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Chapter 1

Introduction

Let us start considering a linear system of di�erential equations of order 1 on
an interval I � R.

dx
dt

= � Ax; t 2 I (1.1)

where x = ( x1; : : : ; xn ) 2 Rn and A = A(t) is an n � n real matrix.

It is well-known that given x0 = ( x10; : : : ; xn 0) 2 Rn and t0 2 I , there is
a unique solution x(t) = ( x1(t); : : : ; xn (t)) to (1.1) such that x(t0) = x0. The
simplest case is of course ifA � 0 and in fact we can change (1.1) into this by
change of gauge

y = gx (1.2)

where g = g(t) 2 GL(n; R). To see this notice that we want to �nd g such that

dy
dt

=
dg
dt

� x + g �
dx
dt

=
dg
dt

� x � gAx = 0 :

That is we want
dg
dt

= gA (1.3)

or by transposing

dgt

dt
= A t gt :

That is, the rows of g are solutions to (1.1) with A replaced by � A t . Hence
we just chooseg0 = g(t0) 2 GL(n; R) arbitrarily and �nd the unique solution
corresponding to each row, i.e., we �nd the unique solution to (1.3) with g(t0) =
g0. To see that g is in fact invertible we solve similarily the equation of matrices

dh
dt

= � Ah

with h(t0) = g� 1
0 and observe that

d
dt

(gh) =
dg
dt

� h + g �
dh
dt

= gAh � gAh = 0 ;

thus by uniquenessg � h = 1 . Hence we have proved the following proposition.
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Proposition 1.1. Consider a system of equations (1.1) on an intervalI � R.
Let t0 2 R and g0 2 GL( n; R). Then there is a unique gauge transformation
g = g(t), such that (1.1) is equivalent to

dy
dt

= 0 ; for y = gx and g(t0) = g0:

Remark. We shall think of g as a family of linear transformations parametrised
by I , i.e. given by a map �gg in the commutative diagram

I � Rn I � Rn

I

�g

proj proj

with �gg(t; x ) = ( t; g(t)x).

We want to generalize this to the case whereI is replaced by an open set
U � Rm or more generally by anydi�erentiable manifold M = M m . For that
purpose it is convenient to rewrite (1.1) as an equation of di�erential forms:

dx = � (Adt )x:

Absorbing dt into the matrix we shall in general consider a matrix A of di�er-
ential 1-forms on M and we want to solve the equation

dx = � Ax (1.4)

for x = ( x1; : : : ; xn ) a vector of functions on M . Again a gauge transformation
is a smooth family af non-singular linear mapsg = g(t) 2 GL(n; R), t 2 M , or
equivalently, a smooth map �gg in the commutative diagram

M � Rn M � Rn

M

�g

proj proj

such that �gg(t; x ) = ( t; g(t)x) de�nes a non-singular linear mapg(t) for each t 2
M . Again putting y = gx the equation (1.4) changes into thegauge equivalent
equation

dy = � Agy

with Ag = gAg� 1 � (dg)g� 1. In particular we can transform the equation into
the trivial equation

dy = 0

(which has the obvious solution y = constant ) if and only if we can �nd g
satisfying

dg = gA or g� 1dg = A: (1.5)
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Example 1.2. Let M = R2 with variables (t1; t2). Consider the equation (1.4)
with A = � t2dt1, that is

dx = (t2dt1)x;

or equivalently, the partial di�erential equations

@x
@t1

= t2x;
@x
@t2

= 0 : (1.6)

But this implies

0 =
@2x

@t1@t2
=

@
@t2

(t2x) = x:

Hence onlyx � 0 is a solution to (1.6) whereas the equationdy = 0 has other
(constant) solutions as well. Therefore they arenot gauge equivalent.

More systematically let us �nd a necessary condition for solving (1.5): Sup-
poseg is a solution; then

0 = ddg = d(gA) = (dg) ^ A + gdA = gA ^ A + gdA

and sinceg is invertible we obtain

FA = A ^ A + dA = 0 : (1.7)

This is called the integrability condition for the equation (1.4) and FA is called
the curvature. We have thus proved the �rst statement of the following propo-
sition.

Proposition 1.3. For the equation (1.4) to be gauge equivalent to the trivial
equation dy = 0 a necessary condition is that the curvatureFA = 0 . Locally this
is also su�cient.

Proof. For the proof of the second statement it su�ces to take M = B m � Rm

the open ball of radius 1, that is B m = f u = ( u1; : : : ; un ) j juj < 1g. Let Sm � 1

be the sphereSm � 1 = f u j juj = 1 g and de�ne g: B m �! GL(n; R) by solving
the equation

@g
@r

= gA
�

@
@r

�
; g(0) = 1 ;

along the radial lines f ru j 0 � r � 1g for each u 2 Sm � 1. Now choose a local
coordinate system (v1; : : : ; vm � 1) for Sm � 1 so that we get polar coordinates
(r; v 1; : : : ; vm � 1) on B m . By construction the equation (1.5) holds when evalu-
ated on the tangent vector@=@r. We need to evaluate on@=@vi , i = 1 ; : : : ; m� 1,
as well, that is, we must prove

@g
@vi

= gA
�

@
@vi

�
; i = 1 ; : : : ; m � 1: (1.8)
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Notice that by construction (1.5) and hence also (1.8) holdsat u = 0 . Let us
calculate @=@rof the di�erence using the assumption

0 = FA

�
@
@r

;
@

@vi

�

=
@
@r

A
�

@
@vi

�
�

@
@vi

A
�

@
@r

�

+ A
�

@
@r

�
A

�
@

@vi

�
� A

�
@

@vi

�
A

�
@
@r

�
:

Then

@
@r

�
@g
@vi

� gA
�

@
@vi

��

=
@2g

@r@vi �
@g
@r

� A
�

@
@vi

�
� g

@
@r

A
�

@
@vi

�

=
@g
@vi

A
�

@
@r

�
+ g

@
@vi

A
�

@
@r

�
� gA

�
@
@r

�
A

�
@

@vi

�
� g

@
@r

A
�

@
@vi

�

=
@g
@vi

A
�

@
@r

�
� gA

�
@

@vi

�
A

�
@
@r

�

=
�

@g
@vi

� gA
�

@
@vi

��
A

�
@
@r

�
:

By uniqueness of the solution to the equation

@x
@r

= xA
�

@
@r

�

along a radial we conclude that

@g
@vi

� gA
�

@
@vi

�
� 0

which was to be proven.

In the global case there are obvious di�culties even for M of dimension 1.

Example 1.4. Let M = S1 = f (cos 2�t; sin 2�t ) j t 2 [0; 1]g and suppose
A = A0dt for a constant matrix A0. Then, on the interval [0; 1), the unique
gauge transformation to the trivial equation with g(0) = 1 is given by

g(t) = exp(tA 0) =
1X

n =0

tn An
0

n!

so that g(1) = exp( A0). Hence we have a globally de�ned gauge transformation
to the trivial equation if and only if g1 = exp( A0) = 1 . If g1 6= 1 , on the other
hand, we can overcome this di�culty if we replace S1 � Rn with the vector
bundle obtained from [0; 1] � Rn by identifying (1; v) with (0; g1v).
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This example suggests that we should (and will) generalize the problem to
vector bundles (real or complex). However, as seen above, itis really the Lie
group G = GL( n; R) (or G = GL( n; C)) which enters in the question of gauge
transformations. This gives rise to the notion of a principal G-bundle with a
connection where locally the connection is given by the matrix A of 1-forms
occuring in the equation (1.4). Again we will encounter the notion of curvature
as in (1.7) which is the starting point for the de�nition of characteristic forms
and characteristic classes.



Chapter 2

Vector Bundles and Frame
Bundles

In this chapter we shall introduce the notion of a vector bundle and the associ-
ated frame bundle. Unless otherwise speci�ed all vector spaces are real, but we
could of course use complex vector spaces instead.

De�nition 2.1. An n-dimensional di�erentiable (real) vector bundle is a tripl e
(V; �; M ) where � : V �! M is a di�erentiable mapping of smooth manifolds
with the following extra structure:

(1) For every p 2 M; Vp = � � 1(p) has the structure of a real vector space of
dimension n, satisfying the following condition:

(2) Every point in M has an open neighborhoodU with a di�eomorphism

f : � � 1(U) �! U � Rn

such that the diagram

� � 1(U) U � Rn

U

f

� proj

commutes, ie.,f (Vp) � p � Rn for all p 2 U; and f p = f jVp : Vp �! p � Rn is an
isomorphism of vector spaces for eachp 2 U.

Notation. (V; �; M ) is called a vector bundle overM , V is called the total space,
M is the base space, and � is the projection. We shall often write V instead of
(V; �; M ). The di�eomorphism f in de�nition 2.1 is called a local trivialization
of V over U. If f exists over all ofM then we call V a trivial bundle.

Remark. If (V; �; M ) is an n-dimensional vector bundle, then the total spaceV
is a manifold of dimensionn + m, where m = dim M .

Example 2.2. The product bundle M � Rn with � = proj : M � Rn �! M is
obviously a trivial vector bundle.
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Exercise 2.3. For g 2 GL(n; R) show that the quotient space ofR � Rn by the
identi�cation (t; x ) � (t +1 ; gx) where(t; x ) 2 R � Rn , de�nes an n-dimensional
vector bundle over R=Z �= S1.

Example 2.4. The tangent bundle of a di�erentiable manifold M = M m , that
is, the disjoint union of tangent spaces

T M =
G

p2 M

TpM

is in a natural way the total space in an m-dimensional vector bundle with
the projection � : T M �! M given by � (v) = p for v 2 TpM . If (U; x) =
(U; x1; : : : ; xm ) is a local coordinate system forM then

� � 1(U) =
G

p2 U

TpM

and we have a local trivialization

x � : � � 1(U) �! U � Rm

de�ned by

x �

� mX

i =1

vi �
@

@xi

�
�
�
�p

�
= (p; v1; : : : ; vm ):

Sections

For a vector bundle (V; �; M ) it is useful to study its sections.

De�nition 2.5. A (di�erentiable) section � in (V; �; M ) is a di�erentiable map-
ping

� : M �! V

such that � � � = id M , that is, � (p) 2 Vp = � � 1(p) for all p 2 M .

Notation. The set of di�erentiable sections in V is often denoted�( V ).

Example 2.6. Every vector bundle V has a zero section, i.e., the section� (p) =
0 2 Vp, for all p 2 M . The zero section is di�erentiable and in fact �( V ) is in a
natural way a vector space with the zero section as the zero vector.

Example 2.7. A (di�erentiable) section in the tangent bundle of a manifol d
M is the same thing as a (di�erentiable) vector �eld on M .

Example 2.8. For the product bundle V = M � Rn (Example 2.2) a section
� in V has the form

� (p) = (p; s1(p); : : : ; sn (p)) = (p; s(p))

and � is di�erentiable if and only if s: M �! Rn is di�erentiable. Thus we
have a 1-1 correspondence between di�erentiable sections in V and di�erentiable
functions s: M �! Rn .
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The Frame Bundle

By the last example the notion of a section in a vector bundleV generalizes the
notion of a function on it. But we can actually do even better: We can consider
a section ofV as a function de�ned on a di�erent manifold, the so called frame
bundle F (V ) for V .

First consider a singlen-dimensional real vector spaceV and de�ne

F (V ) = Iso(Rn ; V ) = f linear isomorphismsx: Rn �! V g:

An element x 2 F (V ) is determined by the n linearly independent vectors

x1 = x(e1); : : : ; xn = x(en )

where f e1; : : : ; en g is the standard basis inRn . The element x 2 F (V ) is called
an n-frame in V . Notice that a choice of basis inV gives an identi�cation of
F (V ) with

Iso(Rn ; Rn ) = GL (n; R)

which is an open set in the setM (n; R) = Rn 2
of all n � n matrices.

Now let us return to (V; �; M ) a di�erentiable vector bundle over the ma-
nifold M . We shall make the disjoint union

F (V ) =
G

p2 M

F (Vp) =
G

p2 M

Iso(Rn ; Vp)

into a di�erentiable manifold such that ��� : F (V ) �! M given by ��� (x) = p for
x 2 F (Vp) is di�erentiable. Thus suppose we have a local trivialization of V

f : � � 1(U) �! U � Rn :

Then there is a natural bijection

�ff : ��� � 1(U) �! U � GL(n; R) (2.1)

de�ned by

x 7�! (p; f p � x); for x 2 F (Vp):

where f p: Vp �! Rn is the restriction of f to Vp.

Proposition 2.9. There is a natural topology and di�erentiable structure on
F (V ) satisfying:

(1) F (V ) is a di�erentiable manifold of dimension m + n2.

(2) The bijections �ff de�ned by (2.1) are di�eomorphisms for all local trivial-
izations f .

(3) The mapping ��� is di�erentiable and locally we have a commutative diagram

�� � 1(U) U � GL(n; R)

U

�f

�� proj
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(4) We have a di�erentiable right group action

F (V ) � GL(n; R) �! F (V ) (2.2)

given by

x � g = x � g; for x 2 F (Vp), g 2 GL( n; R):

Exercise 2.10. Prove Proposition 2.9.

Remark. (1) The proof of the �rst statement is similar to the construc tion of
the di�erentiable structure on the tangent bundle of a manif old.

(2) That the mapping in (2.2) is a di�erentiable right group a ction means that
it is given by a di�erentiable mapping and that it satis�es

(x � g) � g0 = x � (gg0) for all x 2 F (V ), g; g0 2 GL(n; R);

and

x � 1 = x for all x 2 F (V ).

Notice also that eachF (Vp) is an orbit , that is F (Vp) = x � GL(n; R) for any
x 2 F (Vp), and we can identify M with the orbit space F (V )=GL(n; R).

Notation. The triple (F (V ); ��� ; M ) is called the bundle ofn-frames ofV or for
short, the frame bundle of V .

Now we can interpret the set of sections ofV in the following way:

Proposition 2.11. There is a natural 1-1 correspondence between the vector
space�( V ) and the space of equivariant functions onF (V) with values in Rn ,
ie., the set of di�erentiable functions ~ss: F (V) �! Rn satisfying

~ss(x � g) = g� 1~ss(x); for all x 2 F (V), g 2 GL(n; R): (2.3)

Proof. Let s 2 �( V ) and de�ne ~ss by

~ss(x) = x � 1(s(p)) ; for x 2 F (Vp) = Iso( Rn ; Vp):

Then it is straightforward to check that ~ss satis�es (2.3). Also, using the local
triviality in (2.1), it follows that ~ss is di�erentiable if and only if s is. On the other
hand given ~ss: F (V ) �! Rn satisfying (2.3) it is easy to see that �ss: F (V ) �! V
given by

�ss(x) = x(~ss(x))

is constant on every orbit F (Vp), and so �ss de�nes a function s: M �! V such
that the diagram

F (V ) V

M

��

�s

s
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commutes. Again s is seen to be di�erentiable (provided ~ss is) using the local
trivialization in (2.1).

We next study homomorphisms between vector bundles with thesame base
M , that is, vector bundles (V; �; M ) and (V 0; � 0; M ).

De�nition 2.12. A homomorphism ' : V �! V 0 is a di�erentiable mapping of
total spaces such that the following holds:

(1) The diagram

V V 0

M

'

� � ′

commutes, that is, ' p = ' jVp maps Vp to V 0
p .

(2) ' p: Vp �! V 0
p is a linear mapping for eachp 2 M .

An isomorphism ' : V �! V 0 is a bijective map where both ' and ' � 1 are
homomorphisms.

Example 2.13. A trivialization f : V �! M � Rn is an isomorphism to the
product bundle.

Remark. It follows from the de�nition that a homomorphism ' : V �! V 0 is
an isomorphism if and only if ' is a di�eomorphism of total spaces such that
' p: Vp �! V 0

p is an isomorphism of vector spaces for everyp 2 M . We can
improve this:

Proposition 2.14. A homomorphism ' : V �! V 0 is an isomorphism if and
only if ' p: Vp �! V 0

p is an isomorphism of vector spaces for everyp 2 M .

Proof. () ) Obvious.

(( ) We must show that ' is a di�eomorphism. Since ' is clearly bijective it
su�ces to show that ' � 1 is di�erentiable. This however is a local problem, so
we can assumeV = M � Rn , V 0 = M � Rn . In that case ' : M � Rn �! M � Rn

has the form

' (p; v) = (p; ' p(v))

where ' p: Rn �! Rn is a linear isomorphism. It is easy to see using local coor-
dinates for M that the Jacobi matrix for ' at every point (p; v) has the form

�
I 0
X ' p

�
(2.4)

where ' p is the matrix for ' p: Rn �! Rn . Since ' p is an isomorphism the
matrix (2.4) is clearly invertible and hence the proposition follows from the
Inverse Function Theorem.

Corollary 2.15. A vector bundle(V; �; M ) is trivial if and only if the associated
frame bundle(F (V ); ��� ; M ) has a section; i.e., if there is a di�erentiable mapping
� : M �! F (V ) such that ��� � � = id M .
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Proof. () ) Let f : V �! M � Rn be a trivialization. Then we de�ne

� : M �! F (V ) by � (p) = f � 1
p 2 Iso(Rn ; Vp):

By the de�nition of the di�erentiable structure in F (V) � is di�erentiable since

f � � (p) = (p;1) 2 M � GL(n; Rn ):

(( ) Let � : M �! F (V ) be a di�erentiable section. Then we de�ne a homomor-
phism ' : M � Rn �! V by

' (p; v) = � (p)(v); for (p; v) 2 M � Rn :

(here � (p) 2 Iso(Rn ; Vp)). It follows from Proposition 2.14 that ' is an isomor-
phism, hencef = ' � 1: V �! M � Rn is a trivialization.

Remark. A section � in F (V) is equivalent to a set ofn sectionsf � 1; : : : ; � n g
in V such that f � 1(p); : : : ; � n (p)g � Vp is a basis forVp for every p 2 M (cf.
the de�nition of F (Vp)). A section in F (V ) is also called amoving frame for V .
Since every vector bundle is locally trivial it always has a local moving frame.

Riemannian Metrics

For the remainder of this chapter we shall study vector bundles with a Rie-
mannian metric: First recall that on a single vector spaceV an inner product
h�; � i is a symmetric, positive de�nite, bilinear form on V , that is, a function
h�; � i : V � V �! R such that

(1) hv; wi , v; w 2 V , is linear in both v and w,

(2) hv; wi = hw; vi , for all v; w 2 V ,

(3) hv; vi � 0, for all v 2 V , and

(4) hv; vi = 0 if and only if v = 0 .

Now return to V a vector bundle overM .

De�nition 2.16. A Riemannian metric on a vector bundle V over M is a
collection of inner products h�; � i p on Vp, p 2 M , which is di�erentiable in the
following sense: Fors1; s2 2 �( V ) the function hs1; s2i given by hs1; s2i(p) =
hs1(p); s2(p)i p is di�erentiable.

Notation. We shall often just write hv1; v2 i = hv1; v2i p for v1; v2 2 Vp.

Example 2.17. The product bundle V = M � Rn has the standard inner
product given by the usual inner product in Rn :

hv; wi =
nX

i =1

vi wi ; for v = ( v1; : : : ; vn ); w = ( w1; : : : ; wn ):

Proposition 2.18. Every vector bundle has a Riemannian metric.

Exercise 2.19. Prove Proposition 2.18. Hint: Use a partition of unity.
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Now suppose(V; �; M ) is an n-dimensional vector bundle with Riemannian
metric h�; � i .

Proposition 2.20. Every point in M has a neighborhoodU and a trivialization
f : � � 1(V ) �! U � Rn such that f p: Vp �! Rn is a linear isometry for every
p 2 M (with the metric in U � Rn given by Example 2.17).

Proof. By the remark following Corollary 2.15 every point in M has a neigh-
borhood U with a local moving frame, i.e. a set of sectionsf s1; : : : ; sn g of
(� � 1(U); �; U ) such that f s1(p); : : : ; sn (p)g is a linearly independent set for
each p 2 U. By means of the Gram-Schmidt process we can replace this set
by f � 1; : : : ; � n g such that f � 1(p); : : : ; � n (p)g is an orthonormal basis forVp for
every p 2 U. Again � 1; : : : ; � n are all di�erentiable. As in the proof of Corol-
lary 2.15 we considerf � 1; : : : ; � n g as a section of the frame bundleF (V ) over
U, i.e. we obtain an isomorphism' : U � Rn �! � � 1(U) given by

' (p; v) = � (p)(v); for (p; v) 2 U � Rn .

Since ' p(ei ) = � (p)(ei ) = � i (p) and sincef � 1(p); : : : ; � n (p)g is an orthonormal
basis for Vp, it follows that ' p: Rn �! Vp is a linear isometry for eachp 2 U.
Hencef = ' � 1: � � 1(U) �! U � Rn has the desired properties.

We can now de�ne the orthogonal frame bundle for a vector bundle with
a Riemannian metric. For a single vector spaceV with inner product h�; � i we
let FO (V ) � F (V ) be the set

FO (V ) = Isom(Rn ; V ) = f linear isometriesx: Rn �! V g;

that is, x 2 FO (V ) if and only if the vectors

x1 = x(e1); : : : ; xn = x(en )

constitute an orthonormal basis for (V;h�; � i ). We will call x an orthogonal
n-frame in V . With respect to a given orthonormal basis for V we get an iden-
ti�cation of FO (V ) with the orthogonal group O(n) � GL(n; R), which is an
n(n � 1)=2-dimensional submanifold in GL( n; R).

Now return to (V; �; M ) a vector bundle with a Riemannian metric h�; � i
and we de�ne the orthogonal frame bundleas the subset

FO (V ) =
G

p2 M

FO (Vp) � F (V ):

Proposition 2.21. (1) FO (V ) � F (V ) is a submanifold and

��� jFO (V ) : FO (V ) �! M

is di�erentiable.

(2) There is a di�erentiable right O(n)-action

FO (V ) � O(n) �! FO (V )

such that the orbits are the setsFO (Vp), p 2 M .
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(3) There are local di�eomorphisms

�ff : ��� � 1(U) \ FO (V ) �! U � O(n)

such that �ff p = f jFO (Vp ) maps FO (Vp) to p � O(n) for every p 2 U, and also

�ff (x � g) = �ff (x) � g; for all x 2 FO (Vp), g 2 O(n):

Proof. Choose a local trivialization

f : � � 1(U) �! U � Rn

as in Proposition 2.20. Then the corresponding local di�eomorphism for the
frame bundle (F (V ); ��� ; M )

�ff : ��� � 1(U) �! U � GL(n; R)

is given onFp(V ) by

�ff (x) = (p; f p � x); x 2 Fp(V )

wheref p is the restriction of f to Vp. Sincef p: Vp �! Rn is an isometry it follows
that �ff maps FO (Vp) to p � O(n), that is,

�ff : ��� � 1(U) \ FO (V ) �! U � O(n)

is a bijection. SinceO(n) � GL(n; R) is a submanifold it follows that FO (V ) �
F (V ) is also a submanifold and all the statements in the proposition are now
straightforward. We leave the details to the reader.

Example 2.22. The real projective n-spaceRPn is de�ned as the quotient
space(Rn +1 n f 0g)=(R n f 0g), that is, x = ( x1; : : : ; xn ) is equivalent to y =
(y1; : : : ; yn ) if and only if y = tx for somet 2 Rnf 0g. Let � : (Rn +1 n f 0g) �! RPn

be the natural projection, that is,

� (x) = [x] = [x1: : : : : xn +1 ]

and these(n + 1) -tuples are called thehomogenous coordinates. RPn is an n-
dimensional di�erentiable manifold with coordinate systems(Ui ; � i ), i = 1 ; : : : ; n+
1, given by

Ui = f [x] 2 RPn j x i 6= 0 g

and � i : Ui �! Rn de�ned by

� i [x1; : : : ; xn +1 ] =
�

x1

x i
; : : : ;

x i � 1

x i
;

x i +1

x i
; : : : ;

xn +1

x i

�
:

Notice that the inclusion of the unit n-spherei : Sn � (Rn +1 n f 0g) gives rise to
a commutative diagram

Sn Rn +1 n f 0g

Sn =f� 1g RPn

i

�

�{

�=
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Here �ii is a homeomorphism; henceRPn is compact.

We shall now construct a 1-dimensional vector bundle withRPn as basis.
This is called the real Hopf-bundle or the canonical line bundle. The total space
H � RPn � Rn +1 is the subset

H = f ([x]; v) j v 2 spanf xgg

and the projection � : H �! RPn is the restriction of the projection onto the
�rst component. There are local trivializations

hi : � � 1(Ui ) �! Ui � R; i = 1 ; : : : ; n + 1 ;

given by

hi ([x]; v) = ([x]; vi ):

Theorem 2.23. (1) H � RPn � Rn +1 is an embedded submanifold and� : H �!
RPn is a 1-dimensional vector bundle with local trivializationshi as above.

(2) The associated frame bundle is� : (Rn +1 n f 0g) �! RPn . Here the action
by GL(1; R) = R n f 0g is just given by the usual scalar multiplication.

Proof. (1) As before h�; � i denotes the usual inner product in Rn +1 , that is,
hx; y i =

P n +1
i =1 x i yi for x; y 2 Rn +1 . For x 2 Rn +1 n f 0g let Px denote the

orthogonal projection onto spanf xg, that is,

Px (y) =
hy; xi
hx; x i

x

and denote the projection onto the orthogonal complement byP?
x = id � Px .

Similarily, for i = 1 ; : : : ; n + 1 , let

Pi : Rn +1 �! R; P?
i : Rn +1 �! Rn

be the projections

Pi (x) = x i ; P?
i (x) = (x1; : : : ; bx i ; : : : ; xn )

where the hat indicates that the term is left out. For i = 1 ; : : : ; n + 1 , de�ne
ki : Ui � Rn +1 �! Ui � R � Rn by

ki ([x]; v) = ([x]; Pi � Px (v); P?
i � P?

x (v)) :

It is easy to see that ki is a homomorphism between the two product bundles
and that it is injective (and hence bijective) on each �bre. By Proposition 2.14
ki is therefore an isomorphism, hence in particular a di�eomorphism. Since

ki (H \ � � 1(Ui )) = Ui � R � 0

it follows that H is embedded inRPn � Rn +1 , and sinceki jH \ � −1 (U i ) = hi � 0
we have shown (1).

(2) By de�nition the frame bundle for H is given by

F (H ) = H0 = f ([x]; v) j v 2 spanf xg; v 6= 0 g

and ��� = � jH 0 . Now projecting on the second component inH0 � RPn � (Rn +1 n
f 0g) gives a di�eomorphism l in the commutative diagram
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H0 Rn +1 n f 0g

RPn

l

�=

�� �

In fact the inverse l � 1 is given by

l � 1(v) = ([v]; v); for v 2 Rn � 1 n f 0g:

Also l clearly respects the action ofGL(1; R) = R n f 0g since in both cases it is
given by the scalar multiplication.

Corollary 2.24. H is a non-trivial vector bundle for n > 0.

Proof. If H is trivial then by Corollary 2.15 the frame bundle F (H ) �! RPn

has a section. That is we have a di�erentiable map

� : RPn �! Rn +1 n f 0g;

such that � � � = id . For x 2 Sn � Rn +1 de�ne f (x) 2 R by

� ([x]) = f (x)x; x 2 Sn � Rn +1 n f 0g:

Then f : Sn �! R n f 0g is di�erentiable. But f (� x)( � x) = � ([� x]) = � ([x]) =
f (x), which implies that f (� x) = � f (x). Hencef takes both values inR+ and
R� . Sincef is continuous andSn is connected this is a contradiction.



Chapter 3

Principal G-bundles

The frame bundle for a vector bundle is the special case of a principal G-bundle
for the Lie group G = GL( n; R). In the following G denotes an arbitrary Lie
group.

De�nition 3.1. A principal G-bundle is a triple (E; �; M ) in which � : E �! M
is a di�erentiable mapping of di�erentiable manifolds. Fur thermore E is given
a di�erentiable right G-action E � G �! E such that the following holds.

(1) Ep = � � 1(p), p 2 M are the orbits for the G-action.

(2) (Local trivialization) Every point in M has a neighborhoodU and a di�eo-
morphism ' : � � 1(U) �! U � G such that the diagram

� � 1(U) U � G

U

'

� proj

commutes, i.e.' p = ' jE p maps Ep to p � G; and ' is equivariant, i.e.,

' (xg) = ' (x)g 8x 2 � � 1(U); g 2 G

where G acts on U � G by (p; g0)g = ( p; g0g)

Notation. E is called the total space, M the base spaceand Ep = � � 1(p) the
�bre at p 2 M . Often we shall just denote theG-bundle (E; �; M ) by E.

Remark. (1) � is surjective and open.

(2) The orbit space E=G is homeomorphic toM .

(3) The G-action is free, i.e.,

xg = x implies g = 1 for all x 2 E , g 2 G:

(4) For each x 2 E the mapping G �! Ep given by g 7�! x � g, is a di�eomor-
phism.

18
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(5) If N � M is a submanifold (e.g. ifN is an open subset) then therestriction
to N

EjN = (� � 1(N ); �; N )

is again a principal G-bundle with base spaceN .

Example 3.2. (1) For (V; �; M ) an n-dimensional vector bundle the associated
frame bundle (F (V ); ��� ; M ) is a principal GL(n; R)-bundle.

(2) If V is equipped with a Riemannian metric then(FO (V ); ��� ; M ) is a principal
O(n)-bundle.

(3) Let G be any Lie group andM a manifold. Then (M � G; �; M ), with �
the projection onto the �rst factor, is a principal G-bundle called the product
bundle.

De�nition 3.3. Let (E; �; M ), (F; � 0; M ) be two principal G-bundles over the
same base spaceM . An isomorphism ' : E �! F is a di�eomorphism of the
total spaces such that

(1) The diagram

E F

M

'

� � ′

commutes, i.e.' p = ' jE p maps Ep to Fp.

(2) ' is equivariant, i.e.

' (xg) = ' (x)g for all x 2 E , g 2 G:

Remark. In this case ' p: Ep �! Fp is also a di�eomorphism for eachp 2 M .

De�nition 3.4. A principal G-bundle (E; �; M ) is called trivial if there is an
isomorphism ' : E �! M � G and ' is called atrivialization .

Remark. It follows from de�nition 3.1 that every principal G-bundle E haslocal
trivializations

' : E jU �
�=�! U � G:

Lemma 3.5. Every isomorphism ' : M � G �! M � G has the form

' (p; a) = (p; g(p) � a) p 2 M; a 2 G (3.1)

where g: M �! G is a di�erentiable mapping.

Proof. It is easy to see that ' de�ned by (3.1) is an isomorphism with inverse
' � 1 given by

' � 1(p; b) = (p; g(p)� 1 � b) p 2 M; b 2 G: (3.2)
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conversely let' : M � G �! M � G be an arbitrary isomorphism and let g: M �!
G be the mapping de�ned by

' (p;1) = (p; g(p)) p 2 M:

then g is clearly di�erentiable and since ' is equivariant we obtain for p 2 M ,
a 2 G:

' (p; a) = ' ((p;1)a) = (' (p;1))a = (p; g(p) � a)

that is, (3.1) holds.

Now for an arbitrary G-bundle (E; �; M ) choose an open covering ofM ,
U = f U� g� 2 � , and trivializations

' � : E jU� �
�=�! U� � G:

For U� \ U� 6= ; we consider the isomorphism

' � � ' � 1
� : U� \ U� � G �! U� \ U� � G

and by Lemma 3.5 this has the form

' � � ' � 1
� (p; a) = (p; g�� (p) � a) (3.3)

where a 2 G; p 2 U� \ U� and g�� : U� \ U� �! G is a di�erentiable mapping.

Notation. The collection f g�� g�;� 2 � are called the transition functions for E
with respect to the covering U (and trivilizations f ' � g� 2 � ).

Remark. For �; �; 
 2 � such that U� \ U� \ U
 6= ; the following cocycle
condition holds

g
� (p) � g�� (p) = g
� (p) for all p 2 U� \ U� \ U
 ;

g�� (p) = 1 for all p 2 U� :
(3.4)

Conversely we have the following proposition.

Proposition 3.6. Let U = f U� g� 2 � be an open covering of a manifoldM and
supposef g�� g�;� 2 � is a system of di�erentiable mappingsg�� : U� \ U� �! G
satisfying the cocycle condition. Then there is a principalG-bundle (E; �; M )
and trivializations ' � : E jU� �! U� � G, � 2 � , such that f g�� g�;� 2 � is the
associated system of transition functions.

Proof. The total space E is the quotient space

E =
� G

� 2 �

U� � G
� .

�

of the disjoint union of all U� � G, � 2 � , for the equivalence relation� de�ned
by

(p; a)� � (q; b)� if and only if p = q and b = g�� (p)a



21

where(p; a)� 2 U� � G and (q; b)� 2 U� � G. The cocycle condition ensures that
� is an equivalence relation. Furthermore the projectionsU� � G �! U� give a
well-de�ned continous mapping � : E �! M and we also have obvious bijections

' � : � � 1(U� ) �! U� � G

given by ' � ((p; a)� ) = ( p; a). It is now straight forward to de�ne a di�erentiable
structure on E such that the maps ' � become di�eomorphisms. Furthermore
one checks that(E; �; M ) is a principal G-bundle and by construction f ' � g� 2 �

are trivializations with f g�� g�;� 2 � the associated system of transition functions.

Exercise 3.7. Show that the bundle constructed in Proposition 3.6 is trivial if
and only if there is a system of di�erentiable mappings

h� : U� �! G; � 2 � ;

such that

g�� (p) = h� (p)h� (p)� 1; for all p 2 U� \ U� :

In the previous chapter we associated to a vector bundle(V; �; M ) the frame
bundle (F (V ); ��� ; M ) which is a principal GL(n; R)-bundle. We shall now show
how to reconstruct the vector bundle V from the principal bundle using the
natural action of GL( n; R) on Rn . In general for a Lie groupG and a principal
G-bundle (E; �; M ) we consider a manifoldN with a left G-action G� N �! N
and we shall associate to this a�bre bundle (EN ; � N ; M ) with �bre N . For this
we de�ne the total space EN as the orbit space

EN = E � G N = (E � N )=G

for the G-action on E � N given by

(x; u) � g = (xg; g� 1u); x 2 E; u 2 N; g 2 G

so that EN is the quotient space for the equivalence relation� , where (x; u) �
(y; v) if and only if there exists g 2 G such that y = xg and u = gv. Furthermore
let � N : EN �! M be induced by the composite mapping

E � N �
proj
���! E � ��! M:

Then we have the following proposition.

Proposition 3.8. (1) EN is in a natural way a di�erentiable manifold and
� N : EN �! M is di�erentiable.

(2) There are local trivializations , i.e. every point in M has a neighborhoodU
and a di�eomorphism f : � � 1

N (U) �! U � N such that the diagram

� � 1
N (U) U � N

U

f

� N proj
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commutes.

Exercise 3.9. Prove Proposition 3.8.

Notation. The triple (EN ; � N ; M ) is called the �bre bundle with �bre N associ-
ated to the principal G-bundle (E; �; M ).

Example 3.10. Let (V; �; M ) be a vector bundle and(F (V ); ��� ; M ) the corre-
sponding frame bundle. Then the associated �bre bundle with�bre Rn (F (V )Rn ; ��� Rn ; M )
is in a natural way a vector bundle isomorphic to (V; �; M ). In fact there is a
natural isomorphism '

F (V ) � GL( n; R) Rn V

M

'

�� Rn �

given by

' (x; v) = x(v); x 2 Fp(V ) = Iso(Rn ; Vp):

Exercise 3.11. Let (E; ~�� ; M ) be a principal GL(n; R) bundle and let (V; �; M )
be the associated �bre bundle with �bre Rn using the natural action of GL(n; Rn )
on Rn . Show that V is in a natural way a vector bundle and that the corre-
sponding frame bundle(F (V ); ��� ; M ) is isomorphic to (E; ~�� ; M ).

Finally let us consider bundles over di�erent base spaces: Suppose(E 0; � 0; M 0)
and (E; �; M ) are principal G-bundles.

De�nition 3.12. A bundle mapfrom E 0 to E is a pair of di�erentiable map-
pings ( �ff ; f ) in the commutative diagram

E 0 E

M 0 M

�f

� ′ �

f

such that �ff is G-equivariant, i.e.

�ff (x � g) = �ff (x) � g; for all x 2 E 0, g 2 G:

Example 3.13. (1) A bundle isomorphism is by de�nition a bundle map of
the form

E 0 E

M M

�f

� ′ �

id
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(2) If N � M is a submanifold and(E; �; M ) is a principal G-bundle, then the
inclusion maps in the diagram

EjN E

N M

� jE |N �

is a bundle map.

(3) In the product bundle M � G the projection � 2 on the second factor de�nes
a bundle map of the form

M � G G

M pt

� 2

� 1

Given a di�erentiable mapping f : M 0 �! M and a principal G-bundle
(E; �; M ) we can construct a G-bundle called the pull-back of E by f over
M 0, denoted f � (E ) = ( f � (E ); � 0; M 0), and a bundle map ( �ff ; f ): f � (E ) �! E .
That is, we construct a commutative diagram

f � (E ) E

M 0 M

�f

� ′ �

f

To do this we let f � (E ) � M 0 � E be the subset

f � (E ) = f (p; x) 2 M 0 � E j f (p) = � (x)g

and let � 0 and �ff be de�ned by the restriction of the projections to M 0 and E
respectively. Then we have

Proposition 3.14. f � (E ) = ( f � (E ); � 0; M 0) is in a natural way a principal
G-bundle and( �ff ; f ) is a bundle map.

Proof. G clearly acts on f � (E ), and for eachp 2 M 0

(� 0)� 1(p) = f (p; x) j x 2 E f (p) g

is mapped bijectively by �ff to E f (p) which is a G-orbit. Hence it su�ces to
show that f � (E ) is a locally trivial G-bundle. for this we can assumeE to be a
product bundle E = M � G. In this case

f � (E ) = f (p; q; g) 2 M 0 � M � G j f (p) = qg �= M 0 � G

by the map (p; q; g) 7�! (p; g). Via this isomorphism �ff is furthermore given by
the map (p; g) 7�! (f (p); g) which shows that �ff is a bundle map.
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Exercise 3.15. (1) Show that if ( ~ff ; f ): (E 0; � 0; M 0) �! (E; �; M ) is a bundle
map then there is a canonical factorization ~ff = �ff � ' , where ' : E 0 �! f � (E ) is
an isomorphism and( �ff ; f ) is the bundle map in Proposition 3.14.

(2) Show that this provides a 1-1 correspondence between theset of bundle
maps with �xed map f : M 0 �! M of base spaces, and the set of isomorphisms
E 0 �! f � (E ).

(3) In particular there is a 1-1 correspondence between the set of trivializations
of a bundle (E; �; M ) and the set of bundle maps to the trivial G-bundle over
a point (G; �; pt) .

(4) Show that if f : M 0 �! M is a di�erentiable map and if f g�� g�;� 2 � is a
cocycle of transition functions for aG-bundle E over M with covering f U� g� 2 �

then f g�� � f g is a cocycle of transition functions forf � (E ) overM 0 with covering
f f � 1(U� )g� 2 � .



Chapter 4

Extension and reduction of
principal bundles

We will now examine the relation between principal bundles with di�erent struc-
ture groups. In the following let G and H be two Lie groups and� : H �! G a
Lie group homomorphism. Typically � is the inclusion of a closed Lie subgroup.
Now suppose(F; �; M ) is a principal H -bundle and (E; �; M ) is a principal
G-bundle.

De�nition 4.1. Let ' : F �! E be a di�erentiable mapping of the total spaces
such that the following holds.

(1) The diagram

F E

M

'

� �

commutes, ie.' p = ' jFp maps Fp into Ep for all p 2 M .

(2) The map ' is � -equivariant, ie.,

' (x � h) = ' (x) � � (h) for all x 2 F , h 2 H:

Then ' : F �! E is called anextension of F to G relative to � and is also called
a reduction of E to H relative to �

Notation. (1) We will often omit the term �relative to � � if � is clear from the
context, e.g. when� is the inclusion of a Lie subgroup.

(2) When � is surjective with non-trivial kernel one usually calls a reduction a
lifting of the bundle E to H .

(3) Often the extension is just denoted by the targetE and similarly a reduction
is denoted by the domainF . But it should be kept in mind that ' is part of
the structure. This is important when talking about equival ences of extensions
resp. reductions (liftings).

25
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De�nition 4.2. (1) Two extensions ' 1: F �! E1 and ' 2: F �! E2 are equiv-
alent if there is an isomorphism in the commutative diagram

E1

E2

F  

' 1

' 2

(2) Two reductions (liftings) ' 1: F1 �! E and ' 2: F2 �! E are equivalent if
there is an isomorphism in the commutative diagram

F1

F2

E 

' 1

' 2

Example 4.3. (1) Let (V; �; M ) be a vector bundle with a Riemannian metric.
Then the inclusion FO (V ) � F (V ) of the orthogonal frame bundle into the frame
bundle is an extension relative to the inclusion O(n) � GL(n; R). Thus the
Riemanian metric de�nes a reduction of the principal GL(n; R)-bundle F (V ) to
O(n). Furthermore there is a 1-1 correspondence between the set of Riemannian
metrics on V and the set of equivalence classes of reductions.

(2) Let GL( n; R)+ � GL(n; R) be the subgroup of non-singular matrices with
positive determinant. By de�nition a vector bundle (V; �; M ) is calledorientable
if the frame bundle F (V ) has a reduction to GL(n; R)+ and a choice of equiva-
lence class of reductions is called anorientation of V (if orientable).

Proposition 4.4. Let � : H �! G be a Lie group homomorphism and let
(F; �; M ) be a principal H -bundle. Then there is an extension ofF to G relative
to � and any two extensions are equivalent.

Proof. There is a left H -action on G de�ned by h � g = � (h)g for h 2 H
and g 2 G. Consider the associated �bre bundle with �bre G, i.e. the bundle
(FG ; � G ; M ) where FG = F � G G and � G (x; g) = � (x) for x 2 F; g 2 G. Here
FG has a natural right G-action given by

(x; g)g0 = (x; gg0); x 2 F; g; g0 2 G:

It now follows from Proposition 3.8 that (FG ; � G ; M ) is a principal G-bundle.
Furthermore the natural mapping ' : F �! F � G G de�ned by ' (x) = ( x; 1)
makesFG an extension ofF to G. If ' 0: F �! E 0 is any other extension then
there is a natural isomorphism : FG �! E 0 given by

 (x; g) = ' 0(x) � g; x 2 F; g 2 G

and clearly the diagram

FG

E 0

F  

'

' ′
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commutes. Hence' 0: F �! E 0 is equivalent to ' : F �! FG .

Hence extensions exist and are unique up to equivalence. Reductions (or
liftings) do however not always exist, and if they do, they are usually not unique.

Exercise 4.5. Let � : H �! G be a Lie group homomorphism and(E; �; M ) a
principal G-bundle.

(1) Show that E has a reduction to H if and only if there is a covering U =
f U� g� 2 � of M and a set of transition functions for E of the form f � � h�� g�;� 2 � ,
whereh�� : U� \ U� �! H are smooth functions satisfying the cocycle condition
(3.4)

(2) If H � G is a closed embedded Lie subgroup and� is the inclusion, show
that E has a reduction to H if and only if there is a covering U = f U� g� 2 � of
M and a set of transition functions f g�� g�;� 2 � for E with f g�� g mapping into
H .

Let us now restrict to the case whereH � G is a closed embedded Lie
subgroup and� is the inclusion.

We need the following lemma.

Lemma 4.6. The natural projection � : G �! G=H de�nes a principal H -bundle
(G; �; G=H ).

Proof. Let U � G be a local cross section, that is,U is an embedded submanifold
of G containing the identity element e, such that � (U) = W is open in G=H
and � : U �! W is a di�eomorphism. Let s: W �! U be the inverse. We now get
a local trivialization f : � � 1(W ) �! W � H de�ned by

f (a) = (� (a); s(� (a)) � 1a):

This is clearly smooth and so is the inverse

f � 1(w; h) = s(w) � h:

Also f and f � 1 are H -equivariant, hence f is a local trivialization . Similarly
over the neighborhoodgW we have the trivialization

f g: � � 1(gW) �! gW � H

given by

f g(a) = (� (a); s(� (g� 1a)) � 1g� 1a);

with inverse

f � 1
g (u; h) = g � s(g� 1u) � h:

This shows that (G; �; G=H ) is a principal H -bundle.

More generally we can now prove:
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Theorem 4.7. Let H � G be a closed embedded Lie-subgroup and let(E; �; M )
be a principal G-bundle.

(1) There is a natural homeomorphismk in the commutative diagram

E=H E � G (G=H)

M

k

�=

�� � G=H

where ��� is induced by� . In particular E=H has a natural di�erentiable structure
induced byk.

(2) Let ~�� : E �! E=H be the natural projection. Then(E; ~�� ; E=H ) is a principal
H -bundle.

(3) There is a 1-1 correspondence between the set of sections of the bundle
(E=H; ��� ; M ) with �bre G=H and the set of equivalence classes of reductions of
E to H .

Proof. (1) The map k is just induced by the natural inclusion E �! E � (G=H)
sendingx to (x; [H ]) and the inverse is induced by the mapE � G=H �! E=H
given by k � 1(x; gH ) = xgH . SinceE � G (G=H) = EG=H is the total space in
the associated �bre bundle with �bre G=H, it has a di�erentiable structure as
noted in Proposition 3.8.

(2) Since the di�erentiable structure on E=H is given via the homeomorphismk
we have local trivializations of (E=H; ��� ; M ), that is, over suitable neighborhoods
U � M we have a commutative diagram

� � 1(U) U � G

�� � 1(U) U � G=H

U U

�=

�=

=

~�

proj

with the horizontal maps being di�eomorphisms.

By Lemma 4.6G �! G=H is a locally trivial H -bundle; hence by the upper
part of the diagram above (E; ~�� ; E=H ) is also locally trivial.

(3) Suppose we have a reduction' : F �! E , where (F; � 0; M ) is a principal
H -bundle. Then ' induces a natural map

s' : M = F=H �! E=H

which is easily checked to be a smooth section of(E=H; ��� ; M ) using local trivi-
alizations. Also if ' 1: F1 �! E and ' 2: F2 �! E are equivalent reductions then
clearly s' 1 = s' 2 .
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On the other hand if s: M �! E=H is a section then we get a bundle map
of H -bundles

s� (E ) E

M E=H

�s

s

and it follows that �ss: s� (E ) �! E is a reduction of E to H .

Remark. (1) In particular E has a reduction to H if and only if (E=H; ��� ; M )
has a section.

(2) For H = f eg Theorem 4.7 gives a 1-1 correspondence between trivializations
of E and sections ofE .

Exercise 4.8. (1) Let G = H � K be a semi-direct product of the two closed
embedded Lie subgroupsH and K , that is, H is invariant and the natural map
K ,! G �! G=H is an isomorphism of Lie groups. show that if(E; �; M ) is a
principal G-bundle then (E=H; ��� ; M ) is a principal K -bundle.

(2) For k � n let Wn;k be the manifold of k linearly independent vectors inRn ,
let

Gk (Rn ) = Wn;k =GL(k; R)

be the Grassmann manifold of k-planes inRn , and let 
 n;k : Wn;k �! Gk (Rn ) be
the natural projection. Show that (Wn;k ; 
 n;k ; Gk (Rn )) is a principal GL( k; R)-
bundle.

(3) Similarly let Vn;k � Wn;k be the Stiefel manifold of k orthogonal vectors in
Rn with the usual inner product. Show that the inclusion Vn;k � Wn;k de�nes
a reduction of the bundle de�ned in (2) to the group O(k) � GL(k; R)

(4) Show that the natural map

l : Wk (Rn ) � GL( k; R) Rk �! Gk (Rn ) � Rn

de�ned by

l(X; v ) = ([X ]; Xv )

is an embedding. (Here[X ] = 
 n;k (X ) is the subspace spanned by the column
vectors in the matrix X , and Xv denotes usual matrix multiplication. Notice
that l identi�es the total space of the associated bundle with �bre Rk with the
submanifold of Gk (Rn ) � Rn consisting of pairs([X ]; w) where w 2 [X ]:)



Chapter 5

Di�erential Forms with
Values in a Vector Space

In the following M denotes a di�erentiable manifold and V a �nite dimensional
vector space. We shall consider di�erential forms with values in V , generalizing
the usual real valued di�erential forms.

De�nition 5.1. A di�erential form ! on M with values in V associates tok
di�erentiable vector �elds X 1; : : : ; X k on M a di�erentiable function

! (X 1; : : : ; X k ): M �! V

such that

(1) ! is multilinear and alternating.

(2) ! has the tensor property, ie.,

! (X 1; : : : ; fX i ; : : : ; X k ) = f ! (X 1; : : : ; X k )

for all vector �elds X 1; : : : ; X k on M , f 2 C1 (M ) and i = 1 ; : : : ; k.

Remark. Alternatively ! is de�ned as a family ! x , x 2 M of k-linear alternating
maps

! x : Tx (M ) � � � � � Tx (M ) �! V

such that for all k-tuples of di�erentiable vector �elds X 1; : : : ; X k the mapping

x 7�! ! x (X 1(x); : : : ; X k (x))

is di�erentiable.

Remark. If we choose a basisf e1; : : : ; en g for V then we can write ! uniquely
in the form

! = ! 1e1 + � � � + ! n en

where! 1; : : : ; ! n are usual di�erential forms on M . Hence relative to a choice of
basisf e1; : : : ; en g, there is a 1-1 correspondence between di�erential forms with
values in V and n-tuples of usual di�erential forms f ! 1; : : : ; ! n g. Note that we
tacitly did so already in the introduction in the case of V = Rn or V = M (n; R).
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Notation. The set of di�erential k-forms on M with values in V is denoted by

 k (M; V ). For V = R we have
 k (M ) = 
 k (M; R).

Similar to the usual case we have an exterior di�erential

d: 
 k (M; V ) �! 
 k+1 (M; V ):

Relative to a choice of basisf e1; : : : ; en g for V it is just de�ned for ! = ! 1e1 +
� � � + ! n en by

d! = (d! 1)e1 + � � � + (d! n )en

and it is easy to see that this equation is independent of basis. Furthermore we
have the usual identities

d(d! ) = 0 ; for all ! 2 
 k (M; V ), k 2 N;

(d! )(X 1; : : : ; X k+1 )

=
k+1X

i =1

(� 1) i +1 X i ! (X 1; : : : ; cX iX i ; : : : ; X k+1 )

+
X

i<j

(� 1)i + j ! ([X i ; X j ]; : : : ; cX iX i ; : : : ; cX jX j ; : : : ; X k+1 )

(5.1)

for all di�erentiable vector �elds X 1; : : : ; X k+1 . These formulas follow easily
from the corresponding ones for usual di�erential forms.

In order to generalize the wedge product of two di�erential forms we need
the notion of the tensor product V 
 W of two �nite dimensional vector spaces
V and W . First let Hom2(V � W; R) denote the vector space of bilinear maps
V � W �! R and then de�ne V 
 W as the dual vector space

V 
 W = Hom (Hom2(V � W; R); R):

For v 2 V and w 2 W we de�ne v 
 w 2 V 
 W by

h'; v 
 wi = ' (v; w); ' 2 Hom2(V � W; R):

We now have the following proposition.

Proposition 5.2. (1) The mapping 
 : V � W �! V 
 W given by(v; w) 7�!
v 
 w is bilinear.

(2) There is a bijection for any vector spaceU

Hom(V 
 W; U) �
�=�! Hom2(V � W; U)

given by ' 7�! ' � 
 .

(3) V 
 W is generated by the set of vectors of the formv 
 w, where v 2 V
and w 2 W .

(4) If f e1; : : : ; en g and f f 1; : : : ; f m g are bases forV resp. W then f ei 
 f j g is
a basis for V 
 W . In particular

dim(V 
 W ) = dim (V) � dim(W ):
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Exercise 5.3. Prove Proposition 5.2.

For ! 1 2 
 k (M; V ) and ! 2 2 
 l (M; W ) we can now de�ne the wedge
product ! 1 ^ ! 2 2 
 l + k (M; V 
 W ) by the usual formula

(! 1 ^ ! 2)(X 1; : : : ; X k+ l )

=
X

�

sign(� )! 1(X � (1) ; : : : ; X � (k ) ) 
 ! 2(X � (k+1) ; : : : ; X � ( k+ l ) )

where � runs over all (k; l )-shu�es of 1; : : : ; k + l . As usual one has the formulas

! 1 ^ (! 2 ^ ! 3) = (! 1 ^ ! 2) ^ ! 3;

for all ! 1 2 
 k (M; U ), ! 2 2 
 l (M; V ), ! 3 2 
 m (M; W ),

d(! 1 ^ ! 2) = (d! 1) ^ ! 2 + (� 1)k ! 1 ^ (d! 2)

for all ! 1 2 
 k (M; U ), ! 2 2 
 l (M; W ). Furthermore for a linear mapping
P: V �! W there is an induced mappingP: 
 k (M; V ) �! 
 k (M; W ) de�ned
by

(P ! )(X 1; : : : ; X k ) = P � ! (X 1; : : : ; X k )

and it is easy to see that

d(P ! ) = P(d! ); ! 2 
 k (M; V ):

In particular let T : V 
 W �! W 
 V be the linear mapping given byT(v
 w) =
w 
 v. Then one has

! 2 ^ ! 1 = (� 1)kl T(! 1 ^ ! 2) (5.2)

for all ! 1 2 
 k (M; V ), ! 2 2 
 l (M; W ). Finally for f : M �! N a di�eren-
tiable mapping of di�erentiable manifolds we get as usual aninduced mapping
f � : 
 k (N; V ) �! 
 k (M; V ), where for ! 2 
 k (N; V ), f � (! ) is de�ned pointwise
by

f � (! )x (X 1; : : : ; X k ) = ! f (x ) (f � (X 1); : : : ; f � (X k ))

for X 1; : : : ; X k 2 Tx (M ). Then one also has the formulas

f � (! 1 ^ ! 2) = (f � ! 1) ^ (f � ! 2);

d(f � (! )) = f � (d! );

f � (P(! )) = P(f � (! ))

for P: V �! W a linear mapping and for all ! 2 
 k (N; V ), ! 1 2 
 k (N; V ) and
! 2 2 
 l (N; W ).

Exercise 5.4. Prove all unproven statements in the above.



Chapter 6

Connections in Principal
G-bundles

We now come to our main topic which, as we shall se later, generalizes the di�er-
ential systems considered in the introduction. This is the notion of a connection.

In general we consider a Lie groupG with Lie algebra g = TeG, and we
let Ad : G �! GL( g) be the adjoint representation, i.e., for g 2 G Ad(g) is the
di�erential at the identity element e of the mapping x 7�! gxg� 1, x 2 G.

Let (E; �; M ) be a principal G-bundle. For a �xed x 2 E the mapping
G �! E given by g 7�! xg, g 2 G, induces an injective mapvx : g �! Tx E and
the quotient space by the image ofvx is mapped isomorphically onto T� (x ) M
by the di�erential � � of � . That is, we have an exact sequence of vectorspaces

0 g Tx E T� (x ) M 0
vx � ∗

The vectors in vx (g) � Tx E are calledvertical tangent vectorsof E and we want
to choose a complementary subspaceH x � Tx E of horizontal vectors, i.e., H x is
mapped isomorphically ontoT� (x ) M by � � . This choice is equivalent to a choice
of linear mapping ! x : Tx E �! g, such that

! x � vx = id g (6.1)

and such that H x = ker ! x . Furthermore we shall require ! x to vary di�eren-
tially, i.e., f ! x j x 2 Eg de�nes a di�erential 1-form with values in g, hence,
! 2 
 1(E; g).

Example 6.1. Consider the trivial bundle E = M � G, � : M � G �! M the
natural projection. We de�ne ! MC 2 
 1(E; g) as follows:

(! MC )(p;g ) = (L g−1 � � 2) � ; p 2 M; g 2 G (6.2)

where� 2: M � G �! G is the projection onto the second factor andL g−1 : G �! G
is left translation by g� 1. Let us show that ! MC 2 
 1(E; g), that is, we shall show
that ! MC is di�erentiable. First notice that ! MC = � �

2 (! 0) where ! 0 2 
 1(G; g)
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is de�ned by

(! 0)g = (L g−1 )� : (6.3)

Hence it su�ces to show that ! 0 is di�erentiable. For this notice that if X 2
g = TeG and eXX is the corresponding left invariant vector �eld then

! 0( eXX ) = X

is constant and hence di�erentiable. Since every di�erentiable vector �eld Y on
G is a linear combination of left invariant ones with di�erent iable coe�cients it
follows that ! 0(Y ) is di�erentiable, hence ! 0 is di�erentiable. Furthermore ! MC

satis�es (6.1): In fact for x = ( p; g), vx is the di�erential of the map G �! M � G
given by a 7�! (p; ga), an hence(! MC )x � vx = id � = id .

Remark. The form ! 0 on G is called theMaurer-Cartan form . For G = GL( n; R)
it is just the form

! 0 = g� 1dg; g2 G:

The form ! MC in example 6.1 satis�es another identity: For g 2 G let
Rg: E �! E denote the right multiplication by g, that is Rg(x) = xg, x 2 E. In
the caseE = M � G we just have

Rg(p; a) = (p; ag) p 2 M; a 2 G:

Lemma 6.2. In E = M � G the form ! MC de�ned by (6.2) sati�es

R�
g! MC = Ad (g� 1) � ! MC ; for all g 2 G; (6.4)

where Ad(g� 1)� : 
 1(E; g) �! 
 1(E; g) is induced by the linear map

Ad(g� 1): g �! g:

Proof. Since! MC = � �
2 ! 0, for ! 0 given by (6.3), and since

R�
g! MC = R�

g � � �
2 ! 0 = � �

2 � R�
g! 0

it su�ces to prove (6.4) for ! = ! 0 on G. But here we have fora 2 G:

R�
g(! )a = ! ag � (Rg)�

= (L (ag)−1 )� � (Rg) �

= (L g−1 )� � (L a−1 )� � (Rg)�

= Ad (g� 1) � (L a−1 ) �

= Ad (g� 1) � ! a ;

completing the proof.

With this as motivation we now make the following de�nition.



35

De�nition 6.3. A connection in a principal G-bundle (E; �; M ) is a 1-form
! 2 
 1(E; g) satisfying

(1) ! x � vx = id wherevx : g �! Tx E is the di�erential of the mapping g 7�! xg.

(2) R�
g! = Ad( g� 1)� ! , for all g 2 G, whereRg: E �! E is given byRg(x) = xg.

There is a more geometric formulation of (2): For a 1-form! 2 
 1(E; g)
satisfying (1) in De�nition 6.3 let H x � Tx E, x 2 E, be the subspace

H x = ker ! x :

Then as noted above� � : H x �! T� (x ) M is an isomorphism. ThereforeH x � Tx E
is called the horizontal subspaceat x given by ! , and a vector in H x is called a
horizontal tangent vector in E .

Proposition 6.4. For ! 2 
 1(E; g) satisfying de�nition 6.3 (1), the require-
ment (2) is equivalent to

(20) (Rg)� H x = H xg , for all x 2 E and g 2 G.

That is, the horizontal vector spaces are permuted by the right action of G
on T E.

Proof. (2) ) (20). If X 2 H x , then we obtain

! xg (Rg� X ) = (R�
g! )(X ) = Ad (g� 1)( ! (X )) = 0;

henceRg� X 2 H xg .

(20) ) (2). To prove (2) notice that both sides are zero when evaluated on
horizontal vectors. Hence it is enough the verify (2) when evaluated on a vertical
vector vx (X ), X 2 g. But for g 2 G we have

Rg� � vx = vxg � Ad(g� 1)

since both sides are the di�erential of the mappingG �! E given by

a 7�! xag = xg(g� 1ag):

Hence by (1)

R�
g(! )(vx (X )) = ! xg (vxg � Ad(g� 1)(X )) = Ad (g� 1)(X );

completing the proof.

Remark. By Lemma 6.2 the form ! MC 2 
 1(M � G) de�ned in example 6.1 is
a connection in M � G. This is often called the Maurer-Cartan connection, the
trivial connection or the �at connection . Notice that in this case the horizontal
subspace atx = ( p; g) is the tangent space to the submanifoldM �f gg � M � G.

Proposition 6.5. (1) Let ( �ff ; f ): (E 0; � 0; M 0) �! (E; �; M ) be a bundle map of
principal G-bundles and let! 2 
 1(E; g) be a connection inE . Then �ff

�
! is a

connection in E 0.

(2) In particular if ' : F �! E is an isomorphism of principal G-bundles over
M and ! 2 
 1(E; g) is a connection in E then ! ' = ' � ! is a connection onF .
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(3) Suppose! 1; : : : ; ! k 2 
 1(E; g) are connections on the bundle(E; �; M ) and
� 1; : : : ; � k 2 C1 (M ) satisfy

P
i � i = 1 then the sum

! =
X

i

� i ! i

is also a connection onE.

Exercise 6.6. Prove Proposition 6.5.

Corollary 6.7. Every principal G-bundle has a connection.

Proof. Let U = f U� g� 2 � be a covering ofM with trivializations ' � : E jU� �
�=�!

U� � G. By Proposition 6.5 the Maurer-Cartan connection in U� � G pulls back
to a connection ! � in E jU� . Now choose a partition of unity f � � g� 2 � and put

! =
X

�

� � ! � :

Then ! is a well-de�ned 1-form on E, and, by Proposition 6.5 (3), it satis�es
the requirements for a connection (since these are local conditions).

Next let us look at a local description of a connection, i.e., let us look at a
general connection! in a product bundle:

Proposition 6.8. Let E = M � G be the product bundle with projection� : E �!
M , and let i : M �! E be the inclusioni (p) = ( p; e).

(1) The induced mapi � : 
 1(E; g) �! 
 1(M; g) gives a 1-1 correspondence be-
tween connections inE and g-valued 1-forms onM .

(2) Let ' : E �! E be an isomorphism of the form' (p; a) = ( p; g(p)a) for
g: M �! G a di�erentiable map, and let ! 2 
 1(E; g) be a connection inE with
i � ! = A 2 
 1(M; g). Then ! ' = ' � ! satis�es

i � ! ' = A ' = Ad (g� 1) � A + g� (! 0) (6.5)

where ! 0 2 
 1(G; g) is the Maurer-Cartan form on G.

Proof. (1) First notice that given A 2 
 1(M; g) there is a unique form eAA 2

 1(E; g) with i � eAA = A such that

(i) eAA (X ) = 0 for X 2 Tx E a vertical vector.

(ii) R�
g

eAA = Ad( g� 1) � eAA for all g 2 G.

In fact, for x = ( p; e) eAA is determined by A and (i) since

Tx E = ker (� � ) � i � (TpM );

and for y = ( p; g) = Rg(x), (ii) implies that

eAA y = Ad (g� 1) � eAA x

which proves uniqueness. On the other hand the formeAA given by

eAA (p;g ) = Ad (g� 1) � Ap � � � (6.6)
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de�nes a form satisfying (i) and (ii). Now if ! MC denotes the Maurer-Cartan
connection omE then the correspondence

eAA  ! ! MC + eAA

gives a 1-1 correspondence between 1-forms satisfying (i) and (ii), and the set
of connections inE .

(2) As above we write

! = ! MC + eAA

where A = i � ! . Then

! ' = ' � ! MC + ' � eAA

gives

A ' = i � ! ' = i � ' � ! MC + i � ' � eAA

where ! MC = � �
2 ! 0 with � 2: M � G �! G the projection. Now � 2 � g � i = g so

that

i � ' � ! MC = i � ' � � �
2 ! 0 = g� ! 0:

Also by (6.6)

(i � ' � eAA )p = eAA (p;g (p)) � (' � i )�

= Ad (g� 1) � Ap � � � � (' � i )�

= Ad (g� 1) � Ap

since� � ' � i = id .

Remark. Notice that for the Maurer-Cartan connection ! MC , A = i � ! MC = 0 .

Corollary 6.9. Let (E; �; M ) be a principal G-bundle and letU = f U� g� 2 � be a
covering afM with trivializations f ' � g� 2 � and transition functions f g�� g�;� 2 � .
Then there is a 1-1 correspondence between connections inE and collections of
1-forms f A � 2 
 1(U� ; g)g� 2 � satisfying

A � = Ad (g� 1
�� ) � A � + g�

�� ! 0 (6.7)

on U� \ U� .

Proof. If ! is a connection inE the trivialization ' � : E jU� �! U� � G de�nes
a connection in U� � G by

! � = (' � 1
� ) � !:

For � 2 � we then have overU� \ U� that

! � =  �
�� ! � (6.8)
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where �� : (U� \ U� ) � G �! (U� \ U� ) � G is the isomorphism �� = ' � � ' � 1
� ,

so that

 �� (p; a) = (p; g�� (p)a):

Hence (6.7) follows from (6.8) and Proposition 6.8, (2).

On the other hand supposef A � g� 2 � is given. Then there are corresponding
connectionsf ! � g in U� � G as in Proposition 6.8, (1) and by Proposition 6.8,
(2), (6.7) implies (6.8) or equivalently

' �
� ! � = ' �

� ! �

on E jU� \ U� . Hence we get a well-de�ned connection! in E such that the re-
striction to E jU� is ' �

� ! � .

Notation. Often a connection is identi�ed with the collection f A � g� 2 � of local
connection forms. It is then denoted by A.

In the proof of Proposition 6.8 we encountered two important conditions
((i) and (ii)) on di�erential 1-forms on the total space E of a principal G-bundle
(E; �; M ). Let us state these for generalk-forms on E with values in a �nite
dimensional vectorspaceV .

De�nition 6.10. (1) A di�erential k-form ! 2 
 k (E; V ) is called horizontal
if ! X (X 1; : : : ; X k ) = 0 for all k-tuples of tangent vectorsX 1; : : : ; X k 2 Tx E for
which at least one is vertical.

(2) Let � : G �! GL(V ) be a representation ofG on V . Then ! 2 
 k (E; V ) is
called � -equivariant if

R�
g! = � (g� 1) � !; for all g 2 G:

(3) if � in (2) is the trivial representation then a � -equivariant form is called
invariant .

(4) If ! is both invariant and horizontal then it is called basic.

Proposition 6.11. Let (E; �; M ) be a principal G-bundle and letU = f U� g� 2 �

be a covering ofM with trivializations f ' � g� 2 � and transition functions f g�� g�;� 2 � .
Let � : G �! GL(V ) be a representation. Then there is a 1-1 correpondence
between horizontal � -equivariant k-forms ~!! on E and collections of k-forms
f ! � 2 
 k (U� ; V )g� 2 � satisfying

! � = � (g�� ) � ! � on U� \ U� . (6.9)

Here ! � is the pull-back of! by the local sectionU� �! E jU� sending p 2 U�

to ' � 1
� (p; e).

Proof. This is proved exactly as in the proof of Corollary 6.9 using the following
lemma. The details are left to the reader.

Lemma 6.12. Let E = M � G be the product bundle with projection� : E �! M ,
and let i : M �! E be the inclusion i (p) = ( p; e). Let � : G �! GL(V ) be a
representation.
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(1) The induced map i � : 
 k (E; V ) �! 
 k (M; V ) gives a 1-1 correspondence
between horizontal� -equivariant k-forms on E and all V -valued k-forms on M .

(2) Let ' : E �! E be a isomorphism of the form' (p; a) = ( p; g(p)a) for
g: M �! G a di�erentiable map. If ~!! 2 
 k (E; V ) is horizontal and equivariant
and if we put ! = i � ~!! then

i � (' � ~!! ) = � (g� 1) � !: (6.10)

Proof. Again the proof is similar to the proof of Proposition 6.8 and the details
are left to the reader. We only note that given ! 2 
 k (M; V ) the corresponding
� -equivariant horizontal k-form ~!! on E is given by

~!! (p;g ) (X 1; : : : ; X k ) = � (g� 1)( ! p(� � X 1; : : : ; � � X k )) (6.11)

for X 1; : : : ; X k 2 T(p;g ) (E ), p 2 M , g 2 G.

Corollary 6.13. Let (E; �; M ) be any principal G-bundle and letV be a vector
space. Then � � : 
 k (M; V ) �! 
 k (E; V ) gives an isomorphism onto the basic
forms on E.

Proof. This follows immediately from Proposition 6.11 since the collection f ! � g� 2 �

in that case de�nes a well-de�ned form ! on M and since by (6.11) the corre-
sponding horizontal invariant form ~!! on E is just the pull-back by � .

Remark. Let � : G �! GL(V ) be any representation, and for(E; �; M ) a princi-
pal G-bundle let (EV ; � V ; M ) be the associated vector bundle, i.e., the associated
�bre bundle with �bre V using the left action of G on V given by gv = � (g)v,
g 2 G, v 2 V (cf. Exercise 3.11). Then Proposition 6.11 states in particular
for k = 0 that there is a 1-1 correspondence between the set of� -equivariant
functions ~ss: E �! V and the set of sectionss of the vectorbundle EV . This
set is often denoted�( M; E V ) (cf. Proposition 2.11). We shall denote the set
of � -equivariant horizontal k-forms on E by 
 k (M; E V ), so that in particular

 0(M; E V ) = �( M; E V ). Notice that 
 k (M; E V ) is a real vector space.

Corollary 6.14. Let (E; �; M ) be a principal G-bundle. Then the set of con-
nections in E is an a�ne space for the vector space
 1(M; E g). That is, given
one connection ! 0 any other connection ! 1 has the form ! 0 + A for some
A 2 
 1(M; E g).

Notation. The set of connectionsin (E; �; M ) is denotedA(E) or just A when
E is clear from the context.

De�nition 6.15. (1) A gauge transformation ' of the principal G-bundle
(E; �; M ) is an automorphism of E , that is, a bundle isomorphism ' : E �! E .

(2) Two connections ! 1; ! 2 2 A (E) are called gauge-equivalentif there exists
a gauge transformation' such that

! 2 = ! '
1 = ' � ! 1: (6.12)

Remark. Notice that the set of gauge transformationsG = G(E) is a group and
that

(! ' ) = ! ' �  ; for all ';  2 G;

! id = !:
(6.13)
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That is, G acts from the right on the set A and the set of gauge equivalence
classes is just the orbit spaceA=G.

Exercise 6.16. (1) Show that there is a 1-1 correspondence betweenG and
each of the following 3 sets.

(1.a) The set of di�erentiable maps ~�� : E �! G satisfying ~�� (xg) = g� 1~�� (x)g,
x 2 E, g 2 G.

(1.b) The set of sections of the �bre bundle (E iG ; � iG ; M ) associated to the
action of G on itself by inner conjugation (that is, g(a) = gag� 1).

(1.c) Given f U� g� 2 � a covering ofM and trivializations with transition func-
tions f g�� g�;� 2 � , the set of families of di�erentiable maps f � � : U� �! Gg� 2 �

satisfying

g�� � � = � � g�� on U� \ U� : (6.14)

(2) In the above notation let ' 2 G correspond to the family f � � g� 2 � and let
! be a connection inE with corresponding local connection formsf A � g� 2 � .
Show that ! ' has local connection formsf A � �

� g� 2 � where

A � �
� = Ad (� � 1

� ) � A � + � �
� ! 0 (6.15)

an ! 0 is the Maurer-Cartan form.

Finally let us consider extension and reduction of connections.

De�nition 6.17. Let � : H �! G be a Lie group homomorphism and letF be
an H -bundle and ' : F �! E an extension ofF to G. Furthermore let ! F be a
connection in F and ! E be a connection inE . Then ! E is called anextension
of ! F (and ! F a reduction of ! E ) if

' � ! E = � � � ! F : (6.16)

Exercise 6.18. Let � : H �! G and ' : F �! E be as above.

(1) Show that if ! F is a connection inF and ! E is an extension inE then ' �

maps the horizontal vector spaces inF isomorphically to the horizontal vector
spaces inE .

(2) Show that if ! F is a connection inF then there is a unique extension! E

to E .

(3) Let f U� g� 2 � be a covering ofM with trivializations of F respectively of
E such that the transition functions are f h�� g�;� 2 � for F respectively f � �
h�� g�;� 2 � for E . Show that if ! F has local connections formsf A � g� 2 � then
the extension ! E has local connection formsf � � � A � g� 2 � .

Remark. In particular if H is a Lie subgroup and� is the inclusion then ! F

and ! E have the same local connection form.



Chapter 7

The Curvature Form

As before letG be a Lie group with Lie algebrag and let (E; �; M ) be a principal
G-bundle with connection ! . We will now de�ne the curvature form generalizing
the form FA in (1.7). Since ! 2 
 1(E; g) we have! ^ ! 2 
 2(E; g 
 g) and we
de�ne [!; ! ] 2 
 2(E; g) to be the image of! ^ ! by the linear mapping

[� ; � ]: g 
 g �! g

determined by the Lie bracket, i.e. the mapping sendingX 
 Y to [X; Y ], X; Y 2
g.

De�nition 7.1. The curvature form F! 2 
 2(E; g) for the connection ! is
de�ned by the equation (the structural equation)

d! = � 1
2 [!; ! ] + F! : (7.1)

In the above notation we have the following theorem.

Theorem 7.2. (1) If E = M � G and ! = ! MC is the Maurer-Cartan con-
nection then F! MC = 0 , that is,

d! MC = � 1
2 [! MC ; ! MC ]: (7.2)

(2) In general F! is horizontal and Ad-equivariant, i.e. de�nes a 2-form (also
denoted) F! 2 
 2(M; E g).

(3) (The Bianchi identity) Furthermore

dF! = [F! ; ! ]: (7.3)

In particular dF! vanishes on triples of horizontal vectors.

(4) Supposef U� g� 2 � is a covering of M with trivializations f ' � g� 2 � of E jU�

and transition functions f g�� g�� 2 � . Suppose! has local connection formsf A � g� 2 � .
Then the curvature form F! corresponds to the familyFA � 2 
 2(U� ; g) given
by

FA � = dA� + 1
2 [A � ; A � ]: (7.4)

41
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Notation. We will often denote the connection by A = f A � g� 2 � and in that
case identify the curvature form with the collection FA = f FA � g� 2 � given by
(7.4).

For the proof of Theorem 7.2 we need a few preparations. Firstnote that
given A 2 g there is an associated vector �eldA � on E de�ned by A �

x = vx (A),
x 2 E. Here as usualvx is the di�erential of the map G �! E given by g 7�! xg,
g 2 G. Notice that for A; B 2 g we have

[A; B ]� = [A � ; B � ]: (7.5)

To see this we observe that it is enough to show (7.5) locally,and hence we
can assume thatE is a product bundle E = M � G. If � 1: M � G �! M and
� 2: M � G �! G are the two projections then for A 2 g, the vector �eld A � is
the unique vector �eld on E which is � 1-related to the zero vector �eld on M
and is � 2-related to the left invariant vector �eld eAA on G. Since[A; B ]~= [ eAA; eBB ]
for A; B 2 g it follows that [A � ; B � ] is again � 1-related to zero and � 2-related
to [A; B ]~, hence (7.5) follows.

Next we observe that the vector �eld A � generates a1-parameter group of
di�eomorphisms of E given by t 7�! Rgt , t 2 R, with gt = exp( tA ). That is, we
claim that for each x 2 E, the curve t 7�! xgt , t 2 R, is an integral curve for
the vector �eld A � , i.e. it satis�es the di�erential equation

@
@t

Rgt (x) = A �
R g t (x ) : (7.6)

For t = 0 this follows from the de�nition of A � and hence we have fort arbitrary:

@
@t

Rgt (x) =
@
@s

Rgs + t (x)js=0 =
@
@s

Rgs (Rgt (x)) js=0 = A �
R g t (x ) :

We now have the following lemma.

Lemma 7.3. Let Y be a di�erentiable vector �eld on E and let A 2 g as above.
Then

[A � ; Y ]x = lim
t �! 0

Yx � Y gt
x

t

where Y gt
x = ( Rgt ) � (YR −1

g t
(x ) ) 2 Tx E.

Proof. (For a more general result see e.g. [S, ch.V, Thm. 10] or [W, Proposition
2.25 (b)].)

SinceE is locally trivial we can take E = U � G where U � M has a local
coordinate system(x1; : : : ; xn ). Also choose a basisA1; : : : ; Ak for g. Then every
vector �eld Y on E has the form

Y =
nX

i =1

ai @
@xi

+
kX

j =1

bj A �
j

where ai ; bj 2 C1 (E ). Also, since A � is constant in the x i -direction we have
[A � ; @=@xi ] = 0 , i = 1 ; : : : ; n, so that

[A � ; Y ] =
nX

i =1

A � (ai )
@

@xi
+

kX

j =1

(A � (bj )A �
j + bj [A; A j ]� ): (7.7)
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On the other hand

Yx � Y gt
x =

nX

i =1

(ai (x) � ai (xg� 1
t ))

@
@xi

+

+
kX

j =1

((bj (x)A �
j (x) � bj (xg� 1

t )A �
j (x))) +

+
kX

j =1

((bj (xg� 1
t )A �

j (x) � bj (xg� 1
t )Rgt � A �

j (xg� 1
t ))) :

Hence, using (7.6), we have

lim
t �! 0

Yx � Y gt
x

t
=

nX

i =1

A �
x (ai )

@
@xi

+
kX

j =1

A � (bj )A �
j (x) +

+
kX

j =1

bj (x) lim
t �! 0

1
t
(A �

j (x) � Rgt � A �
j (xg� 1

t )) :

(7.8)

Here

Rgt � A �
j (xg� 1

t ) = vx (Ad(g� 1
t )(A j )) ;

hence

lim
t �! 0

1
t
(A �

j (x) � Rgt � A �
j (xg� 1

t )) = vx (B j )

with

B j = lim
t �! 0

1
t
(A j � Ad(g� 1

t )(A)) = � ad(� A)(A j ) = [A; A j ]:

Inserting this in (7.8) and comparing with (7.7) we obtain th e formula in
Lemma 7.3

Proof of Theorem 7.2. First notice that (1) follows from (2). In fact, as in the
proof of Lemma 6.2,! MC = � �

2 ! 0, where ! 0 is the Maurer-Cartan connection
on the bundle G �! pt , that is, F! MC = � �

2F! 0 . But if F! 0 is horizontal then it
is clearly 0, and hence alsoF! MC = 0 .

(2) Since ! is Ad-equivariant also F! = d! + 1
2 [!; ! ] is Ad-equivariant. We

shall just show that it is horizontal, that is, for X; Y 2 Tx E we must show that
if X is vertical then

(d! )(X; Y ) = � 1
2 [!; ! ](X; Y ): (7.9)

Since

[!; ! ](X; Y ) = [! (X ); ! (Y )] � [! (Y ); ! (X )] = 2 [! (X ); ! (Y )]

(7.9) is equivalent to

(d! )(X; Y ) = � [! (X ); ! (Y )]: (7.10)
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We have two cases: (1)Y is vertical; (2) Y is horizontal.

Case (1). Y is vertical. To show (7.10) for X and Y vertical we now take
X = A �

x , Y = B �
x for A; B 2 g and compute using (5.1):

(d! )(A � ; B � ) = A � (! (B � )) � B � (! (A � )) � ! ([A � ; B � ])

= A � (B ) � B � (A) � ! ([A; B ]� )

= � [A; B ]

= � [! (A � ); ! (B � )]

(7.11)

which is (7.10) in this case.

Case (2). Y is horizontal. Again we take X = A �
x for A � the vector �eld

associated toA 2 g as above. Also we extendY to a vector �eld of horizontal
vectors (also denoted byY). This is possible since for an arbitrary vector �eld
Z on E extending Y the vector �eld de�ned by

Yy = Zy � vy � ! y (Zy ); y 2 E

is horizontal. For the proof of (7.10) we thus have to prove for A 2 g and Y a
horizontal vector �eld:

(d! )(A � ; Y ) = 0 : (7.12)

Since! (A � ) = A is constant and since! (Y ) = 0 we get using (5.1):

(d! )(A � ; Y ) = � ! ([A � ; Y ]): (7.13)

SinceY is horizontal we get

! (Y gt
x ) = (R�

gt
! )(YR −1

g t
(x ) ) = Ad (g� 1

t ) � ! (YR −1
g t

(x ) ) = 0 :

Hence

! ([A � ; Yx ]) = lim
t �! 0

!
�

Yx � Y gt
x

t

�
= 0 ;

and by (7.13) we conclude

(d! )(A � ; Y ) = 0

which proves (7.12) and hence (7.10) in case (2). This �nishes the proof of
Theorem 7.2 (2) and hence also of (1).

(3) Let us di�erentiate the equation (7.1):

0 = � 1
2 [d!; ! ] + 1

2 [!; d! ] + dF!

= � [d!; ! ] + dF!

= 1
2 [[!; ! ]; ! ] � [F! ; ! ] + dF!

(7.14)

where we have used (5.2) and (7.1). But

[[!; ! ]; ! ] = 0 (7.15)
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since

[[!; ! ]; ! ](X; Y; Z )

= [[!; ! ](X; Y ); ! (Z )] � [[!; ! ](X; Z ); ! (Y )] +

+ [[!; ! ](Y; Z); ! (X )]

= 2 ([[! (X ); ! (Y )]; ! (Z )] � [[! (X ); ! (Z )]; ! (Y )] +

+ [[! (Y ); ! (Z )]; ! (X )])

= 0 ;

by the Jacobi identity. By (7.14) and (7.15) we clearly have proved (7.3).

(4) This follows directly from (7.1)

Remark. Let X and Y be two horizontal vector �elds on E. Then by (7.1) we
get

F! (X; Y ) = � ! ([X; Y ]): (7.16)

Remark. Suppose(f; f ): (E 0; � 0; M 0) �! (E; �; M ) is bundle map and ! is a
connection in E with curvature form F! . Then f

�
! is a connection inE 0 with

curvature form f
�
F! . In particular if ' : E 0 �! E is a bundle isomorphism and

! connection in E then ! ' = ' � ! has curvature F! ' = ' � F! .

De�nition 7.4. A connection ! in a principal G-bundle is called �at if the
curvature form vanishes identically, that is if F! � 0.

Theorem 7.5. Let (E; �; M ) be a principal G-bundle with connection! . Then
! is �at if and only if around every point in M there is a neighborhoodU with
a trivialization ' : � � 1(U) �! U � G such that ! restricted to E jU is induced by
the Maurer-Cartan connection in U � G, that is ! jE j U = ' � ! MC .

Proof. (( ) This follows clearly from Theorem 7.2 and the above remark.

() ) Assume F! � 0. For x 2 E let H x � Tx E be the subspace of horizon-
tal vectors, that is H x = ker ! x , x 2 E . This de�nes a distribution which is
integrable; in fact, if X; Y are horizontal vector �elds then by (7.16) we have

0 = F! (X; Y ) = � ! ([X; Y ])

so that [X; Y ] is again a horizontal vector �eld. By the Frobenius Integrability
Theorem there is a foliation F = fF � g� 2 I of E such that for eachx 2 E H x is
the tangent space to the leaf throughx. For g 2 G the di�eomorphism Rg: E �!
E satis�es Rg� H x = H xg , 8x 2 E, by Proposition 6.4; henceRg maps the leaf
through x di�eomorphically to the leaf through xg. Now �x p 2 M , x 2 � � 1(p)
and let F � � E be the leaf through x. SinceTx F � = H x and � � : H x �! TpM is
an isomorphism we can apply the Inverse Function Theorem andwe can choose
neighborhoodsU of p and V � F � of x such that � : V �! U is a di�eomorphism.
The inverse mappings: U �! V � � � 1(U) de�nes a di�erentiable section in the
bundle E jU and hence a trivialization ' =  � 1: � � 1(U) �! U � G whose inverse
is de�ned by  (q; g) = s(q)g, q 2 U, g 2 G. The fact that ' is di�erentiable
follows from the Inverse Function Theorem. Now let ! 0 be the connection in
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E jU induced by the Maurer-Cartan connection in U � G, that is ! 0 = ' � ! MC .
By the remark following Proposition 6.4 the horizontal vector space at a point
of the form yg, y 2 V , g 2 G is

(Rg)� (Ty (V )) = (Rg)� H y = H yg

which is also the horizontal vector space for! . Hence ! jE j U and ! 0 have the
same horizontal subspaces and therefore they agree.

Corollary 7.6. Let (E; �; M ) be a principal G-bundle. Then the following are
equivalent:

(1) E has a �at connection.

(2) There is an open coveringf U� g� 2 � and trivializations f ' � g� 2 � such that
all transition functions g�� : U� \ U� �! G are constant.

Proof. (2) ) (1). Since g�� is constant g�
�� ! 0 = 0 . Hence the collectionf A � 2


 1(U� ; g) j A � � 0; � 2 � g satis�es (6.7), and thus de�nes a connection! in
E by Corollary 6.9. For this F! = 0 by Theorem 7.2 d) since clearlyFA � = 0 ,
8� 2 � .

(1) ) (2). By Theorem 7.5 we can choose a coveringf U� g� 2 � and trivializa-
tions f ' � g� 2 � of M such that the given �at connection ! restricted to E jU� is
induced by the Maurer-Cartan connection, ! MC in U� � G, � 2 � . Furthermore
we can arrange that all intersections are connected (e.g. bychoosing a Rieman-
nian metric on M and choosing allU� to be geodesically convex sets). Now by
construction the local connection formsf A � g� 2 � for ! are all zero, hence by
Corollary 6.9 we haveg�

�� ! 0 = 0 on U� \ U� where ! 0 is the Maurer-Cartan
form on G. It follows that g�� : U� \ U� �! G has zero di�erential and since
U� \ U� is connectedg�� is constant.

Exercise 7.7. Let (E; �; M ) be a principal G-bundle and let f U� g� 2 � be
an open covering ofM with trivializations f ' � g� 2 � and transition functions
f g�� g�;� 2 � . Let ' : E �! E be a gauge transformation corresponding to the
family of di�erentiable maps � � : U� �! G satisfying (6.14). Let ! be a connec-
tion in E with local connection forms f A � g� 2 � .

(1) Show that the curvature form F! ' for the connection ! ' = ' � ! is given
locally by

FA � �
�

= Ad (� �
� 1) � FA � ; for all � 2 �

where F! is given locally by f FA � g� 2 � .

(2) Let H � G be a Lie subgroup with Lie algebrah � g. Show that if there is
a reduction of E and ! to H then F! satis�es the following: For all x 2 E there
is a g 2 G such that Ad(g)(h) contains the set f F! (X; Y ) j X; Y 2 Tx Eg.

(3) The connection is calledirreducible if for all x 2 E , g is generated as a Lie
algebra by the setf F! (X; Y ) j X; Y 2 Tx Eg, i.e., is spanned by all iterated Lie
brackets of such elements. Show, that ifG is connected,! is irreducible and if
' : E �! E is a gauge transformation given byf � � g� 2 � as above then! ' = !
if and only if � � (p) 2 Z (G), for all p 2 U� ; � 2 � , where Z (G) is the center of
G.



Chapter 8

Linear Connections

Let us study in particular the case whereG = GL( n; R). As usual the Lie algebra
is M (n; R), the set of n � n real matrices with Lie bracket

[A; B ] = AB � BA; A; B 2 M (n; R); (8.1)

and the adjoint representation

Ad(g)(A) = gAg� 1; A 2 M (n; R); g 2 GL(n; R): (8.2)

Now consider ann-dimensional vector bundleV on a manifold M and let
E = F (V ) be the frame bundle. A connection in this is therefore a1-form
! 2 
 1(E; M (n)) , ie. a matrix of ordinary 1-forms

! =

2

6
4

! 11 : : : ! 1n

...
...

! n 1 : : : ! nn

3

7
5; ! ij 2 
 1(E ):

Matrix multiplication de�nes a linear map

M (n) 
 M (n) �! M (n)

sendingA 
 B 7�! AB , and this induces a map


 2(E; M (n) 
 M (n)) �! 
 2(E; M (n)) :

The image of ! ^ ! by this is also denoted! ^ ! ; that is,

(! ^ ! )(X; Y ) = ! (X )! (Y ) � ! (Y )! (X ) (8.3)

and the components are given by

(! ^ ! ) ij =
X

k

! ik ^ ! kj (8.4)

It follows from (8.1) and (8.3) that

[!; ! ](X; Y ) = 2 [! (X ); ! (Y )] = 2 (! ^ ! )(X; Y );
1
2 [!; ! ] = ! ^ !:

(8.5)

47



48

Hence the structural equation (7.1) becomes

d! = � ! ^ ! + F! ; (8.6)

where F! is a matrix of 2-forms on E, i.e.,

F! =

2

6
4

F11 : : : F1n

...
...

Fn 1 : : : Fnn

3

7
5; Fij 2 
 2(E ):

Given a covering f U� g� 2 � and local trivializations of V we get corresponding
local trivializations for E , and hence for each� the local connection formA � 2

 1(U� ; M (n)) is just a matrix of one forms as in (1.4) and the corresponding
curvature form

FA � = A � ^ A � + dA�

is just the formula (1.7). We shall now interprete the connection and curvature
in terms of a di�erential operator on the bundle V .

First observe that there is a natural isomorphism of V with the vector
bundle ERn associated withE via � , the identity representation (cf. 3.10 and the
remark following Corollary 6.13). This gives another interpretation of 
 k (M; V ):

Lemma 8.1. Let ~!! 2 
 k (E; Rn ) be a horizontal and�-equivariant k-form Then
~!! de�nes for each p 2 M a k-linear map ! p: TpM � � � � � TpM �! Vp, which is
di�erentiable in the following sense: For X 1; : : : ; X k di�erentiable vector �elds
on M ! (X 1; : : : ; X k ) gives a di�erentiable section of V .

Proof. Let � : E �! M be the projection in the frame bundle forV and for p 2 M
choosex 2 E with � (x) = p. For X 1; : : : ; X k 2 TpM choose eXX 1; : : : ; eXX k 2 Tx E
with � � eXX i = X i , i = 1 ; : : : k, and put

! p(X 1; : : : ; X k ) = x � ~!! x ( eXX 1; : : : ; eXX k ) (8.7)

where we recall that x 2 Iso(Rn ; Vp). This is well-de�ned since ~!! is horizon-
tal and and since for g 2 GL( n; R), Rg�

eXX 1; : : : ; Rg�
eXX k 2 Txg E also maps to

X 1; : : : ; X k such that

xg(~!! xg (Rg�
eXX 1; : : : ; Rg�

eXX k )) = xg(R�
g ~!! )( eXX 1; : : : ; eXX k )

= xg(g� 1 ~!! ( eXX 1; : : : ; eXX k ))

= x( ~!! ( eXX 1; : : : ; eXX k )) :

We leave it to the reader to check di�erentiability.

Remark. Conversely if ! p: TpM � � � � � TpM �! Vp sati�es the conditions of the
lemma then ~!! de�ned by (8.7) de�nes a horizontal and �-equivariant k-form on
E. Hence
 k (M; V ) is the set of such! 's.

Now suppose! 2 
 1(E; M (n)) is a connection. We shall construct a dif-
ferential operator called the covariant derivative

r : � (M; V ) �! 
 1(M; V ): (8.8)
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For this consider s 2 �( M; V ) and let ~ss: E �! Rn be the corresponding�-
equivariant map. Then we de�ne err (~ss) 2 
 1(E; Rn ) by the formula

err (~ss) = d~ss + ! ~ss; (8.9)

where the multiplikation is the usual matrix multiplikatio n of the matrix ! and
the column vector ~ss.

Proposition 8.2. For s 2 �( M; V ) corresponding to the �-equivariant map
~ss: E �! Rn , the 1-form err (~ss) 2 
 1(E; Rn ) is also �-equivariant and horizontal,
hence de�nes a formr (s) 2 
 1(M; V ).

Proof. Let us �rst show �-equivariance:

R�
g

err (~ss) = R�
gd~ss + R�

g(! )( ~ss � Rg)

= d(~ss � Rg) + (Ad(g� 1) � ! )( ~ss � Rg)

= d(g� 1~ss) + (g� 1!g )g� 1~ss

= g� 1d~ss + g� 1! ~ss

= g� 1 err (~ss):

Next let us show that err (~ss) is horizontal. For this we �rst show that for x 2 E
we have

(d~ss)(vx A) = � A~ss; A 2 M (n): (8.10)

In fact (d~ss) � vx is the di�erential of the map G �! E sending g to ~ss(xg) =
g� 1~ss(x), hence (8.10) follows from the fact that the di�erential of g 7�! g� 1 is
given by multiplication by � 1. It follows that for A 2 M (n) we have

err (~ss)(vx A) = (d~ss)(vx A) + ! x (vx A)~ss(x)

= � A~ss(x) + A~ss(x)

= 0 ;

which proves the proposition.

Notation. By Lemma 8.1, r (s) gives us for eachp 2 M a linear map r (s)p:
TpM �! Vp. For X 2 TpM we shall write

r X (s) = r (s)(X ) 2 Vp (8.11)

and this is called the covariant derivative of s in the direction X .

Proposition 8.3. The covariant derivative sati�es

(1) r X + Y (s) = r X (s) + r Y (s)

(2) r X (s + s0) = r X (s) + r X (s0)

(3) r �X (s) = r X (�s ) = � r X (s)

(4) r X (fs ) = X (f )s + f (p)r X (s)

for all X; Y 2 TpM , s 2 �( M; V ), � 2 R and f 2 C1 (M ).
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Exercise 8.4. Prove Proposition 8.3.

Next let us express the curvature form of the connection! on the frame
bundle E in terms of the covariant derivative r . First let us introduce the
notation

End(V ) = EM (n ) (8.12)

for the vector bundle associated with the adjoint representation (8.2) of GL(n; R)
on M (n). This is justi�ed by the following lemma.

Lemma 8.5. There is a 1� 1 correspondence between horizontalAd-equivariant
k-forms e�� 2 
 k (E; M (n)) and families of k-linear maps

� p: TpM � � � � � TpM �! End(V )p

which vary di�erentiably in the sense that k vector �elds X 1; : : : ; X k and a
section s 2 �( M; V ) give rise to another di�erentiable section �( X 1; : : : ; X k )(s)
given by

� (X 1; : : : ; X k )(s)(p) = � p(X 1(p); : : : ; X k (p))( s(p)) (8.13)

Proof. This is analogous to the proof of Lemma 8.1 and the proof is left to
the reader. We only note that for x 2 � � 1(p) and eXX 1; : : : ; eXX k 2 Tx E with
� � eXX i = X i , i = 1 ; : : : ; k, e�� and � is related by

� p(X 1; : : : ; X k ) = x � e�� x ( eXX 1; : : : ; eXX k ) � x � 1; (8.14)

where x 2 Ep = Iso( Rn ; Vp).

Proposition 8.6. Let eFF ! 2 
 2(E; M (n)) be the curvature form for the con-
nection ! and let F! 2 
 2(M; End(V )) be the corresponding2-form as in
Lemma 8.5. Let r denote the covariant derivation associated to! . Then for
X; Y di�erentiable vector �elds on M and s a section of V we have

F! (X; Y )(s) = (r X r Y � r Y r X � r [X;Y ])(s): (8.15)

Proof. Since it is enough to prove (8.15) locally we can assumeV and henceE
to be trivial; hence we can chooseeXX and eYY on E = M � GL(n; R) such that
eXX respectively eYY are � -related to X respectively Y (that is � � eXX x = X � (x ) and
� � eYY x = Y� (x ) , 8x 2 E). Also, as in the proof of Theorem 7.2 we can assume
eXX and eYY to be horizontal. Furthermore for s 2 �( M; V ) let ~ss: E �! Rn be
the corresponding�-equivariant function. Then by (8.14) and (7.16) we have for
� (x) = p:

F! (X p; Yp)(s(p)) = x � eFF ! ( eXX x ; eYY x ) � x � 1(s(p))

= � x � ! x ([ eXX ; eYY]x )( ~ss(x)) :
(8.16)

On the other hand by (8.7) r X p (s) = x � err (~ss)( eXX x ), and hence

r Yp (r X p ) = x � err ( err (~ss)( eXX ))( eYY x ):
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Therefore (8.15) is equivalent to

� ! ([ eXX ; eYY])( ~ss) = err ( err (~ss)( eYY))( eXX ) � err ( err (~ss)( eXX ))( eYY)

� err (~ss)([ eXX ; eYY]);
(8.17)

where we have used that[ eXX ; eYY] is � -related to [X; Y ]. But since eXX and eYY are
horizontal we have

err ( err (~ss( eXX )))( eYY) = d(d(~ss)( eXX ))( eYY) = eYY( eXX (~ss)) ;

and similarly for eXX and eYY interchanged. Hence the right hand side of (8.17)
becomes

eXX ( eYY(~ss)) � eYY( eXX (~ss)) � [ eXX ; eYY](~ss) � ! ([ eXX ; eYY])( ~ss) = � ! ([ eXX ; eYY])( ~ss);

which was to be proved.

Next let us expressr in terms of local trivializations. Supposef U� g� 2 � is
a covering ofM with local trivializations f � : V jU� �! U� � Rn , and associated
transition functions g�� : U� \ U� �! GL(n; R). Then there is a1� 1 correspon-
dence between sectionss of V and families f s� g� 2 � of di�erentiable functions
s� : U� �! Rn , satisfying for �; � 2 � :

s� (p) = g�� (p)s� (p); p 2 U� \ U� : (8.18)

In fact s and f s� g are related by

f � � s(p) = (p; s� (p)) ; p 2 U� : (8.19)

Now f g�� g�;� 2 � are also transition functions for the frame bundle E = F (V )
corresponding to the local trivializations f ' � = f � g� 2 � corresponding tof f � g� 2 � ,
as in (2.1). In the notation of Proposition 6.11 we have the following proposition.

Proposition 8.7. Let s 2 �( M; V ) correspond to the family f s� g� 2 � as above,
then r (s) 2 
 1(M; V ) corresponds to the family of 1-formsfr (s� )g� 2 � given
by

r (s� ) = ds� + A � s� (8.20)

where f A � g� 2 � are the local connection forms for! de�ning r .

Proof. Notice that for � 2 � the trivializations ' � : E jU� �! U� � GL(n; R)
corresponding to f � has the inverse de�ned by ' � 1

� (p; g) = ( f � )� 1
p � g. and

hence the section� � : U� �! E jU� used in Proposition 6.11 is given by

� � (p) = ' � 1
� (p; id) = (f � )� 1

p 2 Iso(Rn ; Vp) = Ep:

For s 2 �( M; V ) the coresponding�-equivariant function ~ss: E �! Rn is related
to f s� g� 2 � by

s� = ~ss � � �
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and hence the local1-form r (s� ) corresponding to the horizontal � -equivariant
1-form is given by

r (s� ) = (� � )� ( err (~ss))

= � �
� (d~ss + ! ~ss)

= d(~ss � � � ) + (� �
� ! )( ~ss � � � )

= d(s� ) + A � s� ;

where A � = � �
� ! by the proof of Corollary 6.9.

Exercise 8.8. Let G be an arbitrary Lie group and � : G �! GL(n; R) a repre-
sentation. Let (E; �; M ) be a principal G-bundle. and let V be the associated
vector bundle. Let ! be a connection inE .

(1) Show that the frame bundle of V is the extension ofE to GL(n; R) via � ,
and conclude that ! has a unique extension! � to F (V ), cf. Exercise 6.18.

(2) Now choose a coveringf U� g� 2 � of M and local trivializations of E and
hence alsoV and F (V). Show that the covariant derivative r corresponding to
! � is given in terms of the local trivializations by

r (s� ) = ds� + � � (A � )s� (8.21)

where ! corresponds tof A � 2 
 1(U� ; g)g, � � : g �! M (n) is the di�erential of
� , and f s� g� 2 � de�nes a section in V .

Again return to the case of a vector bundleV on M , E = F (V ) the frame
bundle and let r be the covariant derivative.

De�nition 8.9. A section s 2 �( M; V ) is called parallel if r X (s) = 0 for all
tangent vectors X 2 TpM and for all p 2 M .

In the notation of Proposition 8.7 we have the following corollary.

Corollary 8.10. Let s 2 �( M; V ) correspond to f s� : U� �! Rn g� 2 � . Then s
is parallel if and only if

ds� = � A � s� ; � 2 � : (8.22)

That is, locally a parallel section satis�es a di�erential s ystem as in (1.4).

Proposition 8.11. The following are equivalent:

(1) Every point of M has a neighborhoodU and parallel sections� 1; : : : ; � n 2
�( U; V) such that f � 1(p); : : : ; � n (p)g is a basis for Vp for all p 2 U.

(2) The connection is �at, ie., F! = 0

Proof. As in the proof of Corollary 2.15 a set of sections� 1; : : : ; � n 2 �( U; V)
de�ning a local frame for V jU gives a trivialization of V jU , f : V jU �! U � Rn ,
such that

f � � i = (p; ei ); i = 1 ; : : : ; n;
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where f e1; : : : ; en g is the canonical basis forRn . Hence by (8.20)r (� i ) is given
in terms of this trivialization by r (� i ) = Aei , where A is the local connection
form for ! . It follows that � 1; : : : ; � n are parallel if and only if A = 0 , that is,
! jE j U is induced by the Maurer-Cartan connection via the trivalization (2.1)
of E jU corresponding to f . The proposition now follows from Theorem 7.2 (1).

Exercise 8.12. We consider theGL( k; R)-bundle (Wn;k ; 
 n;k ; Gk (Rn )) , for k �
n, and we considerW (n; k) � M (n; k) = Rnk as the open set ofn � k matrices
X of rank k (cf. exercise 4.8).

(1) Show that the 1-form

! = (X t X )� 1X t dX 2 
 1(Wn;k ; M (k)) ; (8.23)

gives a connection in the above bundle.

(2) Show that the curvature form is given by

F! = (X t X )� 1dX t ^ dX � (X t X )� 1dX t ^ X (X t X )� 1X t dX: (8.24)

(3) Show that the restriction of ! to the Stiefel manifold Vn;k � Wn;k is given
by

! = X t dX (8.25)

and that this de�nes a reduction to the O(k)-bundle (Vn;k ; 
 n;k ; Gk (Rn )) with
curvature form

F! = dX t ^ dX � dX t ^ XX t dX

= dX t ^ dX + X t dX ^ X t dX:
(8.26)

(4) For k = 1 the connection ! in the R� -bundle (Rn n f 0g; �; RPn � 1) is given
by

! =
x t

jxj2
dx; x 2 Rn n f 0g:

Show that this connection is �at, ie. F! = 0 , and conclude that the real Hopf-
bundle locally has a non-vanishing parallel section. Notice that this does not
exist globally by Corollary 2.24.



Chapter 9

The Chern-Weil
Homomorphism

We can now associate to a principalG-bundle (E; �; M ) with a connection
! some closed di�erential forms onM , and as we shall see, the corresponding
classes in de Rham cohomology do not depend on! but only on the isomorphism
class of theG-bundle.

First some linear algebra: LetV be a �nite dimensional real vector space.
For k � 1 let Sk (V � ) denote the vector space ofsymmetric k-linear functions

P: V � V � : : : � V �! R:

We shall identify P with with the corresponding linear map

P: V 
 V 
 : : : 
 V �! R

which is invariant under the action of the symmetric group acting on V 
 V 

: : : 
 V . That is

P(v� 1 
 : : : 
 v� k
) = P(v1 
 : : : 
 vk )

for every permutation � of 1; : : : ; k. We also have a product

# : Sk (V � ) 
 Sl (V � ) �! Sk+ l (V � )

de�ned by

P # Q(v1; : : : ; vk+ l )

=
1

(k + l)!

X

�

P(v� 1 ; : : : ; v� k
)Q(v� k +1 ; : : : ; v� k + l

)
(9.1)

where � runs over all permutations of 1; : : : ; k + l . We also put S0(V � ) = R and
then

S� (V � ) =
1M

k=0

Sk (V � )

54
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becomes a commutative ring with unit 1 2 R = S0(V � ). The associativity can be
shown directly from (9.1), but it also follows from the proposition below. Choose
a basisf e1; : : : ; en g for V and let R[x1; : : : ; xn ] denote the polynomium ring in
the variables x1; : : : ; xn . Let R[x1; : : : ; xn ]k denote the subset of homogeneous
polynomials of degreek, and de�ne a mapping

Sk (V � ) � ��! R[x1; : : : ; xn ]k

by

ePP (x1; : : : ; xn ) = P(v; : : : ; v); v =
nX

i =1

x i ei (9.2)

for P 2 Sk (V � ). We then have

Proposition 9.1. (1) The mapping P 7�! ePP is an isomorphism of vector
spaces

Sk (V � ) �= R[x1; : : : ; xn ]k : (9.3)

(2) (P # Q)� = ePP eQQ, hence (9.3) gives an isomorphism of rings

S� (V � ) �
�=�! R[x1; : : : ; xn ]

Proof. (2) Clearly follows from (9.1) and (1).

(1) We �rst show injectivity. For this notice that the coe�ci ent to x i 1
1 � � � x i n

n is
a positive multiple of

P(e1; : : : ; e1; e2; : : : ; e2; : : : ; en ; : : : ; en ) = ai 1 :::i n ;

where ej is repeatedi j times, j = 1 ; : : : ; n. Hence if ePP = 0 then ai 1 :::i n = 0 for
all f i 1; : : : ; i n g satisfying i 1 + � � � + i n = k. By the symmetry of P we conclude
that

P(ej 1 ; : : : ; ej k
) = 0 ; for all j 1; : : : ; j k 2 f 1; : : : ; ng:

Hence by the multi-linearity of P,

P(v1; : : : ; vk ) = 0 ; for all v1; : : : ; vk 2 V ;

that is, P = 0 . It follows that S� (V � ) is isomorphic to a subring ofR[x1; : : : ; xn ].
But since

S1(V � ) = Hom (V;R) � ��! R[x1; : : : ; xn ]1

is clearly an isomorphism, the subring has to containx1; : : : ; xn and hence is
the full polynomial ring.

Remark. We have thus shown that P 2 Sk (V � ) is determined by the function
ePP : v 7�! P(v; : : : ; v). This is called a polynomial function for V . A choice of
basisf ei ; : : : ; en g for V gives an identi�cation of the ring of polynomial functions
with the usual polynomial ring in n variables. The inverse operation which to
a polynomial function ePP associates a symmetric multi-linear mapP is often
called polarization.
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We now let V = g be the Lie algebra of a Lie groupG. Then the adjoint
representation of G on the Lie algebra g induces an action ofG on Sk (g� ) for
every k:

(P g)(X 1; : : : ; X k ) = P(Ad(g� 1)X 1; : : : ; Ad(g� 1)X k );

where X 1; : : : ; X k 2 g and g 2 G.

De�nition 9.2. (1) P 2 Sk (g� ) is called invariant if gP = P, 8g 2 G.

(2) The set of invariant elements in S� (g� ) is denotedI � (G) and P 2 I k (G) is
called an invariant polynomial (although it is a k-linear function).

Remark. I � (G) =
L 1

k=0 I k (G) is a subring of S� (g� ).

We now return to the situation of a principal G-bundle (E; �; M ) with
connection ! . Let F! 2 
 2(E; g) be the associated curvature form. Fork � 1
we have

F k
! = F! ^ : : : ^ F! 2 
 2k (E; g 
 : : : 
 g) (9.4)

and sinceP 2 I k (G) de�nes a linear map

P: g 
 : : : 
 g �! R

we obtain a2k-form P(F k
! ) 2 
 2k (E ). SinceF! is Ad-equivariant and horizontal

(by Theorem 7.2) and sinceP is invariant, it follows that P(F k
! ) is invariant

and horizontal i.e. a basic2k-form. Hence by Corollary 6.13 there is a unique
2k-form on M which pulls back to P(F k

! ) by � � : 
 2k (M ) �! 
 2k (E ).

Notation. The form on M corresponding toP(F k
! ) 2 
 2k (E ) is also denoted by

P(F k
! ), and is called thecharacteristic form corresponding toP.

Remark. In the notation of Theorem 7.2 the characteristic form is given in U� by
P(F k

A �
) 2 
 2k (U� ) whereA = f A � g� 2 � are the local connection forms. In these

terms we shall write P(F k
A ) 2 
 2k (M ) for the globally de�ned characteristic

form.

Proposition 9.3. (1) P(F k
! ) 2 
 2k (M ) is a closed form, that is, d(P(F k

! )) =
0.

(2) For P 2 I k (G) and Q 2 I l (G) we have

P # Q(F k+ l
! ) = P(F k

! ) ^ Q(F l
! ):

(3) Consider a bundle map( �ff ; f ):

E 0 E

M 0 M

�f

� ′ �

f

Then for ! a connection in E and ! 0 = �ff � ! the induced connection inE 0

we have

P(F k
! ′ ) = f � (P(F k

! )) :
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Proof. (1) Since � � : 
 k (M ) �! 
 k (E ) is injective it su�ces to prove that
d(P(F k

! )) = 0 in 
 k (E ). By Bianchi's identity we get

d(P(F k
! )) = kP (dF! ^ F k � 1

! ) = kP ([F! ; ! ] ^ F k � 1
! ) (9.5)

using the symmetry of P. But since the form in (9.5) is horizontal it is enough
to show that it vanishes on sets of horizontal vectors. But this is obvious since
[F! ; ! ] vanishes on sets of horizontal vectors.

(2) For � a permutation of 1; : : : ; k+ l let T� denote the endomorphism ofg
 k+ l

given by

T� (X 1 
 : : : 
 X k+ l ) = X � (1) 
 : : : 
 X � (k+ l ) ; X 1; : : : ; X k+ l 2 g:

Then by (5.2)

F k+ l
! = T� � F k+ l

! = T� � (F k
! ^ F l

! )

sinceF! has degree two. Hence by (9.1)

(P # Q)(F k+ l
! ) =

1
(k + l)!

X

�

(P 
 Q) � T� � (F k+ l
! )

=
1

(k + l)!

X

�

(P(F k
! ) ^ Q(F l

! ))

= P(F k
! ) ^ Q(F l

! ):

(3) Since F! ′ = �ff � (F! ) we clearly have in 
 � (E 0):

P(F k
! ′ ) = �ff � P(F k

! ):

Hence the statement follows from the injectivity of � 0� : 
 2k (M 0) �! 
 2k (E 0).

Remark. In particular if ' : E 0 �! E is a bundle isomorphism and! is a con-
nection in E then for ! ' = ' � (! ) we have

P(F k
! ' ) = P(F k

! )

It follows that gauge equivalent connections have the same characteristic forms.

De�nition 9.4. Let (E; �; M ) be a principal G-bundle with connection ! . For
P 2 I k (G) let

w(E ; P) = [P(F k
! )] 2 H 2k (
 � (M )) = H 2k

dR (M )

denote the cohomology class ofP(F k
! ).

Notation. The mapping w(E ; � ): I k (G) �! H 2k (M ) is called the Chern-Weil
homomorphism. It is often just denoted by w(� ) if the bundle E is clear from
the context. For P 2 I k (G), w(E ; P) 2 H 2k

dR (M ) is called the characteristic
class for E corresponding toP.
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Theorem 9.5. (1) The cohomology classw(E; P ) 2 H 2k
dR (M ) does not depend

on the connection ! , and depends only on the isomorphism class ofE .

(2) w(E ; � ): ( I � (G); # ) �! (H �
dR (M ); ^ ) is a ring homomorphism.

(3) For a bundle map

E 0 E

M 0 M

�f

� ′ �

f

we havew(E 0; P) = f � w(E; P ).

For the proof we need the following version of the Poincaré Lemma which
we will state without proof.

Let h: 
 k (M � R) �! 
 k � 1(M ) be the operator de�ned as follows: For
! 2 
 k (M � R), k � 1 write ! = ds ^ � + � , where s is the variable in R, and
put

h(! ) =
Z 1

s=0
�; and h(! ) = 0 ; for ! 2 
 0(M � R):

Lemma 9.6. Let i 0; i 1: M �! M � R be the inclusionsi 0(p) = ( p;0), i 1(p) =
(p;1), p 2 M . Then

dh(! ) + h(d! ) = i �
1! � i �

0!; for ! 2 
 � (M � R):

Proof of Theorem 9.5. We only have to show that [P(F k
! )] is independent of

the choice of connection. Then the remaining statements follow from Proposi-
tion 9.3.

Let ! 0 and ! 1 be the two connections in E and consider the principal
bundle (E � R; � � id ; M � R). This has connection ~!! 2 
 1(E � R; g) de�ned
by

~!! (x;s ) = (1 � s)! 0x + s! 1x ; (x; s) 2 E � R:

This is a connection by Proposition 6.5, and clearlyi �
� (~!! ) = ! � , � = 0 ; 1. Hence

i �
� (F~!! ) = F! � ; � = 0 ; 1

and we obtain from Lemma 9.6:

dh(P(F k
~!! )) = i �

1P(F k
~!! ) � i �

0P(F k
~!! )

= P(F k
! 1

) � P(F k
! 0

);
(9.6)

since d(P(F k
~!! )) = 0 by Proposition 9.3. Hence by (9.6) P(F! 1 ) and P(F! 0 )

represent the same cohomology class in the de Rham complex.

Motivated by Theorem 9.5 let us introduce the following:
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De�nition 9.7. A characteristic class c (with R coe�cients) for a principal
G-bundle associates to every principalG-bundle (E; �; M ) a cohomology class
c(E) 2 H �

dR (M ) such that for any bundle map ( �ff ; f ): (E 0; � 0; M 0) �! (E; �; M )
we have

c(E 0) = f � (c(E)) :

If c(E ) 2 H l
dR (M ) then c is said to have degreel .

Remark. The set of characteristic classes (withR coe�cients) is a ring denoted
H �

G (or H �
G (R)).

Corollary 9.8. Let P 2 I k (G). Then E 7�! w(E ; P) de�nes a characteristic
classw(� ; P) = w(P).

One can prove the following theorem:

Theorem 9.9 (H. Cartan). Let G be a compact Lie group. Thenw: I � (G) �!
H �

G is an isomorphism.

Remark. (1) Theorem 9.9 also determines the ring of characteristic classes in
the caseG is an arbitrary Lie group with �nitely many connected compon ents.
In that case there is a maximal compact subgroupK � G and one shows that
the inclusion gives an isomorphismH �

G
�= H �

K .

(2) We can also de�ne the ring of complex valuedG-invariant polynomials on
the Lie algebrag, using multi-linear functions (over R) P: g� � � � � g �! C. The
ring of these is denotedI �

C(G). The constructions in this chapter go through
and we can thus de�ne a Chern-Weil homomorphism for(E; �; M ) a G-bundle
with connection

wC(E; � ): I �
C(G) �! H (
 � (M; C)) = H �

dR (M; C):

Finally let us consider the behaviour of the Chern-Weil homomorphism in
connection with extensions and reductions. For simplicitywe restrict to the case
where H � G is the inclusion of a Lie subgroup andh � g the corresponding
inclusion of Lie algebras. Let (E; �; M ) be a principal G-bundle, and suppose
F � E is a submanifold, so that (F; � jF ; M ) is a principal H -bundle. Then F
is a reduction of E to H (cf. Chapter 4). The following lemma is a special case
of Exercise 6.18.

Lemma 9.10. If ! F 2 
 1(F; h) is a connection in F then there is a unique
connection ! E 2 
 1(E; g), such that ! E jF = ! F .

Proof. Let f U� g� 2 � be a covering ofM with trivializations of F jU� �! U� � H
with transition functions f h�� g, h�� : U� \ U� �! H . Then f h�� g is also a set
of transition functions for E . The form ! F is determined by f A � g� 2 � , A � 2

 1(U� ; g) such that A � = Ad( h� 1

�� ) � A � + h�
�� ! H

0 . Since h�� maps to H � G
and ! G

0jH = ! H
0 we haveh�

�� ! H
0 = h�

�� ! G
0 . Hencef A � 2 
 1(U� ; g)g determines

a unique connection onE by Corollary 6.9

The proof of the following proposition is straight-forward and is left as an
exercise.
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Proposition 9.11. Let (E; �; M ) be a G-bundle with a reduction (F; � jF ; M )
and suppose! 2 
 1(E; g) is induced from a connection! F 2 
 1(F; h) as above.
Then for P 2 I k (G) we have

P(F k
! F

) = P(F k
! E

) in 
 2k (M ):

In particular we have the following commutative diagram

I � (G) I � (H )

H �
dR (M )

res

w(E; � ) w (F; � )

where res denotes the restriction map of polynomials on the Lie algebrag to the
Lie algebra h.



Chapter 10

Examples of Invariant
Polynomials and
Characteristic Classes

We now give some examples of invariant polynomials for some classical groups.
In all cases we shall exhibit the polynomial functionv 7�! P(v; : : : ; v), v 2 g for
eachP 2 I k (G).

Example 10.1. G = GL( n; R). The Lie algebra isg = M (n; R), the set ofn � n
real matrices with Lie bracket

[A; B ] = AB � BA; A; B 2 M (n; R);

and the adjoint representation

Ad(g)(A) = gAg� 1; A 2 M (n; R); g 2 GL(n; R):

For k a positive integer we let Pk=2 denote the homogeneous polynomial of
degreek which is the coe�cient of � n � k for the polynomial in � given by

det
�

�I �
1

2�
A

�
=

nX

k=0

Pk=2(A; : : : ; A )� n � k ; A 2 M (n; R):

The polynomial Pk=2, called the k=2-th Pontrjagin polynomial, is clearly Ad-
invariant. For (E; �; M ) a principal GL(n; R)-bundle

pk=2(E ) = w(E; Pk=2) 2 H 2k
dR (M )

is called the Pontrjagin class for E . For V an n-dimensional real vector bundle
on M we write

pk=2(V ) = pk=2(F (V ))

where F (V ) is the frame bundle.
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Example 10.2. G = O( n) � GL( n; R) the orthogonal group af matricesg sat-
isfying gt g = I . The Lie algebra iso(n) � M (n; R) of skew-symmetric matrices,
i.e.

o(n) = f A 2 M (n; R) j A + A t = 0 g: (10.1)

hence, by transposing

det
�

�I +
1

2�
A

�
= det

�
�I �

1
2�

A
�

; A 2 o(n):

and it follows that the restriction of Pk=2 to o(n) vanishes fork odd. We shall
therefore only considerPl 2 I 2l (O(n)) for l = 0 ; : : : ; [n=2]. Notice that since
every vector bundle can be given a Riemannian metric it follows that the frame
bundle has a reduction to O(n). Therefore also for anyGL(n; R)-bundle E we
havepk=2(E ) = 0 for k odd, although the representing characteristic form is not
necessarily equal to zero.

Example 10.3. G = SO(2m) � O(2m), the subgroup of orthogonal matrices
satisfying det(g) = 1 . The Lie algebra isso(2m) = o(2m) given by (10.1). Hence
the Pontrjagin polynomials Pl 2 I 2l (SO(2m)) , l = 0 ; 1; : : : ; m are also invariant
polynomials in this case. But there is another homogeneous polynomial Pf called
the �Pfa�an polynomial� of degree m given by

Pf(A; : : : ; A )

=
1

22m � m m!

X

�

(sgn� )a� 1� 2a� 3� 4 � � � a� (2m � 1) � (2m ) ;
(10.2)

where � runs through the set of permutations of 1; : : : 2m, and whereA = ( aij )
sati�es aij = � aji .

Let us show that Pf is Ad-invariant: Let g = ( gij ) 2 O(2m) and put

gAg� 1 = gAgt = A0 = (a0
ij )

that is

a0
ij =

X

k1 k2

gik 1 ak1 k2 gjk 2 :

Then for Pf0 = 2 2m � m m! Pf we have

Pf0(A0; : : : ; A0)

=
X

k1 ;:::;k 2m

ak1 k2 � � � ak2m −1 k2m

X

�

sgn(� )g� 1k1 � � � g� (2m )k2m :

In this sum the coe�cient to ak1 k2 � � � ak2m −1 k2m is just the determinant of
(gik j ). This determinant is clearly zero unless(k1; : : : ; k2m ) is a permutation
of (1; : : : ; 2m). Hence

Pf0(A0; : : : ; A0) =
X

�

det(gi�j )a� 1� 2 � � � a� (2m � 1) � (2m )

= det (gij )
X

�

sgn(� )a� 1� 2 � � � a� (2m � 1) � (2m )

= det (g) Pf0(A; : : : ; A ):
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That is

Pf(A0; : : : ; A0) = det (g) Pf(A; : : : A ) (10.3)

for all A 2 o(2m), g 2 O(2m). In particular Pf is an invariant polynomial for
SO(2m), but it is not an invariant polynomial for O(2m) since

Pf(A0; : : : ; A0) = � Pf(A; : : : A )

if det(g) = � 1.

For an SO(2m)-bundle (E; �; M ) the characteristic class

e(E) = w(E; Pf) 2 H 2m
dR (M ) (10.4)

is called the Euler class for E . If E is the reduction to SO(2m) of the frame
bundle of an oriented vector bundleV on M then e(V ) = e(E) is called the Euler
class ofV . One can show that for a compact oriented Riemannian manifold of
dimension 2m the Euler-Poincaré characteristic � (M ) satis�es

� (M ) = he(T M ); [M ]i =
Z

M
Pf (F m

! ); (10.5)

whereT M is the tangent bundle ofM and ! is the connection for the reduction
to SO(2m) of the orthogonal frame bundle ofT M determined by the orientation.
(Usually the connection is chosen to be the Levi-Civita connection). The formula
(10.5) is the higher-dimensionalGauss-Bonnet Theorem.

Example 10.4. G = GL( n; C). The Lie algebra is M (n; C), the set of n � n
complex matrices. As in the remark at the end of chapter 9 we shall consider the
polynomials with complex valuesCk , k = 0 ; 1; : : : ; n, given as the coe�cients to
� n � k in the polynomial in � :

det
�

�I �
1

2�i
A

�
=

X

k

Ck (A; : : : ; A )� n � k ; A 2 M (n; C); (10.6)

with i =
p

� 1. For (E; �; M ) a principal GL( n; C)-bundle we thus obtain char-
acteristic classes in de Rham cohomology

ck (E ) = w(E; Ck ) 2 H 2k
dR (M; C) (10.7)

where the di�erential forms have complex values. The polynomials Ck are called
the Chern polynomials and the classes in (10.7) are called theChern classesof
E . Again for V a complex vector bundle overM we have an associated frame
bundle of complex framesF (V ) which is a principal GL(n; C)-bundle and we
de�ne

ck (V ) = ck (F (V ))

the Chern classes of a complex vector bundleV . Notice that the restriction of
Ck to M (n; R) satis�es

i k Ck (A; : : : ; A ) = Pk=2(A; : : : ; A ); A 2 M (n; R):

Hence if we extend a principal GL( n; R)-bundle E to a principal GL( n; C)-
bundle EC then for k = 2 l we have inH 4l

dR (M; C):

(� 1) l c2l (EC) = pl (E ): (10.8)
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Example 10.5. G = U( n) � GL(n; C) the subgroup of unitary matrices, ie. the
complex matricesg satisfying ggt = I where g denotes the complex conjugate
of g. The Lie algebra isu(n) � M (n; C) of skew-Hermitian matrices, ie.

u(n) = f A 2 M (n; C) j A + A
t

= 0 g

In particular we have for A 2 u(n)

det
�

�I �
1

2�i
A

�
= det

�
�I +

1
2�i

A
t
�

= det
�

�I �
1

2�i
A

�
:

That is, Ck (A; : : : ; A ) 2 R for A 2 u(n), hence Ck is a real-valued polyno-
mial on u(n). For (E; �; M ) a U(n)-bundle the Chern classes are therefore real
cohomology classes.

Since every complex vector bundle can be given a Hermitian metric it fol-
lows that any principal GL(n; C)-bundle has a reduction toU(n) and hence all
Chern classes for aGL(n; C)-bundle are real cohomology classes.

Finally let us calculate the �rst Chern class in a non-trivia l case.

Example 10.6. Consider the complex Hopf-bundle overCPn : This is the
GL(1; C) = C� -bundle (HC; 
; CPn ) with total space HC = Cn +1 n f 0g and
where 
 is the natural projection map


 (z0; : : : ; zn ) = [z0; : : : ; zn ]; (z0; : : : ; zn ) 2 Cn +1 n f 0g:

Notice that the Lie algebra of C� is just the abelian Lie algebra C so that a
connection in HC is a complex valued1-form on Cn +1 n f 0g. We claim that

! =
z t dz
jzj2

is a connection. That is, we must check (1) and (2) in the de�nition of a con-
nection.

(1) For �xed z 2 Cn +1 n f 0g the map vz : C� �! Cn +1 n f 0g given by vz (� ) = z�
satis�es

! z � vz (� ) =
zdz(z� )

jzj2
= �

so that for � = 1 ( v�
z ! )1 = d� as required.

(2) For �xed � 2 C� we have

R�
� ! =

z t dz��
jz� j2

= !

as required sinceC� is abelian.

Hence! is a connection. Again sinceC� is abelian the curvature is given
by

F! = d! =
1

jzj2
dz t ^ dz + d

�
1

jzj2

�
^ z t dz
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which is also a basic form, i.e. the pullback of a form onCPn . Now the inclusion
S2n +1 � Cn +1 n f 0g induces a di�eomorphism S2n +1 =U(1) �= CPn and since
jzj2 = 1 on S2n +1 we conclude that as a form onS2n +1 =U(1) the curvature is
given by

F! = dz t ^ dz:

Notice also that

F ! = dzt ^ dz = � F!

soF! takes on purely imaginary values. FinallyF! is invariant under the action
of U(n + 1) on CPn since

g� F! = (dz t )gt ^ gdz = dz t ^ dz; g 2 U(n + 1 ):

In the notation of Example A15 F! = i Im F! now corresponds to theU(n)
invariant real alternating 2-form 2i� de�ned on Cn = spanf e1; : : : ; en g since

dz t ^ dz(e1; ie1) = i � (� i ) = 2 i:

Now the �rst Chern polynomial on gl(1; C) = C is given by

C1(A) = �
1

2�i
A; A 2 C:

It follows that

c1(HC) =
�
�

1
2�i

dz t ^ dz
�

2 H 2
dR (CPn )

= �
1
�

� 2 Alt 2
R(Cn )U( n )

so in particular c1(HC) 6= 0 . The constant in C1(A) is chosen such that forn = 1
Z

CP 1
c1(F! ) = � 1: (10.9)

In order to see this we �rst observe that in the principal U(1)-bundle 
 : S3 �!
CP1 we have

Z


 −1 [z]
! =

Z

j � j =1

d�
�

= 2 �i 8z 2 S3

so that by Fubini's Theorem
Z

S3
! ^ F! = 2 �i

Z

CP 1
F! :

On the other hand ! ^ F! is a U(3)-invariant 3-form on S3 whose value at the
tangent frame f ie0; e1; ie1g � Te0 S3 is

(! ^ F! )( ie0; e1; ie1) = (dz0 ^ dz1 ^ dz1)( ie0; e; ie1) = � 2:
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Hence! ^ F! is � 2 times the volume form on S3 so that

2�i
Z

CP 1
F! = � 2 vol(S3) = � 4� 2

i.e.
Z

CP 1
F! = 2 �i

which proves (10.9).



Appendix A

Cohomology of Homogeneous
Spaces

In this section we show how to calculate de Rham cohomology ofcompact
homogeneous spaces. For notation see [D].

In the following G is a Lie group andH � G is a closed Lie subgroup, with
Lie algebrasg and h � g respectively. We shall study the homogeneous manifold
M = G=H with projection � : G �! M .

Proposition A1. (1) The following sequence of vector spaces

0 h g TeH (G=H) 0
� ∗

is exact.

(2) Given h 2 H we have the following commutative diagram.

0 h g TeH (G=H) 0

0 h g TeH (G=H) 0

� ∗

� ∗

Ad( h) Ad( h) L h ∗

Proof. (1) The di�erentiable structure on G=H is de�ned as follows: For g =
m � h and Um � m a suitable neighborhood of0, the composite mapping

Um G G=H
exp �

is a di�eomorphism onto an open neighborhood ofeH (see e.g. [D, Theo-
rem 9.43]. Consequently� � : m �! TeH (G=H) is an isomorphism, this shows
the claim.

(2) It is clear that Ad( h) on h is the restriction of Ad(h) on g. The commuta-
tivity of the square to the right follows from the following c ommutative diagram
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G G=H

G G=H

�

� h L h

�

where � h (x) = hxh � 1 and L h (xH ) = hxH .

Remark. We see from the above proposition that� � induces an isomorphism

� � : g=h �
�=�! TeH (G=H)

and that the isotropy representation of H on TeH (G=H), that is, h 7�! L h∗ , is
identi�ed with the adjoint representation on g=h.

Notation. For V a �nite dimensional vector space let Alt k (V ), k 2 N, denote
the vector space of alternatingk-linear forms on V . For H � G as above with
Lie algebrash � g let

Alt k (g=h)H � Alt k (g)

be the subspace consisting of� 2 Alt k (g) satisfying

(1) � (v1; : : : ; vk ) = 0 if at least one vi 2 h

(2) � (Ad( h)v1; : : : ; Ad(h)vk ) = � (v1; : : : ; vk ) for all h 2 H .

Finally for a manifold M let 
 k (M ), k 2 N denote the vector space of
di�erential forms of degree k on M . If M = G=H as above then


 k (M )G � 
 k (M );

denotes the subspace ofG-invariant forms, that is, forms ! satisfying

L �
g! = ! for all g 2 G;

where L g: M �! M is given by L g(xH ) = gxH , for all x 2 G.

Proposition A2. Let H � G and M = G=H as above.

(1) There is a natural isomorphism of vector spaces

� : 
 k (M )G �
�=�! Alt k (g=h)H :

(2) Furthermore � is a chain map, where the di�erential on the right hand side
is de�ned by

(d� )(v1; : : : ; vk+1 ) =
X

i<j

(� 1)i + j � ([vi ; vj ]; v1; : : : ; v̂v i ; : : : ; v̂v j ; : : : ; vk+1 );

� 2 Alt k (g=h)H ; v1; : : : ; vk+1 2 g:

Proof. (1) As before we let� : G �! G=H be the canonical projection map and
let ! 2 
 k (M )G be a G-invariant form. We de�ne �(! ) by

�(! ) = (� � ! )e 2 Alt k (g)
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and we clearly have that � (! ) 2 Alt k (g=h)H . Furthermore it is clear that � is
injective because! 2 
 k (M )G satis�es

! gH (v1; : : : ; vk ) = ! eH ((L g−1 )� v1; : : : ; (L g−1 )� vk );

for all g 2 G and v1; : : : ; vk 2 TgH M . For the surjectivity of � let � 2 Alt k (g=h)H

be given and we de�ne! gH 2 Alt k (TgH M ) by

! gH (v1; : : : ; vk ) = � ((L g−1 )� v1; : : : ; (L g−1 )� vk );

g 2 G v1; : : : ; vk 2 TgH M:

Since � 2 Alt k (g=h)H it easily follows that ! gH is independent of the choice
of g 2 G and of the choice of representatives for(L g−1 )� vi in g. To see that
! is di�erentiable, we notice that because ! by de�nition is G-invariant, it is
enough to show that ! is di�erentiable in a neighborhood of eH. But in this
neighborhood we can �nd a local cross section, that is, a submanifold U � G
with e 2 U such that � : U �! � (U) is a di�eomorphism. Thus it is enough to
see that � � (! ) is di�erentiable. For this we choose a basisf X 1; : : : ; X n g for g
and let f eXX 1; : : : ; eXX n g be the corresponding left invariant vector �elds on G.
Because these are smooth, the 1-formsf 
 1; : : : ; 
 n g on G de�ned by


 i ( eXX j ) = � ij

are also smooth. But � � (! ) is G-invariant so it can be written as a linear com-
bination of the forms

f 
 i 1 ; ^ : : : ^ 
 i k
j 1 � i 1 � : : : � i k � ng

with constant coe�cients. It follows that � � (! ) is smooth.

(2) Becaused� � = � � d and � � : 
 � (M )G �! 
 � (G)G is injective it is enough
to show the formula on G. As before let f eXX 1; : : : ; eXX n g be a basis for the left
invariant vector �elds on G, so that f eXX 1g; : : : ; eXX ng g is a basis forTgG for every
g 2 G. It su�ces to show the formula

(d! )( eXX l 1 ; : : : ; eXX l k +1
)

=
X

i<j

(� 1) i + j ! ([ eXX l i ; eXX l j ]; : : : ; beXXeXX l i ; : : : ; beXXeXX l j ; : : : eXX l k +1
)

for all tuples (l1; : : : ; lk+1 ) satisfying 1 � l i 1 � : : : � l i k +1 � n. This follows from
the formula for d! because the remaining terms in the formula are directional
derivatives of functions on the form

! ( eXX l 1 ; : : : ; beXXeXX l j ; : : : ; eXX l k +1
)

which are clearly constant when! and eXX j are G-invariant.

Remark. It follows that the formula in (2) de�nes a form in Alt k+1 (g=h)H

Exercise A3. Show the claim in the remark above directly. (Hint: First show
that for � 2 Alt k (g=h)H and X 2 h we have

kX

i =1

� (v1; : : : ; vi � 1; [X; v i ]; vi +1 ; : : : ; vk ) = 0 ; for all v1; : : : ; vk 2 g:
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Corollary A4. If H is compact and connected thenM = G=H has a G-
invariant volume form, that is, a nonzero elementvM 2 
 n (M )G , n = dim( M ),
and vM is unique up to a scalar multiple.

Proof. Since Alt n (g=h) is 1-dimensional we havedim(Alt n (g=h))H � 1 with
equality if and only if det(Ad( h)) = 1 for all h 2 H , whereAd(h): g=h �! g=h is
induced by the diagram in Proposition A1 (2). But � (h) = det(Ad( h)) de�nes a
continuous homomorphism� : H �! Rnf 0g, and sinceH is compact � (h) = � 1,
for all h 2 H . Hence� is locally constant and sinceH is connected� � 1.

Example A5. If we identify SO(n � 1) with the subgroup of matrices in SO(n)
of the form

h
1 0
0 h

i
; h 2 SO(n � 1);

there is a natural di�eomorphism

� : SO(n)=SO(n � 1) �
�=�! Sn � 1 � Rn

given by � (gSO(n � 1)) = ge1, g 2 SO(n), where e1 = (1 ; 0 : : : ; 0) (cf. [DG,
Exercise 9.45]). Notice that � commutes with the SO(n) action, and the SO(n)
action on Rn is given by matrix multiplication. It follows from Corollar y A4
that Sn � 1 has aSO(n)-invariant volume form vSn −1 2 
 n (Sn � 1).

Exercise A6. Given the coordinates(x1; : : : ; xn ) on Rn show that

vSn −1 = c
nX

i =1

(� 1)i x i dx1 ^ : : : ^ cdxidxi ^ : : : ^ dxn ; c 2 R n f 0g:

Proposition A7. Let G be a compact Lie group and� : G �! GL(V ) a repre-
sentation on a �nite dimensional vector space (that is, � is a Lie group homo-
morphism). Then there exists an inner product onV such that � (g) is orthogonal
for all g 2 G, that is,

h� (g)v; � (g)wi = hv; wi for all v; w 2 V , g 2 G:

Proof. Pick an arbitrary inner product h�; �i on V and choose an orientation on
G. It follows from Corollary A4 with H = f eg that there is a unique volume
form vG on G that satis�es

Z

G
vG = 1 :

In fact, for v0
G 2 
 n (G)G a volume form we have (asG is compact) that Vol =R

G v0
G > 0 and it follows that vG = v0

G =Vol. We now de�ne the inner product
on V by

hv; wi =
Z

G
h� (g� 1)v; � (g� 1)wi vG :
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Then, for an arbritrary g0 2 G we have forv; w 2 V :

h� (g0� 1)v; � (g0� 1)wi =
Z

G
h� ((g0g)� 1)v; � ((g0g)� 1)wi vG

=
Z

G
h� (g� 1)v; � (g� 1)wi (L g′−1 )� vG

=
Z

G
h� (g� 1)v; � (g� 1)wi vG

= hv; wi :

Remark. Let O(V ) � GL(V ) denote the group of orthogonal transformations
with respect to the inner product h�; �i . Then O(V ) is compact and therefore
a closed Lie subgroup inGL(V ). It follows that � : G �! O(V ) is a Lie group
homomorphism. If G is connected� (g) 2 SO(V ) for all g 2 G, where SO(V ) �
O(V ) is the subgroup of orthogonal transformations with determinant 1.

Theorem A8. Let M = G=H, with G and H � G as above andG compact
and connected. We then have the following.

(1) The inclusion i : 
 � (M )G �! 
 � (M ) induces an isomorphism on cohomo-
logy.

(2) There is a natural isomorphism

H �
dR (M ) �= H � (Alt � (g=h)H )

Proof. Clearly (2) follows from (1) and Proposition A2.

To show (1) we pick, according to Proposition A7, an inner product on the
Lie algebrag of G which is invariant under the adjoint representation Ad : G �!
GL(g), and sinceG is assumed to be connected we haveAd( g) 2 SO(g) for all
g 2 G. By multiplying the inner product by a positive scalar we can assume
that the open unit disc

B = f X 2 g j hX; X i < 1g

is mapped di�eomorphically under the exponential map onto an open neighbor-
hood U of e 2 G. As in the proof of Proposition A7 we let vG be the unique left
invariant volume form on G that satis�es

Z

G
vG = 1 :

Finally for g 2 G we let L g: M �! M denote the di�eomorphism given by left
multiplication with g 2 G.

For ! 2 
 k (M ) we will de�ne a G-invariant k-form ! 2 
 k (M )G , in the
following way: Let p 2 M and v1; : : : ; vk 2 TpM and notice that

g 7�! (L �
g! )p(v1; : : : ; vk ) = ! gp(L g� v1; : : : ; L g� vk )

de�nes a di�erentiable function on G. We now put

! p(v1; : : : ; vk ) =
Z

g2 G
! gp(L g� v1; : : : ; L g� vk )vG
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or for short

! =
Z

g2 G
(L �

g! )vG :

We shall show the following three claims:

(i) ! is a G-invariant di�erential k-form.

(ii) If ! 2 
 k (M )G then ! = ! .

(iii) There are linear operators

S0 = 0 ; Sk : 
 k (M ) �! 
 k � 1(M ); k = 1 ; 2; : : :

satisfying

dSk ! + Sk+1 d! = ! � ! for all ! 2 
 k (M ), k = 0 ; 1; 2; : : ::

The theorem then follows from (i)�(iii).

(i) That ! is di�erentiable is seen the same way as in the proof of Proposi-
tion A2. To see that ! is G-invariant we �rst notice that vG is a right G-invariant
form on G, that is R�

g(vG ) = vG for all g 2 G. This follows from the fact that
R�

g′ vG again is left invariant so that

(Rg′ ) � vG = � (g0)vG ; � (g0) 2 R n f 0g;

where � : G �! R n f 0g is a di�erentiable homomorphism hence is constantly
equal to 1 sinceG is compact and connected. We now get

(L g′ )� ! =
Z

g2 G
(L �

g′L �
g! )vG

=
Z

g2 G
((L gg′ ) � ! )vG

=
Z

x 2 G
(L �

x ! )(( Rg′−1 ) � vG )

=
Z

x 2 G
(L �

x ! )vG = !;

where x = gg0 that is g = x(g0) � 1 = Rg′−1 (x), it follows that L �
g′−1 ( ! ) = ! ,

which was to be proven.

(ii) For ! 2 
( M )G we have

! =
Z

g2 G
L �

g(! )vG =
Z

g2 G
!v G = !

Z

G
vG = !

(iii) For this we use the neighborhood U = exp B . We �rst notice that

hUi =
[

i

U i =
1[

i =1

U � � � U| {z }
i
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is an open subgroup inG and sinceG is connected we havehUi = G (because
the complement consists of cosets which are also open).

As U i � U i +1 and G is compact, there is aj 2 N such that G = U j . We
get that f L gU j g 2 U j g is an open covering ofG hence by compactness we
obtain G =

S l
i =1 gi U. Now de�ne inductively W1; : : : ; Wl by

W1 = g1U; : : : ; Wi +1 = gi +1 U �
� i[

� =1

W�

�
:

Then G = W1 [ : : : [ Wl is a disjoint union and

V = int (W1) [ : : : [ int (Wl )

is a open subset such that@V�
S l

i =1 gi @U, is a union of (m � 1)-dimensional
submanifolds in G, where m = dim G. For f an arbitrary continuous function
on G we thus have

Z

G
fv G =

Z

V
fv G =

lX

i =1

Z

int( W i )
fv G :

For g 2 Wi � gi U, gi 2 U j , we write g in the form

g = exp(X 1) � � � exp(X j )exp(X )

and de�ne a curve 
 (t; g) 2 G, t 2 [0; 1] by


 (t; g) = exp(tX 1) � � � exp(tX j )exp(tX ):

Then 
 (0; g) = e and 
 (1; g) = g. From 
 we get a homotopyL 
 ( t;g ) : M �! M ,
t 2 [0; 1], where L 
 (0 ;g) = id and L 
 (1 ;g) = L g. As in the proof of the Poincaré
Lemma (see [MT]) we get an operator

Sk
g : 
 k (M ) �! 
 k � 1(M )

such that

dSk
g ! + Sk+1

g d! = L �
g! � !:

Here Sk
g ! is explicitly given by the formula

Sk
g (! )p(v1; : : : ; vk � 1) =

Z 1

0
((L 
 ( � ;g) )

� ! )p

�
d
dt

; v1; : : : ; vk � 1

�
dt;

v1; : : : ; vk 2 TpM

This is di�erentiable in g for g 2 int( Wi ) and we may de�ne

Sk (! ) =
Z

g2 V
(Sk

g ! )vG :

By integration of the formula above we get

dSk ! + Sk+1 d! =
Z

g2 V
(L �

g! )vG �
Z

g2 V
(! )vG

=
Z

g2 G
(L �

g! )vG �
Z

g2 G
(! )vG

= ! � !:
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Exercise A9. Let M = G=H, where G is a compact Lie group with identity
component G0 � G.

(1) Show that the number of components ofM is [G: G0H ], and that each
component is di�eomorphic to M 0 = G0=G0 \ H .

(2) Conclude that

H �
dR (M ) �= H � (Alt � (g=h)G0 \ H )[G:G0 H ]:

Exercise A10. Let M n = G=H, where G is a compact connected Lie group.
Show that the following statements are equivalent:

(1) M is orientable.

(2) H n
dR (M ) 6= 0 .

(3) For all h 2 H , det(Ad( h)) = 1 where Ad(h): g=h �! g=h.

(4) There is a volume form vM 2 
 n (M )G with
R

M vM = 1 .

Exercise A11. Let G be a compact Lie group and� : G �! GL(V ) a rep-
resentation on a �nite dimensional vector spaceV . We write gv = � (g)v for
g 2 G; v 2 V . Now de�ne the dual representation on V � = Hom R(V;R) by

(gv� )(v) = v� (g� 1v); v� 2 V � ; v 2 V; g 2 G

Let V G = f v 2 V j gv = vg and (V � )G = f v� 2 V � j gv� = v� g.

(1) Show that the natural mapping given by restriction

(V � )G �! (V G )�

is an isomorphism.

(2) Now let V and V 0be two �nite dimensional vector spaces withG-representations
as above and letB : V � V 0 �! R be a non-degenerateG-invariant bilinear func-
tion. ( B is non-degenerate if the mappingB ] : V 0 �! V � given by B ] (v0)(v) =
B (v; v0), v 2 V; v0 2 V 0, is an isomorphism. B is G-invariant if B (gv; gv0) =
B (v; v0) for all v 2 V; v0 2 V 0; g 2 G.)

Show that B by restriction gives a non-degenerate bilinear function

B : V G � V 0G �! R:

Exercise A12 (Poincaré duality). Let G be a compact connected Lie group,
H � G a closed Lie subgroup and putM = G=H. Assume that M is oriented
and for k = 0 ; : : : ; n de�ne the bilinear function


 k (M )G � 
 n � k (M )G �! R

by

B (�; � ) =
Z

M
� ^ �; � 2 
 k (M )G ; � 2 
 n � k (M )G :

(1) Show that B is non-degenerate (cf. Exercise A11).
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(2) Show the formula

B (d�; � ) = (� 1)k B (�; d� ); for all � 2 
 k � 1(M )G , � 2 
 n � k (M )G :

(3) Show that B induces a non-degenerate bilinear function

B : H k
dR (M ) � H n � k

dR (M ) �! R k = 0 ; : : : ; n:

That is B
]
: H n � k

dR �! H k
dR (M )� is an isomorphism.

Hints to (1): First show the following lemma: For V an n-dimensional vec-
tor space and v 2 Alt n (V ) a generator, the bilinear function B : Alt k (V ) �
Alt n � k (V ) �! R given by

� ^ � = B (�; � )v; � 2 Alt k (V ); � 2 Alt n � k (V )

is non-degenerate.

We conclude the appendix with a few examples.

Example A13. M = Sn (cf. Example A5). Let Rn +1 have the coordinates
(x0; : : : ; xn ) and consider the di�eomorphism

� : SO(n + 1 )=SO(n) �
�=�! Sn � Rn +1

given by � (gSO(n)) = ge0, g 2 SO(n + 1) , where e0 = (1 ; 0; : : : ; 0). The di�er-
ential

� � : so(n + 1 )=so(n) �! Rn = span(e0)?

satis�es

� � (Ad(h)X ) = h� � (X ) X 2 so(n + 1 ); h 2 SO(n)

and thereby induces an isomorphism

Alt k (Rn )SO( n ) � � ∗
��! Alt k (so(n + 1 )=so(n))SO( n ) k = 0 ; :::; n;

where

Alt k (Rn )SO( n ) = f � 2 Alt k (Rn ) j � (hv1; : : : ; hvk ) = � (v1; : : : ; vk )g;

for all v1; : : : ; vk 2 Rn and h 2 SO(n). We now have

Alt k (Rn )SO( n ) =
�

R det k = n
0 k = 1 ; : : : ; n � 1

where �det� is de�ned by the determinant. It is clear that �de t� is SO(n)-invariant
(by de�nition). So let us show that every � 2 Alt k (Rn )SO( n ) , k < n; is 0:

Let f e1; : : : ; en g be the canonical basis forRn , and notice that � is deter-
mined by f � (ei 1 ; : : : ; ei k ) j 1 � i 1 < : : : < i k � ng. But for k < n there are
h; h0 2 SO(n) such that

h(e1) = ei 1 ; : : : ; h(ek ) = ei k
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and

h0(e1) = � ei 1 ; h0(e2) = ei 2 ; : : : ; h0(ek ) = ei k

hence

� (ei 1 ; : : : ; ei k
) = � (e1; : : : ; ek ) = � � (ei 1 ; : : : ; ei k

);

that is � (ei 1 ; : : : ; ei k ) = 0 . We have thus shown that

H k
dR (Sn ) =

8
<

:

R[vSn ] k = n
0 k = 1 ; : : : ; n � 1
R k = 0

where vSn 2 
 n (Sn ) is the volume form from Example A5.

Exercise A14. For M = RPn the n-dimensional projective space, show that

H k
dR (RPn ) =

�
R k = 0 and k = n odd
0 otherwise:

Example A15. M = CPn = U( n+1) =(U(1) � U(n)) . Cn +1 has the coordinates
(z0; : : : ; zn ) and H = U(1) � U(n) � U(n + 1) is the subgroup of matrices on
the form

g =
�

� 0
0 h

�
� 2 U(1); h 2 U(n):

It is easy to show that the mapping

� � : u(n + 1 )=u(n) � u(1) �! Cn

given by

� � (X ) =

2

6
4

xn; 1

...
xn;n

3

7
5

is an isomorphism, and that

� � (Ad(g)X ) = �h� � (X ); for X 2 u(n + 1) � M (n + 1)

and g 2 H as above. That is we get an isomorphism

Alt k
R(Cn )U( n ) � � ∗

��! Alt k
R(u(n + 1 )=(u(1) � u(n))) H

where

Alt k
R(Cn )U( n ) = f � 2 Alt k

R(Cn ) j � (hv1; : : : ; hvk ) = � (v1; : : : ; vk )g;

for all v1; : : : ; vk 2 Cn and h 2 U(n). Notice that � 2 Alt 2
R(Cn ) given by

� (v; w) = � Im(w t v)
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is U(n) invariant and that � (e1; ie1) = 1 so that

Alt 2
R(Cn )U( n ) 6= 0 :

We show that

Alt k
R(Cn )U( n ) =

�
R� k=2 0 � k � 2n; k even
0 otherwise:

(A.1)

Since Cn = spanRf e1; : : : ; en ; ie1; : : : ; ien g, � 2 Alt k (Cn )U (n ) is determined by
the values

� (ei 1 ; : : : ; ei p ; iej 1 ; : : : ; iej q );

where 1 � i 1 < � � � < i p � n, 1 � j 1 < � � � < j p � n and p + q = k. But if there
is a j s =2 f i 1; : : : ; i pg then the mapping

el 7�!
�

� el l = j s

el l 6= j s

is unitary so that

� (ei 1 ; : : : ; ei p ; iej 1 ; : : : ; iej q ) = � � (ei 1 ; : : : ; ei p ; iej 1 ; : : : ; iej q );

that is � (ei 1 ; : : : ; ei p , iej 1 ; : : : ; iej q ) = 0 . In the same way we show that if i t =2
f j 1; : : : ; j qg then � (ei 1 ; : : : ; ei p ; iej 1 ; : : : ; iej q ) = 0 . That is, � = 0 if p 6= q and
for k = 2 p, � is determined by the values

� (ei 1 ; : : : ; ei p ; iei 1 ; : : : ; iei p ):

There is an h 2 U(n) such that h(el ) = ei l , l = 1 ; : : : ; p, hence� is determined
by � (e1; : : : ; ep; ie1; : : : ; iep).

We conclude that Alt 2p
R (Cn )U( n ) is at most 1-dimensional, so it is enough

to show that � p 6= 0 . An easy calculation shows that

� p(e1; : : : ; ep; ie1; : : : ; iep) = p! ; p � n;

which shows (A.1). This also shows that

H k
dR (CPn )=

�
R� k=2 0 � k � 2n; k even
0 otherwise:

(A.2)

Exercise A16 (Symmetric spaces). Let M = G=H, where G is a compact
connected Lie group andH � G is a closed Lie subgroup. Leth � g be the
Lie algebras forH and G respectively, and assume that there is a complement
m � g such that g = m � h and such that the following is satis�ed:

(1) Ad( h)(X ) 2 m for all h 2 H , X 2 m.

(2) [X; Y ] 2 h for all X; Y 2 m.

Show that there is a natural isomorphism

H k
dR (M ) �= Alt k (m)H ; k = 0 ; 1; 2; : : :

where the action of H on Alt k (m) is induced by the adjoint action of H on m
given by (1).
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Exercise A17. Let G be a compact connected Lie group. AsG acts on the Lie
algebrag by the adjoint representation, show that there is a natural isomorphism

H k
dR (G) �= Alt k (g)G :

Hint: Use Exercise A16 for the caseH � G � G, H = f (g; g) j g 2 Gg.
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