have

Ry VW =Vyg Ad(g 1)

since both sides are the di erential of the mappingG! E given by
a7l xag= xg(g lag):

Hence by (1)

Rg(1) (v (X)) = T ig(vig  Ad(g ')(X)) =Ad (g )(X);
completing the proof. O

Remark. By Lemma 6.2 the form! yc 2 (M  G) de ned in example 6.1 is
a connection inM  G. This is often called the Maurer-Cartan connection, the
trivial connection or the at connection . Notice that in this case the horizontal
subspace atx = ( p; g) is the tangent space to the submanifoldM f gg M G.

Proposition 6.5. (1) Let (f;f ):(E% %M9! (E; ;M ) be a bundle map of
principal G-bundles and let! 2 1(E;g) be a connection inE. Thenff ! is a
connection in E°.

(2) In particular if ' :F! E is an isomorphism of principal G-bundles over
M and! 2 I(E;g) is a connection inE then! ="' ! is a connection onF.
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(3) Supposel q;:::;1¢ 2 lHE; g) are connections on the bundl€E; ;M ) and

i =1 then the sum

is also a connection onE.
Exercise 6.6. Prove Proposition 6.5.

Corollary 6.7.  Every principal G-bundle has a connection.

Proof. Let U= fU g » be a covering ofM with trivializations ' :Ejy T
U  G. By Proposition 6.5 the Maurer-Cartan connection inU G pulls back
to a connection! in Ejy . Now choose a partition of unity f g » and put

X
I = !

Then ! is a well-de ned 1-form on E, and, by Proposition 6.5 (3), it satis es
the requirements for a connection (since these are local cditions). O

Next let us look at a local description of a connection, i.e., let us look at a
general connection! in a product bundle:

Proposition 6.8. LetE = M G be the product bundle with projection : E!
M, and leti:M! E be the inclusioni(p) = ( p;€).

(1) The induced mapi : *(E;g)! L(M; g) gives a 1-1 correspondence be-
tween connections inE and g-valued 1-forms onM .

(2) Let':E! E be an isomorphism of the form' (p;a) = (p;g(p)a) for

g:M ! G adierentiable map, and let! 2 1(E;g) be a connection inE with
il =A2 M;g.Then! ="' | satises
il =A =Ad(g?l) A+g(lo) (6.5)

where! 0 2 1(G;g) is the Maurer-Cartan form on G.

Proof. (1) First notice that given A 2 1(M; g) there is a unique form/& 2
L(E; g) with i & = A such that

(i) R(X)=0 for X 2 T(E a vertical vector.
(i) RAL=Ad(g ') Aforalg2G.
In fact, for x = (p; €) & is determined by A and (i) since
TE =ker( ) i (TpM);
and fory = (p;0) = Rgy(x), (i) implies that
R,=Ad(g ) A
which proves uniqueness. On the other hand the forn®& given by

Rpg) =Ad(g ) Ap (6.6)
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de nes a form satisfying (i) and (ii). Now if ! yc denotes the Maurer-Cartan
connection omE then the correspondence

K !MC+R

gives a 1-1 correspondence between 1-forms satisfying (ipd (ii), and the set
of connections inE.

(2) As above we write

I =1y + A
where A =i ! . Then
=" Iyc+' R
gives
A=il =i"Iyc+i' R
where! yc = ,!owith ,:M G! G the projection. Now , g i=gso
that
i Imc=1" Llo=glo
Also by (6.6)
(i K)p=Rpgpy (1)
=Ad(g ") Ap ¢ i)
=Ad(g M) Ap
since ' i=id. O
Remark. Notice that for the Maurer-Cartan connection ! yc, A=1i ! yc =0.

Corollary 6.9. Let (E; ;M ) be a principal G-bundle and letU= fU g , bea
covering afM with trivializations f' g , and transition functions fg g. 2 .
Then there is a 1-1 correspondence between connections i and collections of
1-forms fA 2 (U ;g)g » satisfying

A =Ad(g ! A +g !g (6.7)
onU \ U.
Proof. If ! is a connection inE the trivialization ' :Ejy ! U G de nes
a connection inU G by

L= Hen

For 2 we then have overU \ U that

| = (6.8)
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where (U\VuU) G!' (U\U) Gistheisomorphism = 1
so that

(p;d) = (p;g (p)a):

Hence (6.7) follows from (6.8) and Proposition 6.8, (2).
On the other hand supposef A g » is given. Then there are corresponding

connectionsf! gin U G as in Proposition 6.8, (1) and by Proposition 6.8,
(2), (6.7) implies (6.8) or equivalently

on Ejy \u . Hence we get a well-de ned connectiorl in E such that the re-
strictionto Ejy is' ! . O

Notation. Often a connection is identi ed with the collection fA g > of local
connection forms. It is then denoted by A.

In the proof of Proposition 6.8 we encountered two important conditions
((i) and (ii)) on di erential 1-forms on the total space E of a principal G-bundle
(E; ;M ). Let us state these for generak-forms on E with values in a nite
dimensional vectorspaceV.

De nition 6.10. (1) A dierential k-form ! 2 k(E;V) is called horizontal

which at least one is vertical.

(2) Let :G! GL(V) be a representation ofG onV. Then! 2 K(E;V) is
called -equivariant if
Ry = (@h forall g2 G:

(3) if in (2) is the trivial representation then a -equivariant form is called
invariant .

(4) If ! is both invariant and horizontal then it is called basic

Proposition 6.11. Let (E; ;M ) be a principal G-bundle and letU = fU g »
be a covering oM with trivializations f' g » and transition functions fg g. 2 .
Let :G! GL(V) be a representation. Then there is a 1-1 correpondence
between horizontal -equivariant k-forms!~ on E and collections of k-forms
fl 2 XU ;V)g . satisfying

' = (g ) ! onU \ U. (6.9)

Here ! is the pull-back of! by the local sectionU ! Ejy sendingp2 U
to' (p;e).

Proof. This is proved exactly as in the proof of Corollary 6.9 using he following
lemma. The details are left to the reader. O

Lemma 6.12. LetE = M G be the product bundle with projection :E! M,
and leti:M ! E be the inclusioni(p) = (p;€e). Let :G! GL(V) be a
representation.
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(1) The induced mapi : K(E;V) ! K(M;V) gives a 1-1 correspondence
between horizontal -equivariant k-forms on E and all V -valued k-forms on M .

(2) Let ':E ! E be a isomorphism of the form' (p;a) = (p;g(p)a) for

g:M! G a dierentiable map. If '~ 2 X(E;V) is horizontal and equivariant
and if we put! = i!k then
i(C1R)= (ghH (6.10)

Proof. Again the proof is similar to the proof of Proposition 6.8 and the details
are left to the reader. We only note that given! 2 ¥(M;V) the corresponding
-equivariant horizontal k-form!+ on E is given by

ey (X105 Xk = (@ DU (0 Xaiii Xi)) (6.11)
for X1;::5, Xk 2 Tpg)(E), p2 M, g2 G. O

Corollary 6.13. Let (E; ;M ) be any principal G-bundle and letV be a vector
space. Then : K(M;V)! K(E;V) gives an isomorphism onto the basic
forms on E.

Proof. This follows immediately from Proposition 6.11 since the cdlectionf! g »
in that case de nes a well-de ned form! on M and since by (6.11) the corre-
sponding horizontal invariant form!~ on E is just the pull-back by . O

Remark. Let :G! GL(V) be any representation, and for(E; ;M ) a princi-
pal G-bundle let (Ey; v ;M) be theassociated vector bundlg.e., the associated
bre bundle with bre V using the left action of G on V given by gv=(g)v,
g2 G,v 2V (cf. Exercise 3.11). Then Proposition 6.11 states in partialar
for k = 0 that there is a 1-1 correspondence between the set of-equivariant
functions s:E ! V and the set of sectionss of the vectorbundle Ey . This
set is often denoted ( M;E v ) (cf. Proposition 2.11). We shall denote the set
of -equivariant horizontal k-forms on E by *(M;E\), so that in particular
9(M;Ev) = ( M;Evy). Notice that *(M;E ) is a real vector space.

Corollary 6.14. Let (E; ;M ) be a principal G-bundle. Then the set of con-
nections in E is an a ne space for the vector space (M;Eg). That is, given

one connection ! o any other connection! ; has the form!y + A for some
A2 YM;Ey).

Notation. The set of connectionsin (E; ;M ) is denoted A(E) or just A when

E is clear from the context.

De nition 6.15. (1) A gauge transformation ' of the principal G-bundle
(E; ;M ) is an automorphism of E, that is, a bundle isomorphism' :E! E.

(2) Two connections! 1;! , 2 A(E) are called gauge-equivalentif there exists
a gauge transformation' such that

R (6.12)

Remark. Notice that the set of gauge transformationsG = G(E) is a group and
that
() =1 forall; 2G;

6.13
1= 1
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That is, G acts from the right on the set A and the set of gauge equivalence
classes is just the orbit spaceA=G.

Exercise 6.16. (1) Show that there is a 1-1 correspondence betweeG and
each of the following 3 sets.

(1.a) The set of dierentiable maps ~:E ! G satisfying ~(xg) = g '~(x)g,
x2E,g2G.

(1.b) The set of sections of the bre bundle (Eic; ic;M) associated to the
action of G on itself by inner conjugation (that is, g(a) = gag 1!).

(1.c) GivenfU g » a covering ofM and trivializations with transition func-

tionsfg g. » , the set of families of di erentiable mapsf U ! Gg »
satisfying
g = g onU \ U: (6.14)

(2) In the above notation let ' 2 G correspond to the familyf g , and let
I be a connection inE with corresponding local connection formsfA g »
Show that ! has local connection formsfA g » where

A =Ad( H A+ 1, (6.15)
an! o is the Maurer-Cartan form.

Finally let us consider extension and reduction of connectins.

De nition 6.17. Let :H! G be a Lie group homomorphism and letF be
an H-bundle and' :F! E an extension ofF to G. Furthermore let ! ¢ be a
connection inF and ! ¢ be a connection inE. Then ! g is called anextension
of ! ¢ (and ! ¢ areduction of ! g) if

"l = e (6.16)

Exercise 6.18. Let :H! Gand':F! E be as above.

(1) Show that if ! ¢ is a connection inF and ! g is an extension inE then '
maps the horizontal vector spaces inF isomorphically to the horizontal vector
spaces inkE.

2) Show that if ! ¢ is a connection inF then there is a Unique extension! g
to E.

(3) Let fU g 2 be a covering ofM with trivializations of F respectively of
E such that the transition functions are fh g. , for F respectively f

h g. 2 for E. Show that if ! ¢ has local connections formsA g » then
the extension! g has local connection formsf A g2

Remark. In particular if H is a Lie subgroup and is the inclusion then! ¢
and ! ¢ have the same local connection form.



Chapter 7

The Curvature Form

As before letG be a Lie group with Lie algebrag and let (E; ;M ) be a principal
G-bundle with connection! . We will now de ne the curvature form generalizing
the form Fa in (1.7). Since! 2 *(E;g) we have! ! 2 ?(E;g @) and we
dene [!;! 12 ?(E;qg) to be the image of! ~ ! by the linear mapping

[: g 9! g

determined by the Lie bracket, i.e. the mapping sending Y to [X;Y ], X;Y 2
g.

De nition 7.1.  The curvature form F, 2 2(E;g) for the connection! is
de ned by the equation (the structural equation)

d = 1[0 I+ Fe (7.1)

In the above notation we have the following theorem.

Theorem 7.2. (1) f E=M Gand! = ! yc is the Maurer-Cartan con-
nection then F, . =0, that is,

dive = F[0wme;i!mel (7.2)

(2) In general F, is horizontal and Ad-equivariant, i.e. de nes a 2-form (also
denoted)Fy 2 2(M;Eg).

(3) (The Bianchi identity) Furthermore
dF, = [ ! L (7.3)

In particular dF, vanishes on triples of horizontal vectors.
(4) SupposefU g , is a covering of M with trivializations f' g > of Ejy

and transition functions fg g > . Suppose has local connection formsfA g » .

Then the curvature form F, corresponds to the familyFo 2 2(U ;g) given

by
Fa =dA + 1A AL (7.4)

41
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Notation. We will often denote the connection by A = fA g » and in that
case identify the curvature form with the collection Fo = fF5o g 2 given by
(7.4).

For the proof of Theorem 7.2 we need a few preparations. Firshote that
given A 2 g there is an associated vector eldA on E dened by A, = v (A),
X 2 E. Here as usualy is the di erential of the map G! E givenbyg7 xg,
g 2 G. Notice that for A;B 2 g we have

[A;B] =[A B I (7.5)

To see this we observe that it is enough to show (7.5) locallyand hence we
can assume thatE is a product bundleE = M G.If :M G! M and

2:M  G! G are the two projections then for A 2 g, the vector eld A is
the unique vector eld on E which is ;-related to the zero vector eld on M
and is ;-related to the left invariant vector eld A& on G. Since[A;BT=[A, B]
for A;B 2 g it follows that [A ;B ]is again ;i-related to zero and ,-related
to [A; BT, hence (7.5) follows.

Next we observe that the vector eld A generates al-parameter group of
di eomorphisms of E given byt 7 Rg,,t 2 R, with g = exp(tA). That is, we
claim that for each x 2 E, the curvet 7 xg;, t 2 R, is an integral curve for
the vector eld A , i.e. it satis es the di erential equation

@ :

@{?gt (x) = ARy, (%) (7.6)
For t = 0 this follows from the de nition of A and hence we have fot arbitrary:

@

@ . @ .
@ng (x) = @SRgs+x(X)JS:0 = @ggs(Rg (X)js=0 = ARgt(X):

We now have the following lemma.

Lemma 7.3. Let Y be a dierentiable vector eld on E and letA 2 g as above.
Then

. o YX ng1

A YD = m =
where Y, = (Rg,) (YRg—l(X)) 2 T«E.

Proof. (For a more general result see e.g. [S, ch.V, Thm. 10] or [W, Riposition
2.25 (b)].)

SinceE is locally trivial we can take E = U G whereU M has a local

vector eld Y on E has the form

X @ X
v="a-2:" ya
o @% l

wherea;b 2 C! (E). Also, since A is constant in the x'-direction we have

X
A Yl= " A ‘ai’@—@f__

i=1 j=1

(A (0)A; + B[AA]): (7.7)



43

On the other hand

Yoove = @ ag )2
T @x
X ‘
+ 7 (B 00A 0 B (xg, DA () +

j=1

+ (B (xgy DA () B (xg HRg, A (xg 1))

=1

Hence, using (7.6), we have

) Yy ngt _ xXo : @ X )
fm = s AEggr A (B)A; (x) +
(7.8)
oo L
+ B0 fim Z(A; () Ry A (xg Y):
i=1
Here
Rg A (xg, ) = vy (Ad(g )(A)));
hence
. 1
Jim (A () Ry A (xg ) = w(B)
with

Inserting this in (7.8) and comparing with (7.7) we obtain the formula in
Lemma 7.3 O

Proof of Theorem 7.2. First notice that (1) follows from (2). In fact, as in the
proof of Lemma 6.2,! mc = ,! 0, Where! o is the Maurer-Cartan connection
on the bundle G! pt, thatis, F, ,. = ,Fi,. Butif F, is horizontal then it
is clearly O, and hence alsd~, . =0.

(2) Since! is Ad-equivariant also F, = d! + %[!;! ] is Ad-equivariant. We
shall just show that it is horizontal, that is, for X;Y 2 TxE we must show that
if X is vertical then

(@d)Xy)= 2[5 1XY): (7.9)
Since

EICGY) =X EO) [EY)s (T =2[ (X); 1 (Y)]
(7.9) is equivalent to

(@)X y) = [F(X); (V) (7.10)
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We have two cases: (1)Y is vertical; (2) Y is horizontal.
Case (1).Y is vertical. To show (7.10) for X and Y vertical we now take
X = A,,Y =B, for A;B 2 gand compute using (5.1):
(d)A:B)=A(C®B) B(IMA) !([A;B]

A (B) B (A) !'(AB])

[A;B]

(A (B )]
which is (7.10) in this case.

Case (2).Y is horizontal. Again we take X = A, for A the vector eld
associated toA 2 g as above. Also we extendY to a vector eld of horizontal
vectors (also denoted byY). This is possible since for an arbitrary vector eld
Z on E extending Y the vector eld de ned by

(7.11)

Yy =Zy vy 1y(Zy); y2E

is horizontal. For the proof of (7.10) we thus have to prove fo A 2 gand Y a
horizontal vector eld:

(d')(A ;Y)=0: (7.12)
Since! (A ) = A is constant and since! (Y) =0 we get using (5.1):

(d)Aa;y)= 1([A;Y]: (7.13)

SinceY is horizontal we get
L) = (Rg.! N(Yr—i(x) = Ad (g Ly (Yas100) =0
Hence

Yy ng1
t

!([A;Yx])=t|!im0! =0;

and by (7.13) we conclude
(d')(A ;Y)=0

which proves (7.12) and hence (7.10) in case (2). This nishe the proof of
Theorem 7.2 (2) and hence also of (1).

(3) Let us dierentiate the equation (7.1):

0 L[dy! 1+ [hdl 1+ dF
[d! ]+ dF (7.14)

L[ L] Rt ]+ dR

where we have used (5.2) and (7.1). But

(5! Lrl=0 (7.15)
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since

[t Erey;z)
=[50 IOGY )N @] I IGZ) ()] +
+ [0 10Y;2)30 (X))
=2([1' (X P (YOEE@) I (XM (@2)E (Y)1+

+ [ (Y); (@) (XD
=0;

by the Jacobi identity. By (7.14) and (7.15) we clearly have poved (7.3).
(4) This follows directly from (7.1) O

Remark. Let X and Y be two horizontal vector elds on E. Then by (7.1) we
get

FroGY)= 1(IXYD: (7.16)

Remark. Suppose(f; f):(E% M9 ! (E; ;M ) is bundle map and! is a
connection in Eiwith curvature form F, . Then f ! is a connection inE° with

curvature form f F, . In particular if ' :E®'  E is a bundle isomorphism and
I connection inE then!" ="' | has curvatureF," ="' F,.

De nition 7.4. A connection! in a principal G-bundle is called at if the
curvature form vanishes identically, that is if F, 0.

Theorem 7.5. Let (E; ;M ) be a principal G-bundle with connection! . Then
I is at if and only if around every point in M there is a neighborhoodJ with
a trivialization ' :  *(U)! U G such that! restricted to Ejy is induced by
the Maurer-Cartan connection in U G, thatis ! jg;, ="' !wmc.

Proof. (( ) This follows clearly from Theorem 7.2 and the above remark.

() ) Assume F, 0. For x 2 E let Hx ~ TxE be the subspace of horizon-
tal vectors, that is Hy = ker !, x 2 E. This de nes a distribution which is
integrable; in fact, if X;Y are horizontal vector elds then by (7.16) we have

0=FR (X;Y)= 1 ({X;Y]

so that [X;Y ] is again a horizontal vector eld. By the Frobenius Integrability
Theorem there is a foliation F = fF g 2, of E such that for eachx 2 E Hy is
the tangent space to the leaf throughx. For g 2 G the di eomorphism Ry:E !

E satises Rg Hyx = Hyg, 8x 2 E, by Proposition 6.4; henceRy maps the leaf
through x di eomorphically to the leaf through xg. Now x p2 M, x2  1(p)
and let F E be the leaf throughx. SinceTyF = Hy and :Hy,! T,M is
an isomorphism we can apply the Inverse Function Theorem andve can choose
neighborhoodsU of pandV F ofx suchthat :V! U isadi eomorphism.
The inverse mappings:U! V 1(U) de nes a di erentiable section in the
bundle Ejy and hence a trivialization' = ;' 1(U)! U G whose inverse
isdened by (q;9 = s(q)g, g2 U, g2 G. The fact that ' is di erentiable
follows from the Inverse Function Theorem. Now let! © be the connection in
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Eju induced by the Maurer-Cartan connection inU G, thatis ! 9= " I yc.
By the remark following Proposition 6.4 the horizontal vector space at a point
of the formyg,y2 V,g2 G is

(Rg) (Ty(V)) = (Rg) Hy = Hyg

which is also the horizontal vector space forl . Hence! jg;, and ! © have the
same horizontal subspaces and therefore they agree. O

Corollary 7.6. Let (E; ;M ) be a principal G-bundle. Then the following are
equivalent:

(1) E has a at connection.

(2) There is an open coveringfU g », and trivializations f' g , such that
all transition functions g :U \ U | G are constant.

Proof. (2) ) (1). Sinceg isconstantg ! =0. Hence the collectionfA 2

U ;gjA 0; 2 (gsatises (6.7), and thus de nes a connection! in
E by Corollary 6.9. For this Fy = 0 by Theorem 7.2 d) since clearlyFp =0,
8 2

(1)) (2). By Theorem 7.5 we can choose a coverinU g », and trivializa-
tionsf' g, of M such that the given at connection ! restricted to Ejy is
induced by the Maurer-Cartan connection,! yc inU G, 2 . Furthermore
we can arrange that all intersections are connected (e.g. bghoosing a Rieman-
nian metric on M and choosing allU to be geodesically convex sets). Now by
construction the local connection formsfA g , for ! are all zero, hence by
Corollary 6.9 we haveg !'o =0 onU \ U where!, is the Maurer-Cartan
form on G. It follows that g :U \ U ! G has zero dierential and since
U \ U is connectedg is constant. O

Exercise 7.7. Let (E; ;M ) be a principal G-bundle and let fU g » be
an open covering ofM with trivializations f' g , and transition functions

fg g. 2 . Let'":E! E be a gauge transformation corresponding to the
family of di erentiable maps :U ! G satisfying (6.14). Let! be a connec-
tion in E with local connection formsfA g » .
(1) Show that the curvature form F, for the connection! ="' ! is given
locally by

Fa =Ad( Y Fa; forall 2

whereF, is given locally by fFa g 2 .

(2) Let H G be a Lie subgroup with Lie algebrah g. Show that if there is
a reduction of E and! to H then F, satis es the following: For all x 2 E there
is ag2 G such that Ad(g)(h) contains the setfF, (X;Y )| X;Y 2 TEg.

(3) The connection is calledirreducible if for all x 2 E, g is generated as a Lie
algebra by the setfF, (X;Y )] X;Y 2 T4Eg, i.e., is spanned by all iterated Lie
brackets of such elements. Show, that ifG is connected,! is irreducible and if
':E! E is a gauge transformation given byf g , as above then! = =1
ifand only if (p) 2 Z(G), forall p2 U ; 2 ,whereZ(G) is the center of
G.



Chapter 8

Linear Connections

Let us study in particular the case whereG = GL( n; R). As usual the Lie algebra
is M (n; R), the set ofn n real matrices with Lie bracket

[A;B]= AB BA; A;B 2 M(n;R); (8.1)
and the adjoint representation

Ad(g)(A) = gAg *; A2 M(n;R); g2 GL(n; R): (8.2)

Now consider ann-dimensional vector bundleV on a manifold M and let
E = F(V) be the frame bundle. A connection in this is therefore al-form
I 2 (E;M (n)), ie. a matrix of ordinary 1-forms
3

2!
=11

!:2; ;Ez): Ly 2 YE):

P 220 Ton

''1n

Matrix multiplication de nes a linear map
M(n) M(n)! M(n)
sendingA B 7' AB, and this induces a map
2EM(n) M)t AEM (n):

The image of! ~ I by this is also denoted! " ! ; that is,

(ADOGY) = 1EOHY) Y (X) (8.3)
and the components are given by
X
(tAr)y o= Pig M1y (8.4)

k
It follows from (8.1) and (8.3) that
EIGY) =20 (X))t (I =20 M)XK Y);

s 1= A (8.5)

47
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Hence the structural equation (7.1) becomes

dl = ' A+ Fy; (8.6)
where F, is a matrix of 2-forms onE, i.e.,
2F11 n F1n3
Fi :2 : : g; Fy 2 %(E):
Fni 0 Fon

Given a coveringfU g » and local trivializations of V we get corresponding
local trivializations for E, and hence for each the local connection formA 2

(U ;M (n)) is just a matrix of one forms as in (1.4) and the corresponding
curvature form

Frn =A "A +dA
is just the formula (1.7). We shall now interprete the connedion and curvature
in terms of a di erential operator on the bundle V.

First observe that there is a natural isomorphism of V with the vector
bundle Egxn associated withE via , the identity representation (cf. 3.10 and the
remark following Corollary 6.13). This gives another interpretation of *(M;V ):

Lemma 8.1. Let!~2 K(E;R") be a horizontal and -equivariant k-form Then

I de nes for eachp 2 M a k-linear map ! ,: TyM ToM !V, which is
di erentiable in the following sense: For X1;:::; Xk dierentiable vector elds
on M ! (Xq;:::;Xx) gives a di erentiable section of V.

Proof. Let :E! M be the projection in the frame bundle forV andforp2 M
choosex 2 E with (x) = p. For X1;:::; Xk 2 TyM choose¥ 1;:::;%€ 2 TxE
with X = X;,i=1;:::k, and put

Po(Xgpii; X)) = X T Of 151, ) (8.7)

Xg(Fxg (Rg X 1,111 Rg k) = xg(R{F)(K ;1156 k)
= xg(g 0@ 1€ )
= x(E0€ ;1€ )):
We leave it to the reader to check di erentiability. O
Remark. Conversely if! ;: T,M ToM !V, sati es the conditions of the

lemma then'~ de ned by (8.7) de nes a horizontal and -equivariant k-form on
E. Hence X¥(M;V) is the set of such! 's.

Now suppose! 2 1(E;M (n)) is a connection. We shall construct a dif-
ferential operator called the covariant derivative

r: (M;V)! Ym;v): (8.8)
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For this considers 2 ( M;V) and let siE ! R" be the corresponding -
equivariant map. Then we de ne € (s) 2 I(E;R") by the formula

ré(s)=ds+!s; (8.9)

where the multiplikation is the usual matrix multiplikatio n of the matrix ! and
the column vector s.

Proposition 8.2. For s 2 ( M;V) corresponding to the -equivariant map
s:E! R", the 1-formr€(s) 2 1(E;R") is also -equivariant and horizontal,
hence de nes a formr (s) 2 (M;V).

Proof. Let us rst show -equivariance:
RE€(s) = Ryds+ Ry(! (s Ry)
=d(s Rg)+ (Ad(g 1) !)(s Ry
=d(g 's)+ (g Mg)g 's
=g lds+g s
=g te(s):

Next let us show that € (s) is horizontal. For this we rst show that for x 2 E
we have

(ds)(vxA) = As; A2 M(n): (8.10)

In fact (ds) vy is the dierential of the map G! E sendingg to s(xg) =
g !s(x), hence (8.10) follows from the fact that the dierential of g7 g ! is
given by multiplication by 1. It follows that for A 2 M (n) we have
r€(s)(vxA) = (ds)(vxA) + ! x(vxA)s(X)
= As(x) + As(x)
=0;
which proves the proposition. O

Notation. By Lemma 8.1, r (s) gives us for eachp 2 M a linear map r (s)p:
ToM ! V,. For X 2 T,M we shall write

rx(s)=r(s)(X)2V, (8.11)
and this is called the covariant derivative of s in the direction X.

Proposition 8.3.  The covariant derivative sati es

(1) rx+v(S)=T1x(S)+ 1 v (9)

(2) rx(s+s)=rx(s)+ 1 x(s9)

@) rx((=rx(s)= rx(s

4) rx(fs)= X(f)s+ f(p)r x(s)

forall X;Y 2 TpM,s2 (M;V), 2Randf 2C! (M).
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Exercise 8.4. Prove Proposition 8.3.

Next let us express the curvature form of the connection! on the frame
bundle E in terms of the covariant derivative r . First let us introduce the
notation

for the vector bundle associated with the adjoint represenétion (8.2) of GL(n; R)
on M (n). This is justi ed by the following lemma.

Lemma 8.5. Thereisal 1 correspondence between horizontahd-equivariant
k-forms € 2 K(E;M (n)) and families of k-linear maps

p: TpM TpoM ! End(V),
which vary dierentiably in the sense that k vector elds Xi;:::;Xx and a
sections 2 ( M;V) give rise to another di erentiable section ( Xg;:::; Xk)(S)
given by

X2 X8)(p) = p(Xa(p); 5 X (P)(s(P) (8.13)

p(X1;inXk) = x €0 x 1 (8.14)
wherex 2 E, = 1so(R"; Vp). O

Proposition 8.6. Let B, 2 2(E;M (n)) be the curvature form for the con-
nection ! and let F, 2 2(M; End(V)) be the corresponding2-form as in
Lemma 8.5. Let r denote the covariant derivation associated td . Then for
X;Y dierentiable vector elds on M and s a section of V we have

FrOGYXNs)=(rxry r o yrx 1 pxyp(s): (8.15)

Proof. Since it is enough to prove (8.15) locally we can assumé and henceE

to be trivial; hence we can choosé€ and ¥ onE = M GL(n; R) such that

X respectively ¥ are -related to X respectivelyY (thatis X, = X (4, and
¥x = Y (x), 8x 2 E). Also, as in the proof of Theorem 7.2 we can assume

¥ and ¥ to be horizontal. Furthermore for s 2 (M;V) let ssE! R" be

the corresponding -equivariant function. Then by (8.14) and (7.16) we have for
(x) = p:

Fi (Xp; Yp)(s(p)

x B 0fx; ¥ x (s(p)
x (D€ FL)(s(x)):
On the other hand by (8.7) r x,(s) = x r€(s)(¥), and hence

(8.16)

Fy, (r x,) = x re(€ (s)€))(¥x):
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Therefore (8.15) is equivalent to
L(DE F1(s) =rEA(€ (s)(¥)OE) re(e (s)¥))(¥)
re(s)(€ ¥I);

where we have used thafp€, ¥]is -related to [X;Y ]. But since ¥ and ¥ are
horizontal we have

r(€ (s())(¥) = d(d(s)OF))(¥) = ¥0€(s));

and similarly for ¥ and ¥ interchanged. Hence the right hand side of (8.17)
becomes

X(¥(s) F¥OK(s) D€ F¥is) 'K ¥N(s)= ! (K ¥I)(s);

which was to be proved. O

(8.17)

Next let us expressr in terms of local trivializations. SupposefU g » is
a covering ofM with local trivializations f :Vjy ! U R", and associated
transition functions g :U \ U ! GL(n;R). Thenthereisal 1 correspon-
dence between sections of V and familiesfs g , of di erentiable functions
s :U ! R", satisfying for ; 2

s(P=9 (Ps (p); p2U \ U : (8.18)

In fact s and fs g are related by

fs(p)=(p;s (p)); p2U: (8.19)

Now fg g. 2 are also transition functions for the frame bundleE = F(V)
corresponding to the local trivializationsf* = f g , correspondingtoff g, ,
asin (2.1). In the notation of Proposition 6.11 we have the félowing proposition.

Proposition 8.7. Lets2 ( M;V) correspond to the familyfs g » as above,
thenr (s) 2 %(M;V) corresponds to the family of 1-formsfr (s )g » given
by

r(s)=ds +A s (8.20)

wherefA g , are the local connection forms for! dening r .

Proof. Notice that for 2  the trivializations ' :Ejy ! U GL(n; R)
corresponding tof has the inverse dened by' *(p;g) = (f )p1 g. and
hence the section :U ! Ejy used in Proposition 6.11 is given by

(p) =" *(psid) = (f ),* 2 1s0(R"; V) = Ep:

For s2 ( M;V) the coresponding -equivariant function s:E! R" is related
tofs g, by

S =8
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and hence the locall-form r (s ) corresponding to the horizontal -equivariant
1-form is given by

r(s)=()«e(s)
= (ds+!5s)
=dis  )+( !')s )
=d(s )+ A s ;
whereA = | by the proof of Corollary 6.9. O

Exercise 8.8. Let G be an arbitrary Lie group and :G! GL(n;R) a repre-
sentation. Let (E; ;M ) be a principal G-bundle. and let V be the associated
vector bundle. Let ! be a connection inE.

(1) Show that the frame bundle of V is the extension ofE to GL(n; R) via ,
and conclude that! has a unique extension to F(V), cf. Exercise 6.18.

(2) Now choose a coveringU g » of M and local trivializations of E and
hence alsov and F (V). Show that the covariant derivative r corresponding to
I is given in terms of the local trivializations by

r(s)=ds + (A )s (8.21)

where! corresponds tofA 2 (U ;g)g, :g! M(n) is the dierential of
,andfs g » denes asectioninV.

Again return to the case of a vector bundleV on M, E = F(V) the frame
bundle and letr be the covariant derivative.

De nition 8.9. A sections 2 ( M;V) is called parallel if r x (s) = 0 for all
tangent vectors X 2 To,M and forallp2 M.

In the notation of Proposition 8.7 we have the following cordlary.

Corollary 8.10. Lets?2 ( M;V) correspond tofs :U ! R"g, . Thens
is parallel if and only if

ds = A s; 2 (8.22)

That is, locally a parallel section satis es a di erential system as in (1.4).

Proposition 8.11.  The following are equivalent:

Proof. As in the proof of Corollary 2.15 a set of sections 1;:::; n 2 (U;V)
de ning a local frame for Vjy gives a trivialization of Vjy, f:Vjy! U R",
such that

fi=(p;a); =100
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wherefep;:::;engis the canonical basis forR". Hence by (8.20)r ( ;) is given
in terms of this trivialization by r ( i) = Aej, where A is the local connection
form for ! . It follows that ,;:::;  are parallel if and only if A =0, that is,

!'jej, is induced by the Maurer-Cartan connection via the trivalization (2.1)
of Ejy corresponding tof . The proposition now follows from Theorem 7.2 (1).
O

Exercise 8.12. We consider theGL(k; R)-bundle (Wh.k ; nk ; Gk(R")), for k
n, and we considerW (n;k) M (n;k) = R™ as the open set oin  k matrices
X of rank k (cf. exercise 4.8).

(1) Show that the 1-form

= (X'X) XWX 2 YW M (K)); (8.23)
gives a connection in the above bundle.
(2) Show that the curvature form is given by

Fio= (X'X) tdxX'ArdX  (X'X) fdX'~r X (X'X) XtdX: (8.24)
(3) Show that the restriction of ! to the Stiefel manifold Vi.k ~ Wi is given
by

I = X'dX (8.25)

and that this de nes a reduction to the O(k)-bundle (Vhk; nk; Gk(R™)) with
curvature form

Fi = dX'2rdX dx'» XX t'dXx

8.26
= dX'A dX + XtdX A XtdX: ( )

(4) For k =1 the connection! inthe R -bundle (R" nf0g; ; RP" 1) is given
by

= —5dx; x 2 R" nfOg:

Show that this connection is at, ie. F;, =0, and conclude that the real Hopf-
bundle locally has a non-vanishing parallel section. Notie that this does not
exist globally by Corollary 2.24.



Chapter 9

The Chern-Well
Homomorphism

We can now associate to a principalG-bundle (E; ;M ) with a connection

I some closed di erential forms onM, and as we shall see, the corresponding
classes in de Rham cohomology do not depend dnbut only on the isomorphism
class of theG-bundle.

First some linear algebra: LetV be a nite dimensional real vector space.
For k 1 let SK(V ) denote the vector space osymmetric k-linear functions

P:V VvV .. V! R:

We shall identify P with with the corresponding linear map

P:V VvV :@:: VI R
which is invariant under the action of the symmetric group agdingon V..V
V. That is
P(v, @i v )=Pv 1 w)

for every permutation of 1;:::; k. We also have a product

#:8K(v ) S'(v)I siv)

de ned by
P# Q(va; i1 V1)
= (kjmx (Vv ;v Qv iV L) 9.1)
where runs over all permutations of 1;:::;k+ |. We also put S°(V ) = R and
then

M
S(V)= sSK(Vv )
k=0

54
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becomes a commutative ring with unit1 2 R = S°(V ). The associativity can be
shown directly from (9.1), but it also follows from the proposition below. Choose

polynomials of degreek, and de ne a mapping
SK(V ) ! RIX1 i Xn 6
by

B(xq;::0%Xn) = P(v;ii;v); V= Xi € (9.2)

for P 2 SX(V ). We then have

Proposition 9.1. (1) The mappingP 7 P is an isomorphism of vector
spaces

SK(V ) = R[xq;: 1 xn ] (9.3)
(2) (P# Q) = PB@®, hence (9.3) gives an isomorphism of rings
S(V) T R[xg::Xnl

Proof. (2) Clearly follows from (9.1) and (1).

(1) We rst show injectivity. For this notice that the coeci entto xi*  xir is
a positive multiple of

where g is repeatedij times, j = 1;:::;n. Hence if® =0 then a;,.;, =0 for
all fiq;:::;iqg satisfying iy + + in = k. By the symmetry of P we conclude
that

P(g,;::1:8,)=0; forall ji;:::5jk 21005 ng:

the full polynomial ring. O

Remark. We have thus shown thatP 2 SK(V ) is determined by the function

with the usual polynomial ring in n variables. The inverse operation which to
a polynomial function B associates a symmetric multi-linear mapP is often
called polarization.
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We now let V = g be the Lie algebra of a Lie groupG. Then the adjoint
representation of G on the Lie algebrag induces an action ofG on SX(g ) for
every k:

De nition 9.2. (1) P 2 Sk(g) is calledinvariant if gP = P, 8g2 G.

(2) The set of invariant elements inS (g ) is denoted! (G) and P 2 1X(G) is
called aninvariant polynomial (although it is a k-linear function).

L
Remark. | (G) = i:o I X(G) is a subring of S (g ).

We now return to the situation of a principal G-bundle (E; ;M ) with
connection! . Let F, 2 ?(E;g) be the associated curvature form. Fork 1
we have

FK=F ~::AF 2 X(E;g i g (9.4)
and sinceP 2 1X(G) de nes a linear map
P:g ::: gl R

we obtain a2k-form P (F¥) 2 2¢(E). SinceF, is Ad-equivariant and horizontal
(by Theorem 7.2) and sinceP is invariant, it follows that P (FX) is invariant
and horizontal i.e. a basic2k-form. Hence by Corollary 6.13 there is a unique
2k-form on M which pulls back to P(F*) by : 2K(M)! 2k(E).

Notation. The form on M corresponding toP (FX) 2 2K(E) is also denoted by
P(F)), and is called the characteristic form corresponding toP.

Remark. In the notation of Theorem 7.2 the characteristic form is giveninU by
P(FX )2 2<(U )whereA=fA g, arethe local connection forms. In these

terms we shall write P(FX) 2 2¢(M) for the globally de ned characteristic
form.

Proposition 9.3. (1) P(FX)2 2K(M) is a closed form, that is,d(P (F\)) =
0.

(2) For P 2 1%(G) and Q 2 I'(G) we have
P# Q(Ff') = P(F*)* Q(F/):

(3) Consider a bundle mapff; f ):
g ' e
M 0 ;) M

Then for ! a connection in E and! °=ff ! the induced connection inE°
we have

P(Ff) =1 (P(F}):
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Proof. (1) Since : K(M)'! K(E) is injective it suces to prove that
d(P(FX))=0 in X(E). By Bianchi's identity we get

d(P(FX) = kP(dF, " FX 1)Y= kP([F ;1 A FX D) (9.5)

using the symmetry of P. But since the form in (9.5) is horizontal it is enough
to show that it vanishes on sets of horizontal vectors. But ths is obvious since
[Fi ;1] vanishes on sets of horizontal vectors.

(2) For apermutationof 1;:::;k+|let T denote the endomorphism ofy **!
given by
TXy it Xee) =X )y i X (ke1)s Xt Xke1 2 G

Then by (5.2)
F!k+| = T F!k+| = T (F!k N F!I)

sinceF, has degree two. Hence by (9.1)

1 X
P#QEF =gy P QT (R
1 X
= ke PEONQEFED)

P(F!k) n Q(F!I ):

(38) SinceF, o=ff (F,) we clearly have in (E9:
P(Ff) =1t P(Ff):

Hence the statement follows from the injectivity of ©: (M 9! 2k(E9).
([l

Remark. In particular if ' :E®!  E is a bundle isomorphism and! is a con-
nection in E thenfor! " ="' (!) we have

P(F!k‘ ) = P(F!k)
It follows that gauge equivalent connections have the sameharacteristic forms.

De nition 9.4.  Let (E; ;M ) be a principal G-bundle with connection! . For
P 2 1K(G) let

W(E;P) = [P(F)12 H*( (M) = Hik(M)
denote the cohomology class oP (Ff).

Notation. The mapping W(E; ):1X(G)! H?(M) is called the Chern-Weil
homomorphism It is often just denoted by w( ) if the bundle E is clear from
the context. For P 2 1X(G), w(E;P) 2 H2X(M) is called the characteristic
class for E corresponding toP.
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Theorem 9.5. (1) The cohomology classv(E;P) 2 H2K (M) does not depend
on the connection! , and depends only on the isomorphism class &.

(2) w(E; ):(I (G);#)! (Hyr(M);”) is aring homomorphism.
(3) For a bundle map

f
EO— > E
l ; l
MO—— M
we havew(E%P)= f w(E;P).

For the proof we need the following version of the Poincaré Leima which
we will state without proof.

Let h: (M R)! kK 1(M) be the operator de ned as follows: For
2 XM R),k 1write! =ds” + ,wheresis the variable in R, and
put
z 1
h(1) = : and h(1)=0; for ' 2 M R):
s=0

Lemma 9.6. Letig;i;:M! M R be the inclusionsig(p) = ( p;0), i1(p) =
(p;1), p2 M. Then

dh(! )+ h(d!')=1i! gy for 12 (M R):

Proof of Theorem 9.5. We only have to show that [P (FX)] is independent of
the choice of connection. Then the remaining statements fédw from Proposi-
tion 9.3.

Let ! and ! ; be the two connections in E and consider the principal
bundle (E R; id;M R). This has connection~2 (E R;g) de ned

by

sy = (L 8)ox + 8! ax; (x;s)2E R:
This is a connection by Proposition 6.5, and clearlyi {~)=1 , =0;1. Hence
i (Re)=Fi =0;1

and we obtain from Lemma 9.6:
dh(P(F¥)) = i;P(RE) ioP(F)

P(F!kl) P(F!ko);

(9.6)

since d(P(FX)) = 0 by Proposition 9.3. Hence by (9.6) P(F,,) and P(F,,)
represent the same cohomology class in the de Rham complex. O

Motivated by Theorem 9.5 let us introduce the following:
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De nition 9.7. A characteristic class c (with R coe cients) for a principal
G-bundle associates to every principalG-bundle (E; ;M ) a cohomology class
¢(E) 2 Hyr (M) such that for any bundle map @f;f ):(E% M9 (E; ;M )
we have

(E) = f (c(E)):
If ¢(E) 2 Hiz (M) then cis said to have degred.

Remark. The set of characteristic classes (withR coe cients) is a ring denoted
Hg (or Hg(R)).

Corollary 9.8. Let P 2 1X(G). Then E 7 w(E;P) de nes a characteristic
classw( ;P)= w(P).

One can prove the following theorem:

Theorem 9.9 (H. Cartan). Let G be a compact Lie group. Thenw:1 (G)!
Hg is an isomorphism.

Remark. (1) Theorem 9.9 also determines the ring of characteristic lasses in
the caseG is an arbitrary Lie group with nitely many connected compon ents.
In that case there is a maximal compact subgroupK G and one shows that
the inclusion gives an isomorphismH g = H .

(2) We can also de ne the ring of complex valuedG-invariant polynomials on
the Lie algebrag, using multi-linear functions (over R) P:g g! C.The
ring of these is denotedl -(G). The constructions in this chapter go through
and we can thus de ne a Chern-Weil homomorphism for(E; ;M ) a G-bundle
with connection

we(E; ):lc(G)! H( (M;C)) = Hgr(M; C):

Finally let us consider the behaviour of the Chern-Weil homamorphism in
connection with extensions and reductions. For simplicitywe restrict to the case
whereH G is the inclusion of a Lie subgroup andh g the corresponding
inclusion of Lie algebras. Let(E; ;M ) be a principal G-bundle, and suppose
F E is a submanifold, so that(F; jr;M) is a principal H-bundle. Then F
is a reduction of E to H (cf. Chapter 4). The following lemma is a special case
of Exercise 6.18.

Lemma 9.10. If !¢ 2 I(F;h) is a connection in F then there is a unique

connection! g 2 (E; g), such that! gjr = ! ¢.
Proof. LetfU g , be a covering ofM with trivializationsof Fj, ! U H
with transition functions fh g, h :U \ U ! H.Thenfh gis also a set

of transition functions for E. The form ! ¢ is determined by fA g, , A 2

(U ;g)suchthat A =Ad(h ') A +h !}l.Sinceh mapstoH G
and! &, =!¢ wehaveh !§=nh 1§ HencefA 2 (U ;g)gdetermines
a unique connection onE by Corollary 6.9 O

The proof of the following proposition is straight-forward and is left as an
exercise.
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Proposition 9.11. Let (E; ;M ) be aG-bundle with a reduction (F; jr;M)
and supposd 2 I(E;g) is induced from a connection! ¢ 2 (F;h) as above.
Then for P 2 1¥(G) we have

P(FF.)=P(F5) in  *M):

In particular we have the following commutative diagram

I (G) —= 51 (H)

w(E; x \/W(FJ )

Hgr (M)

whereres denotes the restriction map of polynomials on the Lie algebrg to the
Lie algebrah.



Chapter 10

Examples of Invariant
Polynomials and
Characteristic Classes

We now give some examples of invariant polynomials for somedassical groups.

eachP 2 1¥(G).

Example 10.1. G = GL( n;R). The Lie algebraisg= M (n; R), the setofn n
real matrices with Lie bracket

[A;B]= AB BA; A;B 2 M(n;R);
and the adjoint representation
Ad(g)(A) = gAg % A2 M(n;R); g2 GL(n; R):

For k a positive integer we let P,-», denote the homogeneous polynomial of
degreek which is the coe cient of " X for the polynomial in  given by

1
det | 2—A = Peo(AriA) MK A2 M(n;R):
The polynomial Py-,, called the k=2-th Pontrjagin polynomial, is clearly Ad-
invariant. For (E; ;M ) a principal GL(n; R)-bundle
Pr=2(E) = W(E; Pip) 2 HEK (M)

is called the Pontrjagin class for E. For V an n-dimensional real vector bundle
on M we write

Pr=2(V) = P=2(F (V)

where F (V) is the frame bundle.

61
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Example 10.2. G =0(n) GL(n;R) the orthogonal group af matricesg sat-
isfying g'g= 1. The Lie algebraiso(n) M (n; R) of skew-symmetric matrices,
ie.

on=fA2M((N;R)jA+ Al =0g: (10.1)

hence, by transposing
1 1
det | + —A =det | —A A 2 o(n):
2 2
and it follows that the restriction of Py=, to o(n) vanishes fork odd. We shall

every vector bundle can be given a Riemannian metric it follevs that the frame
bundle has a reduction toO(n). Therefore also for anyGL(n; R)-bundle E we
have p=>(E) = 0 for k odd, although the representing characteristic form is not
necessarily equal to zero.

Example 10.3. G =S0(2m) O(2m), the subgroup of orthogonal matrices
satisfying det(g) = 1. The Lie algebra isso(2m) = o(2m) given by (10.1). Hence
the Pontrjagin polynomials P, 2 12(SO(2m)), | =0;1;:::;m are also invariant
polynomials in this case. But there is another homogeneousglynomial Pf called
the Pfa an polynomial of degree m given by

1 X (10.2)
= >2m m ) (sgn )ai12a34 agpem 1y @m);

where runs through the set of permutations of1;:::2m, and whereA = ( a; )
saties aj = &;.
Let us show that Pf is Ad-invariant: Let g=(g; ) 2 O(2m) and put

9Ag ' = gAd' = A"= (a})

that is
0 X

a; = Oik 1 8k ko Gik 5 -

k1k2
Then for Pf9=22m mmIPf we have

PfO(A%:::: A9
X X
= A1 ko Aom —1kom Sgr( )g 1k g em)kam -

In this sum the coecient to ax,k, ak,,_,k,, IS just the determinant of

X
=det(g;) sgn()ai12 agem 1) @m
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That is
Pf(A%:::: A9 =det(g) Pf(A;:::A) (10.3)

for all A 2 o(2m), g 2 O(2m). In particular Pf is an invariant polynomial for
SO(2m), but it is not an invariant polynomial for O(2m) since

PF(A%:::: A9 = Pf(A;:::A)

if det(g) = 1.
For an SO(2m)-bundle (E; ;M ) the characteristic class
e(E) = w(E; Pf) 2 H3Y (M) (10.4)

is called the Euler class for E. If E is the reduction to SO(2m) of the frame
bundle of an oriented vector bundleV on M then e(V) = e(E) is called the Euler
class ofV. One can show that for a compact oriented Riemannian manifa of
dimension 2m the Euler-Poincaré characteristic (M) satis es

Z

(M) = re(TM);[M]i = Pf(F™); (10.5)
M

whereTM is the tangent bundle of M and! is the connection for the reduction
to SO(2m) of the orthogonal frame bundle ofT M determined by the orientation.
(Usually the connection is chosen to be the Levi-Civita conection). The formula
(10.5) is the higher-dimensionalGauss-Bonnet Theorem

Example 10.4. G = GL( n; C). The Lie algebra isM (n; C), the set ofn n
complex matrices. As in the remark at the end of chapter 9 we sall consider the

polynomials with complex valuesCy, k =0;1;:::;n, given as the coe cients to
" X in the polynomial in
1 X
det | FA = Cu(A;::i;A) M K A2 M(n;C); (10.6)

k

with i = P 1. For (E; ;M ) a principal GL(n; C)-bundle we thus obtain char-
acteristic classes in de Rham cohomology

& (E) = W(E; Cx) 2 H3X(M; C) (10.7)

where the di erential forms have complex values. The polynanials Cy are called
the Chern polynomials and the classes in (10.7) are called th€hern classesof
E. Again for V a complex vector bundle overM we have an associated frame
bundle of complex framesF (V) which is a principal GL(n; C)-bundle and we
de ne

& (V) = a(F(V))

the Chern classes of a complex vector bundl¥ . Notice that the restriction of
Ck to M (n; R) satis es

iKC(A;11:1A) = Preo(A; 1113 A); A2 M(;R):

Hence if we extend a principal GL(n; R)-bundle E to a principal GL(n; C)-
bundle Ec then for k = 21 we have inH 3L (M; C):

( D'ca(Ec) = pi(E): (10.8)
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Example 10.5. G =U(n) GL(n; C) the subgroup of unitary matrices, ie. the
complex matricesg satisfying gg' = | where g denotes the complex conjugate
of g. The Lie algebra isu(n) M (n; C) of skew-Hermitian matrices, ie.

un)= fA2M(n:C)jA+ A" =0g

In particular we have for A 2 u(n)

1 1 ¢ - 1
det | —A =det | + —A = det | —A
2i 2i 2i

mial on u(n). For (E; ;M ) a U(n)-bundle the Chern classes are therefore real
cohomology classes.

Since every complex vector bundle can be given a Hermitian ntec it fol-
lows that any principal GL(n; C)-bundle has a reduction toU(n) and hence all
Chern classes for &GL(n; C)-bundle are real cohomology classes.

Finally let us calculate the rst Chern class in a non-trivia | case.

Example 10.6. Consider the complex Hopf-bundle overCP": This is the
GL(1;C) = C -bundle (Hc; ; CP") with total space Hc = C"*! nf0g and
where is the natural projection map

Notice that the Lie algebra of C is just the abelian Lie algebraC so that a
connection in Hc is a complex valued1-form on C"*! nf0g. We claim that

_ 7'dz
jzj?

is a connection. That is, we must check (1) and (2) in the de nition of a con-
nection.

(1) For xed z2 C"*! nfOgthe mapv,:C ! C"*! nfOggivenbyv,( )= z
satis es

zdz(z ) _
jz?

so that for =1 (v,!)1=d asrequired.

(2) For xed 2 C we have

Pz ve()=

zldz

1z ]

as required sinceC is abelian.

RI =

Hence! is a connection. Again sinceC is abelian the curvature is given
by
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which is also a basic form, i.e. the pullback of a form orCP". Now the inclusion
s2n+t - ¢"*1 nfog induces a di eomorphism S?"*1 =U(1) = CP" and since
jzj> =1 on S?™*1 we conclude that as a form onS2"*! =U(1) the curvature is
given by

F, = dz'~ dz:
Notice also that
ﬁ! =dz'rdz = F

soF, takes on purely imaginary values. FinallyF, is invariant under the action
of U(n+1) on CP" since

g F = (dz')g"' » gdz= dz'~ dz; g2 U(n+1):
In the notation of Example A15 F, = ilmF, now corresponds to theU(n)
invariant real alternating 2-form 2i de ned on C" =spanfey;:::;e,g since
dz' ~ dz(ejier) =i (i) =2i

Now the rst Chern polynomial on gl(1;C) = C is given by
1
It follows that

Cl(Hc) = %dz‘ Ndz 2 HgR (CPn)

1
= = 2 Alt3(cmum

so in particular c;(Hc) 6 0. The constant in C;(A) is chosen such that fom = 1
z
aF)= L (10.9)
cpt

In order to see this we rst observe that in the principal U(1)-bundle :S3!
CP! we have

Z Z q
I = — =2 8z2S°
Mz ij=t
so that by Fubini's Theorem
Z Z
I ANF =2 i F
S8 cpt

On the other hand ! ~ F, is a U(3)-invariant 3-form on S® whose value at the
tangent frame fieg; e1;ie;g  Te, S is

(! ~ Fi)(ieg; er1;ier) = (dzo ™ dzg » dzi)(ieo; e;ier) = 2
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Hence! ~ F, is 2 times the volume form on S® so that

2i Fi= 2vol(s®)= 4?2

which proves (10.9).



Appendix A

Cohomology of Homogeneous
Spaces

In this section we show how to calculate de Rham cohomology ofompact
homogeneous spaces. For notation see [D].

In the following G is a Lie group andH G is a closed Lie subgroup, with
Lie algebrasgand h g respectively. We shall study the homogeneous manifold
M = G=H with projection :G! M.

Proposition A1. (1) The following sequence of vector spaces

0 s h s g = Ten (G=H) ——— 0

is exact.
(2) Given h2 H we have the following commutative diagram.

s Ten (G=H) ——— 0

g
Ad( h)l ‘Ad( h) th —
g

s Ten (G=H) >0

Proof. (1) The dierentiable structure on G=H is de ned as follows: Forg =
m handU, ma suitable neighborhood of0, the composite mapping

exp

Un > G » G=H
is a di eomorphism onto an open neighborhood ofeH (see e.g. [D, Theo-
rem 9.43]. Consequently :m! Ty (G=H) is an isomorphism, this shows
the claim.

(2) ltis clear that Ad(h) on h is the restriction of Ad(h) on g. The commuta-
tivity of the square to the right follows from the following ¢ ommutative diagram

67
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where (x)= hxh YandLn(xH)= hxH. O
Remark. We see from the above proposition that induces an isomorphism
:g=h T Ten (G=H)

and that the isotropy representation of H on Tey (G=H), thatis, h 7 Ly ,is
identi ed with the adjoint representation on g=h.

Notation. For V a nite dimensional vector space let Alt“(V), k 2 N, denote
the vector space of alternatingk-linear forms onV. For H G as above with
Lie algebrash g let

Altk(g=h)"  Alt¥(g)

be the subspace consisting of 2 Alt¥(g) satisfying
Q)  (vi;:::;w) =0 if atleastonev; 2 h
(2)  (Ad(h)vq;::s; Ad(h)w) = (vq;:ii;v) forallh2 H.

Finally for a manifold M let (M), k 2 N denote the vector space of
di erential forms of degree k on M. If M = G=H as above then

“M)® KM
denotes the subspace oG-invariant forms, that is, forms ! satisfying
Lyt =! forall g2 G;
whereLqg:M ! M is given by Lg(xH) = gxH, for all x 2 G.

Proposition A2. LetH G andM = G=H as above.
(1) There is a natural isomorphism of vector spaces

K(M)C £ AltX(g=h)":

(2) Furthermore is a chain map, where the di erential on the right hand side
is de ned by

i<j

Proof. (1) As beforewelet :G! G=H be the canonical projection map and
let! 2 K(M)® be aG-invariant form. We dene (!) by

(1)=( 1)e2Alt*(g)
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and we clearly have that (! ) 2 AltX(g=h)". Furthermore it is clear that is
injective because! 2 X(M)® satis es

forall g2 Gandvy;:::; Vv 2 Tgy M. For the surjectivity of let 2 Alt*(g=h)"

02G vyl v 2 Tgu M:

Since 2 Alt*(g=h)" it easily follows that ! g is independent of the choice
of g 2 G and of the choice of representatives fo(L,-1) v; in g. To see that
I is di erentiable, we notice that because! by de nition is G-invariant, it is
enough to show that! is dierentiable in a neighborhood of eH. But in this
neighborhood we can nd a local cross section, that is, a subanifold U G
with e 2 U such that :U! (U) is a di eomorphism. Thus it is enough to
see that (! ) is dierentiable. For this we choose a basisf X1;:::;Xng for g

i(»@j) =
are also smooth. But (! ) is G-invariant so it can be written as a linear com-
bination of the forms
f ;NN 01 i i ik ng
with constant coe cients. It follows that (') is smooth.
(2) Becaused = dand : (M)®! (G)C is injective it is enough

for all tuples (l1;:::;lk+1 ) satisfying1 i, 10 1j,., n. This follows from
the formula for d! because the remaining terms in the formula are directional
derivatives of functions on the form

which are clearly constant when! andX; are G-invariant. O

Remark. It follows that the formula in (2) de nes a form in  Alt ¥** (g=h)"

Exercise A3. Show the claim in the remark above directly. (Hint: First show
that for 2 AltX(g=h)" and X 2 h we have

X

i=1



70

Corollary A4. If H is compact and connected thenM = G=H has a G-
invariant volume form, that is, a nonzero elementvy 2 "(M)®, n =dim(M),
and vy is unique up to a scalar multiple.

Proof. Since Alt"(g=h) is 1-dimensional we havedim(Alt " (g=h))" 1 with
equality if and only if det(Ad(h)) =1 forall h2 H, whereAd(h): g=h! g=his
induced by the diagram in Proposition Al (2). But (h) = det(Ad( h)) de nes a
continuous homomorphism :H! Rnf0g, and sinceH is compact (h)= 1,
for all h2 H. Hence is locally constant and sinceH is connected 1. 0O

Example A5. If we identify SO(n 1) with the subgroup of matrices in SO(n)
of the form
h o

o h° h2sSO(n 1);

there is a natural di eomorphism
:SO(n)=so(n 1) F s" ! R"

given by (gSO(h 1)) = ge, g 2 SO(n), wheree; = (1;0:::;0) (cf. [DG,
Exercise 9.45]). Notice that commutes with the SO(n) action, and the SO(n)
action on R" is given by matrix multiplication. It follows from Corollar y A4
that S" ! has aSO(n)-invariant volume form vgn—: 2 "(S" 1).

Exercise A6. Given the coordinates(xy;:::;Xn) on R" show that

X .
Vgn—1 = C  ( D'xjdxg ™ iiiA @ N A dXg; c2 RnfOg:
i=1

Proposition A7. Let G be a compact Lie group and :G! GL(V) a repre-
sentation on a nite dimensional vector space (that is, is a Lie group homo-
morphism). Then there exists an inner product onV such that (g) is orthogonal
for all g2 G, that is,

h (g)v; (g)wi = hv;wi for all viw2 V, g2 G:

Proof. Pick an arbitrary inner product h; i onV and choose an orientation on
G. It follows from Corollary A4 with H = feg that there is a unique volume
form vg on G that satis es
z
Vg =1:
G

k fact, for vd 2 "(G)® a volume form we have (asG is compact) that Vol =
s V& > 0 and it follows that vg = v&=Vol. We now de ne the inner product
onV by

z

hv;wi = h(g Hv; (g Hwive:
G
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Then, for an arbritrary g°2 G we have forv;w 2 V:
z

Gh (%) Yv; (%) Hwive
z

h(g Yv; (g l)Wi(L@,m) Vo
ZG

h(g Yv; (g Hwive

G

h(g® Mv; (¢® Hwi

hv; wi ;
O

Remark. Let O(V) GL(V) denote the group of orthogonal transformations
with respect to the inner product h; i. Then O(V) is compact and therefore
a closed Lie subgroup inGL(V). It follows that :G! O(V) is a Lie group
homomorphism. If G is connected (g) 2 SO(V) for all g 2 G, where SO(V)
O(V) is the subgroup of orthogonal transformations with determinant 1.

Theorem A8. Let M = G=H, with G andH G as above andG compact
and connected. We then have the following.

(1) The inclusioni: (M)®! (M) induces an isomorphism on cohomo-
logy.

(2) There is a natural isomorphism

Her(M) = H (Alt (g=h)")

Proof. Clearly (2) follows from (1) and Proposition A2.

To show (1) we pick, according to Proposition A7, an inner praluct on the
Lie algebrag of G which is invariant under the adjoint representation Ad: G!
GL(g), and sinceG is assumed to be connected we hav&d(g) 2 SO(g) for all
g 2 G. By multiplying the inner product by a positive scalar we can assume
that the open unit disc

B=fX2gjhX;X i< 1g

is mapped di eomorphically under the exponential map onto an open neighbor-
hood U of e 2 G. As in the proof of Proposition A7 we let vg be the unique left
invariarit volume form on G that satis es

vg =1:
e]

Finally for g2 G we letLqg:M | M denote the di eomorphism given by left
multiplication with g2 G.

For! 2 k(M) we will de ne a G-invariant k-form I 2 K(M)®, in the

926G
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or for short
Z

r = (Lg! )ve:
926G

We shall show the following three claims:
(i) ¥ is aG-invariant di erential k-form.
(i) f 12 XM)Cthenl =1.

(i) There are linear operators

S0=0;sk: kKmM)! K 1(m); k=1:2;::"
satisfying
dskt + sk*1dr = | forall! 2 X(M), k=0;1;2;::::

The theorem then follows from (i) (iii).

() That I is dierentiable is seen the same way as in the proof of Propads
tion A2. To see that I' is G-invariant we rst notice that v is a right G-invariant
form on G, thatis Ry(ve) = vg for all g 2 G. This follows from the fact that
RyVe again is left invariant so that

(Rg) Ve = (dIve; (99 2 Rnfog;
where :G! RnfOgis a dierentiable homomorphism hence is constantly
equal to 1 sinceG is compact and connected. We now get
z
(Lgo T = (Lgd._g! e
926G
z
= ((ng‘—) ! )VG
g2G
z
= (L(Ry) Vo)
x2G
= (Lx' )VG = I:
x2G

wherex = gdf that is g = x(¢9) ' = Ry=1(x), it follows that Lea(P) =T,
which was to be proven.
(i) For ' 2 ( M)® we have

Z Z VA

= Lg(!)VG= g =1 vg = !
926G 926G G

(iii) For this we use the neighborhoodU =exp B. We rst notice that

R R &
wis U= Py

i i=1 i
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is an open subgroup inG and sinceG is connected we havdlUi = G (because
the complement consists of cosets which are also open).

As U' U™ and G is compact, there is aj 2 N such that G = U!. We
get that fL U j g 2 U'gis an open covering ofG hence by compactness we
obtain G = ::1 giU. Now de ne inductively Wy;:::; W, by

[i
Wi =qgU;:: Wiy = g U W
=1
Then G= Wy [ :::[ W, is a disjoint union and
V =int (Wy) [ :::[ int(W,)
is a open subset such that@V ::1 g @Uis a union of (m 1)-dimensional
submanifolds in G, wherem = dim G. For f an arbitrary continuous function
on G we thus have
Z Z x Z
fvg = fvg = fvg:
G Y iz int( W)
Forg2W; gU,g 2 U, we write g in the form

g=exp(X1) exp(Xj)exp(X)
and de ne a curve (t;g) 2 G,t 2 [0;1] by
(t;g) = exp(tX1)  exp(tX;)exp(tX):

Then (0;9)= eand (1,9)= g. From we get a homotopyL (g):M! M,
t 2 [0;1], whereL () =id andL (1.4) = Lg. As in the proof of the Poincare
Lemma (see [MT]) we get an operator

Sk K(m)! K 1(m)
such that
k k+1 — .
dskt + sk*tdl = Lt b

Here Sg! is explicitly given by the formula
z

This is di erenti%ble in gfor g2 int(W;) and we may de ne

sk = (SK1 )ve:
92V

By integration of the formgla above we gezt

dski + skt gr = (Lg! Ve (' g
g2V g2V
= (Lg! Ve (" ve
92G g92G
=r I
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Exercise A9. Let M = G=H, where G is a compact Lie group with identity
componentGoy  G.

(1) Show that the number of components of M is [G:GgH], and that each
component is di eomorphic to My = Go=Gg\ H.

(2) Conclude that
Hor(M) = H (Alt (g=h)®e' M)[e:Cent]:
Exercise A10. Let M" = G=H, where G is a compact connected Lie group.
Show that the following statements are equivalent:
(1) M is orientable.
(2) Hir(M) 80.
(3) Forall h2 H, det(Ad(h)) =1 where Ad(h): %zh! g=h.
(4) There is a volume formvy 2 "(M)® with

MVM =1.

Exercise A11l. Let G be a compact Lie group and :G! GL(V) a rep-
resentation on a nite dimensional vector spaceV. We write gv = (g)v for
g2 G;v 2 V. Now de ne the dual representation onV = Homg(V;R) by

(gv)(V) = v (g 'v); Vv 2V ;v2V;g2G

Let Vé =fv2Vjgv=vgand(V )¢ =fv 2V jgv =vg.
(1) Show that the natural mapping given by restriction

(V) (v®)

is an isomorphism.

(2) Now let V andV°be two nite dimensional vector spaces withG-representations
as above and letB:V V° R be a non-degeneratés-invariant bilinear func-

tion. (B is non-degenerate if the mappingBl:V°! Vv given by BI(vO(v) =
B(v;v9, v 2 V;\W 2 VO is an isomorphism.B is G-invariant if B(gv;gW) =
B(v;v9) forall v2 V; W2 V% g2G)

Show that B by restriction gives a non-degenerate bilinear function
B:VE Vv®I R

Exercise A12 (Poincaré duality). Let G be a compact connected Lie group,
H G a closed Lie subgroup and putM = G=H. Assume that M is oriented

k(M)G n k(M)G! R
by

B(; )= N 2 Km)e; 2 " kKm)e:

(1) Show that B is non-degenerate (cf. Exercise A1l).
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(2) Show the formula

B(d; )=( 1¥B(;d ); forall 2 % Y(M)S, 2 M kM)S:

(3) Show that B induces a non-degenerate bilinear function
B:HS (M) HILKM)! R k=0;:::;n

That is B’

Hints to (1): First show the following lemma: For V an n-dimensional vec-
tor space andv 2 Alt"(V) a generator, the bilinear function B:Alt (V)
Alt" kK(V)! R given by

HIL K1 HX (M) s an isomorphism.

~o=B(; )V 2 AltX(V); 2 Alt" k(v)
is non-degenerate.

We conclude the appendix with a few examples.

Example A13. M = S" (cf. Example A5). Let R"*! have the coordinates

:SO(n+1)=S0(n) © s" R

given by (gSO(n)) = g&, g2 SO(n +1), whereeg = (1;0;:::;0). The dier-
ential

:so(n+1)=so(n)! R" =span(epy)”’
satis es
(Ad(h)X)=h (X) X 2son+1); h2SQn)
and thereby induces an isomorphism
AltK(RM)SOM 1 Alt K(so(n + 1)=s0(n)) SOM k=0;:n;

where

forall vi;:::;vk 2 R" and h 2 SO(n). We now have
Rdet k=n
kK(pn)SO(n) —
Al (RT) 0 k=1;:::;n 1

where det is de ned by the determinant. Itis clear that de t is SO(n)-invariant
(by de nition). So let us show that every 2 Alt%(R")SO(") k <n; is0:

Let fes;:::;e,g be the canonical basis forR", and notice that is deter-
mined by f (e,;:::5;e,)j1 i1 <:::<iyg ng Butfor k <n there are
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and
hqe) = e,;h%e) = e,;:::;h%e) = e,
hence
(&,;:ie,)= (e;iine) = (eg;:iiey)
thatis (e,;:::;&,) =0 . We have thus shown that
8
< R[vsn] k=n
HX:(S")= 0 k=1::::;n 1
"R k=0

wherevgn 2 "(S") is the volume form from Example A5.
Exercise Al4. For M = RP" the n-dimensional projective space, show that

R k=0 and k = n odd

k ny —
Hdr (RP™) = 0 otherwise

Example A15. M = CP" =U(n+1)=(U(1) U(n)).C"*! has the coordinates
(zo;:::;zp) and H = U(1) U(n) U(n+1) is the subgroup of matrices on
the form

9= 4 n 2 U(1);h 2 U(n):

It is easy to show that the mapping
cu(n+1)=u(n) u(n)! C"
given by

2 3
Xn; 1

x)=9 : &
Xnin
is an isomorphism, and that
(Ad(g)X)= h (X); for X 2u(n+1) M(n+1)
and g2 H as above. That is we get an isomorphism
Altk(CMYM 1 Atk (u(n + 1)=(u(1)  u(n))*
where
AltR(CMYM = § 2 AILK(CM) j (hva;:iiihw) = (Ve oo w)G;
for all vi;:::;v 2 C" and h 2 U(n). Notice that 2 Alt3(C") given by

(viw) = Im(w'v)
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is U(n) invariant and that (e;;ie;) =1 so that
Alt2(CMV(M g 0:
We show that

R 2 0 k 2nkeven

Al
0 otherwise (A1)

Alt (CM)UM =

SinceC" = spanrfer;:::;en;ier;:iijieng, 2 AltX(C")V(" is determined by
(e,;:005 e, 0,500 iey,);

wherel ;< <ip n1 ji1< <jp nandp+ g= k. But if there

e I=js
n .
@ € 16 js

is unitary so that

(&,:iiire, 0,00 0e,) = RS I T ST

fj1;iijqg then (e, e

ip 1

for k =2p, is determined by the values

(CRSSSH I TR CTIO K

There is anh 2 U(n) such that h(g) = &,,1 =1;:::;p, hence is determined

We conclude that Alt ép(C”)U(”) is at most 1-dimensional, so it is enough
to show that P 6 0. An easy calculation shows that
Pler;iitep;ier;iin;iep) = pl; p n;
which shows (A.1). This also shows that

R K2 0 k 2nkeven

Her (CP")" .
ar (CP") 0 otherwise

(A.2)

Exercise A16 (Symmetric spaces). Let M = G=H, where G is a compact
connected Lie group andH G is a closed Lie subgroup. Leth g be the
Lie algebras forH and G respectively, and assume that there is a complement
m g such that g= m h and such that the following is satis ed:

(1) Ad(h)(X)2 mforall h2 H, X 2 m.
(2 X;Y]12hforall X;Y 2 m.
Show that there is a natural isomorphism

Hi; (M) = Alt*(m™; k=0;1;2:::

where the action of H on Alt*(m) is induced by the adjoint action of H on m
given by (1).
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Exercise A17. Let G be a compact connected Lie group. A$ acts on the Lie
algebrag by the adjoint representation, show that there is a natural isomorphism

Hiz (G) = Alt*(g)®:

Hint: Use Exercise A16 forthecaseH G G, H =f(g;9 jg2 Gg.
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bre bundle with bre N, 22
at connection, 35, 45
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frame bundle, 10
free G-action, 18

gauge transformation, 39
gauge-equivalent connections, 39
Gauss-Bonnet Theorem, 63
Grassmann manifold, 29

homogenous coordinates, 15
horizontal form, 38
horizontal subspace, 35
horizontal vectors, 33, 35

invariant form, 38
invariant polynomial, 56
irreducible connection, 46

lifting, 25
local connection forms, 38
local trivialization, 8, 18

Maurer-Cartan connection, 35
Maurer-Cartan form, 34
moving frame, 13

orbit, 11

orientable vector bundle, 26
orthogonal n-frame, 14
orthogonal frame bundle, 14

parallel section, 52

Pfa an polynomial, 62
Poincaré duality, 74
polarization, 55
polynomial function, 55
Pontrjagin class, 61
Pontrjagin polynomial, 61
principal G-bundle, 18
product bundle, 19
pull-back, 23

real Hopf-bundle, 16
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real projective n-space, 15
reduction, 25, 40
Riemannian metric, 13

section, 9

set of gauge transformations, 39
set of characteristic classes, 59

set of connections, 39

Stiefel manifold, 29

symmetric k-linear functions, 54
symmetric spaces, 77

tangent bundle, 9
tensor product, 31
total space, 8, 18, 21
transition functions, 20
trivial bundle, 8, 19
trivial connection, 35
trivialization, 19

vector bundle, 8
vector eld, 9
vertical vectors, 33

wedge product, 32



