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1 Introduction

Let us start considering a linear system of di erential equaions of order 1
on aninterval | R.

dx _

— = Ax; t21 1.1

. (1.1)
wherex = (X1;:::;Xn) 2 R" and A = A(t) isann n real matrix.

It is well-known that given Xo = (X10;:::;Xn0) 2 R" andtp 2 |, there

The simplest case is of course iR 0 and in fact we can change (1.1) into
this by change of gauge

y = gx (1.2)

whereg = g(t) 2 GL(n; R). To see this notice that we want to nd g such
that

dy dg dx  dg
2 = = — = = Ax =0:
gt —at tY T a X 9=
That is we want
dg
—~ = gA 1.
il (1.3)

or by transposing

dg

= Algh
a9

That is, the rows of g are solutions to (1.1) with A replaced by A!.
Hence we just choosep = g(tp) 2 GL(n; R) arbitrarily and nd the unique
solution corresponding to each row, i.e., we nd the unique slution to (1.3)
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with g(to) = go. To see that g is in fact invertible we solve similarily the
equation of matrices

dh
— = Ah
dt
with h(to) = g, ! and observe that
d dg dh
—(gh)= — h+ — = gAh Ah=0;
9 = 5 9 59 9

thus by uniquenessg h =1. Hence we have proved the following proposi-
tion.

Proposition 1.1. Consider a system of equations (1.1) on an interval
I R. Let to 2 R and gy 2 GL(n;R). Then there is a unique gauge
transformation g = g(t), such that (1.1) is equivalent to

dy
dt

Remark. We shall think of g as a family of linear transformations parame-
trised by 1, i.e. given by a mapg in the commutative diagram

=0; for y = gx and g(to) = go:

I R —2 5| R°

pr& \%01

with g(t;x) = (t; g(t)x).

We want to generalize this to the case wheré is replaced by an open
setU R™ or more generally by anydi erentiable manifold M = M ™. For
that purpose it is convenient to rewrite (1.1) as an equationof di erential
forms:

dx = (Adt)x:

Absorbing dt into the matrix we shall in general consider a matrix A of
di erential 1-forms on M and we want to solve the equation

dx = AXx 1.4)



for x = (x1;:::;Xn) a vector of functions onM . Again a gauge transforma-
tion is a smooth family af non-singular linear mapsg = g(t) 2 GL(n; R),
t 2 M, or equivalently, a smooth mapg in the commutative diagram

M R" %M R"

such that g(t; x) = ( t; g(t)x) de nes a non-singular linear mapg(t) for each
t 2 M. Again putting y = gx the equation (1.4) changes into thegauge
equivalent equation

dy= Ay

with A9 = gAg ' (dg)g *. In particular we can transform the equation
into the trivial equation

dy=0

(which has the obvious solutiony = constant) if and only if we can nd g
satisfying

dg= gA or g ldg= A: (1.5)

Example 1.2. Let M = R? with variables (t';t?). Consider the equation
(1.4) with A = t2dt?, that is

dx = (t?dt)x;

or equivalently, the partial di erential equations

@X_ 20. @X_ .
@-tx, @—0. (1.6)
But this implies
_ @x _ _
0= gigt " @it " X

Hence onlyx 0 is a solution to (1.6) whereas the equationdy = 0 has
other (constant) solutions as well. Therefore they arenot gauge equivalent.
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More systematically let us nd a necessary condition for sobing (1.5):
Supposeg is a solution; then

0 = ddg= d(gA) = (dg) » A+ gdA= gA”™ A+ gdA
and sinceg is invertible we obtain

Fa=A”"A+dA=0: (1.7)
This is called the integrability condition for the equation (1.4) and Fa
is called the curvature. We have thus proved the rst statement of the
following proposition.
Proposition 1.3.  For the equation (1.4) to be gauge equivalent to the

trivial equation dy = 0 a necessary condition is that the curvatureF, =0.
Locally this is also su cient.

Proof. For the proof of the second statement it suces to take M = B™

S™ ! pe the sphereS™ ' = fujjuj=1ganddene gB™! GL(n;R)
by solving the equation

@g @

—Y=gA — ; 0)=1;

ar 9 ar 9(0)
along the radial linesfru jO r 1g for eachu 2 S™ . Now choose
a local coordinate system(vi;:::;v™ 1) for ST ! so that we get polar
coordinates (r;v®;:::;v™ 1) on B™. By construction the equation (1.5)
holds when evaluated on the tangent vector@=@We need to evaluate on
@=@Vvi =1;:::;m 1, as well, that is, we must prove

@g @ .

—=gA — i=1;:::;m 1L 1.8

av_ 9 av (1.8)

Notice that by construction (1.5) and hence also (1.8) holdsat u = 0. Let
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us calculate @=@uf the di erence using the assumption

e e
@r @V
_ @A @

_ @ @, @

@r @V @V or
@

v A

0= Fa

@
+ A @rA

@ @ .
7@{/A7@r'
Then
@ @g @
@r @V gA_@{/
_ @g @g @ @ @
= r'virAi' A =

- @y @

el er ‘e
:g{?gA@@{/ A@@r:

By unigueness of the solution to the equation

gA

@x_ @
@ " ar
along a radial we conclude that
@g @
ev P e °

which was to be proven.
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In the global case there are obvious di culties even forM of dimen-
sion 1.

Example 1.4. Let M = S! = f(cos2t; sin2t) jt 2 [0;1]g and suppose
A = Apdt for a constant matrix Ag. Then, on the interval [0; 1), the unique
gauge transformation to the trivial equation with g(0) =1 is given by

t"AJ
n!

ps
g(t) = exp(tAo) =
n=0

so that g(1) = exp(Ag). Hence we have a globally de ned gauge transfor-
mation to the trivial equation if and only if g; = exp(Ag)=1.1f g1 6 1,
on the other hand, we can overcome this di culty if we replace S* R"
with the vector bundle obtained from [0;1] R" by identifying (1;v) with

(0; g1v).

This example suggests that we should (and will) generalizette problem
to vector bundles (real or complex). However, as seen abovd,is really the
Lie group G = GL( n; R) (or G = GL( n; C)) which enters in the question of
gauge transformations. This gives rise to the notion of grincipal G-bundle
with a connection where locally the connection is given by the matrixA of
1-forms occuring in the equation (1.4). Again we will encouter the notion
of curvature as in (1.7) which is the starting point for the de nition of
characteristic forms and characteristic classes



2 Vector Bundles and Frame
Bundles

In this chapter we shall introduce the notion of a vector bunde and the
associated frame bundle. Unless otherwise specied all vear spaces are
real, but we could of course use complex vector spaces instka

De nition 2.1.  An n-dimensional di erentiable (real) vector bundle is a
triple (V; ;M ) where :V! M is a dierentiable mapping of smooth
manifolds with the following extra structure:

(1) Foreveryp2 M;V, = 1(p) has the structure of a real vector space
of dimensionn, satisfying the following condition:

(2) Every pointin M has an open neighborhoodJ with a di eomorphism
f: (U u R

such that the diagram

l(U)—)U R"
\ %JJ

commutes, ie.,f(Vp) p R"forallp2 U;andf, = fjy,:Vp! p R"
is an isomorphism of vector spaces for each 2 U.

Notation. (V; ;M ) is called a vector bundle overM , V is called the total
space M is the base spaceand is the projection. We shall often write
V instead of (V; ;M ). The di eomorphism f in de nition 2.1 is called a
local trivialization of V over U. If f exists over all of M then we callV a
trivial bundle.

13
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Remark. If (V; ;M) is an n-dimensional vector bundle, then the total
spaceV is a manifold of dimensionn + m, wherem =dim M.

Example 2.2. The product bundle M R" with =proj: M R"! M
is obviously a trivial vector bundle.

Exercise 2.3. For g 2 GL(n; R) show that the quotient space ofR R"
by the identi cation (t;x) (t+1;gx) where(t;x) 2 R R", denes an
n-dimensional vector bundle overR=Z = SI.

Example 2.4. The tangent bundle of a di erentiable manifold M = M ™,
that is, the disjoint union of tangent spaces

G
TM = TpM
p2M

is in a natural way the total space in an m-dimensional vector bundle
with the projection :TM ! M given by (v) = pforv 2 TpM. If

G
L) = oM
p2U

and we have a local trivialization

x: YU u R"

de ned by
@
i g - S m
X I:lv ak ° (p;vi:;v™)
Sections

For a vector bundle (V; ;M ) it is useful to study its sections.

De nition 2.5. A (di erentiable) section in (V; ;M ) is a di erentiable
mapping

MV
such that =idw, thatis, (p)2 Vo= I(p)forallp2 M.
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Notation. The set of di erentiable sections in V is often denoted ( V).

Example 2.6. Every vector bundle V has a zero section, i.e., the section

(p) =0 2 V,, forall p2 M. The zero section is di erentiable and in fact
(V) is in a natural way a vector space with the zero section as theero
vector.

Example 2.7. A (di erentiable) section in the tangent bundle of a mani-
fold M is the same thing as a (di erentiable) vector eld on M.

Example 2.8. For the product bundle V = M R" (Example 2.2) a
section in V has the form

and is dierentiable if and only if s:M !  R" is dierentiable. Thus
we have a 1-1 correspondence between dierentiable sectisnin V and
di erentiable functions ssM ! R".

The Frame Bundle

By the last example the notion of a section in a vector bundleV generalizes
the notion of a function on it. But we can actually do even better: We can
consider a section ofV as a function de ned on a di erent manifold, the
so called frame bundleF (V) for V.

First consider a singlen-dimensional real vector space/ and de ne
F(V) =1so(R";V) = flinear isomorphismsx:R"!  Vg:

An elementx 2 F (V) is determined by the n linearly independent vectors

is called an n-frame in V. Notice that a choice of basis inV gives an
identi cation of F (V) with

Iso(R";R") = GL (n; R)
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which is an open set in the setM (n; R) = R" ofalln n matrices.

Now let us return to (V; ;M ) a di erentiable vector bundle over the
manifold M . We shall make the disjoint union

G G
F(V) = F(\Vp) = Iso(R"; V)
p2M p2M

into a di erentiable manifold such that :F(V)! M givenby (x)=p
for x 2 F (V) is di erentiable. Thus suppose we have a local trivialization
of V

f: Uy U R"™
Then there is a natural bijection

ff: Y(U)! U GL(nNR) (2.1)
de ned by

X7 (p;fp X); for x 2 F(Vp):
wheref,:Vp!  R" is the restriction of f to V,.

Proposition 2.9.  There is a natural topology and di erentiable structure
on F (V) satisfying:

(1) F(V) is a dierentiable manifold of dimension m + n2.

(2) The bijectionsff de ned by (2.1) are di eomorphisms for all local triv-
ializations f .

(3) The mapping is dierentiable and locally we have a commutative
diagram

U) U GL(NR)
U

(4) We have a di erentiable right group action

F(V) GL(MR)!  F(V) (2.2)
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given by
X g=X g; for x 2 F(Vp), g2 GL(n; R):
Exercise 2.10. Prove Proposition 2.9.

Remark. (1) The proof of the rst statement is similar to the construc tion
of the di erentiable structure on the tangent bundle of a manifold.

(2) That the mapping in (2.2) is a di erentiable right group a ction means
that it is given by a di erentiable mapping and that it satis es

(x g9 ¢°=x (g forall x 2 F(V), g;d°2 GL(n; R);
and
X 1=xX forall x 2 F(V).

Notice also that eachF (V,) is an orbit , thatis F (V,) = x GL(n; R) for any
X 2 F(Vp), and we can identify M with the orbit space F (V)=GL(n; R).

Notation. The triple (F(V);;M ) is called the bundle ofn-frames ofV or
for short, the frame bundle of V.

Now we can interpret the set of sections oV in the following way:

Proposition 2.11.  There is a natural 1-1 correspondence between the vec-
tor space ( V) and the space of equivariant functions orf- (V) with values
in R", ie., the set of di erentiable functions s:F(V)! R" satisfying

s(x g) =g s(x); for all x 2 F(V), g2 GL(n; R): (2.3)

Proof. Let s2 ( V) and de ne s by
s(x) = x X(s(p)); for x 2 F(Vp) = 1so(R"; Vp):

Then it is straightforward to check that s satis es (2.3). Also, using the
local triviality in (2.1), it follows that s is di erentiable if and only if s is.
On the other hand givens:F(V)! R" satisfying (2.3) it is easy to see
that s:F(V)! V given by

s(x) = x(s(x))

is constant on every orbit F(V,), and sos de nes a function ssM !V
such that the diagram
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F(V) — v

s

M

commutes. Again s is seen to be di erentiable (provided s is) using the
local trivialization in (2.1). O

We next study homomorphisms between vector bundles with thesame
baseM, that is, vector bundles (V; ;M ) and (V% %M).

De nition 2.12. A homomorphism' :V!  VYis a di erentiable mapping
of total spaces such that the following holds:

(1) The diagram

commutes, thatis,' p = ' jy, mapsV, to V.

(2) " prVp! VpO is a linear mapping for eachp2 M.

An isomorphism' :V!  V0is a bijective map where both' and' *

are homomorphisms.

Example 2.13. A trivialization f:V! M R" is an isomorphism to
the product bundle.

Remark. It follows from the de nition that a homomorphism ' :VvV! VO
is an isomorphism if and only if' is a di eomorphism of total spaces such
that ' p:Vp! VD is an isomorphism of vector spaces for everp 2 M. We
can improve this:

Proposition 2.14. A homomorphism' :V !  V9%is an isomorphism if
and only if ' p:Vp ! Vp0 is an isomorphism of vector spaces for every
p2 M.
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Proof. () ) Obvious.

(( ) We mustshow that' is adi eomorphism. Since' is clearly bijective it
su ces to show that ' ! is di erentiable. This however is a local problem,
sowe canassum& =M R", V=M R". Inthatcase':M R"!

M R" has the form

" (psv) = (p; p(V))

where' ,:R" ! R" is a linear isomorphism. It is easy to see using local
coordinates for M that the Jacobi matrix for ' at every point (p;v) has
the form

I O

. 2.4

X ' (2.4)
where'  is the matrix for * ,:R"!  R". Since' , is an isomorphism the
matrix (2.4) is clearly invertible and hence the proposition follows from the
Inverse Function Theorem. O

Corollary 2.15. A vector bundle (V; ;M ) is trivial if and only if the
associated frame bundlgF (V);;M ) has a section; i.e., if there is a dif-
ferentiable mapping :M !  F(V) such that =idwm.

Proof. () ) Letf:V! M R" be a trivialization. Then we de ne
M1 F(V) by (P = f, ' 21s0(R"; Vp):

By the de nition of the di erentiable structure in  F (V) is dierentiable
since

f (E=@H2M GL(mR"):

(() Let :M! F(V) be a dierentiable section. Then we de ne a ho-
momorphism' :M R"! V by

"(prv) = (P)(V); for (p;vV)2 M R™:

(here (p) 2 Iso(R";Vp)). It follows from Proposition 2.14 that ' is an
isomorphism, hencef ="' V! M R" is a trivialization. O
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the de nition of F(V,)). A sectionin F (V) is also called amoving frame for
V. Since every vector bundle is locally trivial it always has alocal moving
frame.

Riemannian Metrics

For the remainder of this chapter we shall study vector bundkes with a
Riemannian metric: First recall that on a single vector spa@ V an inner
product h ; i is a symmetric, positive de nite, bilinear form on V, that is,
afunction h; i:V V! R such that

(1) hv;wi, v;w 2 V,is linear in both v and w,
(2) hv;wi = hw;vi, forall v;w2 V,
(3) hv;vi O, forall v2V,and
(4) hv;vi =0 ifand only if v=0.
Now return to V a vector bundle overM .

De nition 2.16. A Riemannian metric on a vector bundleV over M is
a collection of inner productsh ; i, onV,, p2 M, which is di erentiable
in the following sense: Fors;;s; 2 (V) the function hsy;syi given by
hs1;S2i(p) = hs1(p); s2(P)ip is di erentiable.

Notation. We shall often just write hvy;vai = hvi;vaip for vi;ve 2 V.

Example 2.17. The product bundle V. = M R" has the standard inner
product given by the usual inner product in R":

hv;wi = viw'; for v=(vi:io vy w=(whinwn):

Proposition 2.18.  Every vector bundle has a Riemannian metric.

Exercise 2.19. Prove Proposition 2.18. Hint: Use a partition of unity.

Now suppose(V; ;M ) is an n-dimensional vector bundle with Rie-
mannian metric h ; i.
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Proposition 2.20.  Every point in M has a neighborhoodJ and a trivial-
ization f: 1(V)! U R" suchthatf,:V,! R" is a linear isometry
for every p2 M (with the metricin U R" given by Example 2.17).

Proof. By the remark following Corollary 2.15 every point in M has a

set by f 1;:::; ngsuch that f 1(p);:::; n(p)g is an orthonormal basis
for V, for every p 2 U. Again 1;:::; n are all dierentiable. As in the
proof of Corollary 2.15 we considerf 1;:::; ng as a section of the frame
bundle F (V) over U, i.e. we obtain an isomorphism' :U R"! L)
given by

“(p;v) = (PU(V); for (p;v)2 U  R".

Since' p(e) = (p)(&) = i(p) and sincef 1(p);:::; n(P)g is an or-
thonormal basis forV,, it follows that ' ,:R"!  V, is a linear isometry for
eachp2 U.Hencef =' ! 1(U)! U R" has the desired properties.

a

We can now de ne the orthogonal frame bundle for a vector bunde
with a Riemannian metric. For a single vector spaceV with inner product
h;iweletFo(V) F(V) be the set

Fo(V) =Isom(R";V) = flinear isometriesx:R"! Vg;

that is, x 2 Fo(V) if and only if the vectors

constitute an orthonormal basis for (V;h ; i). We will call x an orthogonal
n-frame in V. With respect to a given orthonormal basis forV we get an
identi cation of Fg (V) with the orthogonal group O(n)  GL(n; R), which
isann(n 1)=2-dimensional submanifold inGL(n; R).

Now return to (V; ;M ) a vector bundle with a Riemannian metric
h ; i and we de ne the orthogonal frame bundleas the subset

G
Fo(V) = Fo(Vp) F(V):
p2M
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Proposition 2.21. (1) Fo(V) F(V) is a submanifold and

Jrovy:Fo(V)! M

is di erentiable.
(2) There is a di erentiable right O(n)-action

Fo(V) O(n)!  Fo(V)

such that the orbits are the set$o(Vp), p2 M.
(3) There are local di eomorphisms

ff: YU\ Fo(V)! U 0O(n)

such thatff , = fjg,(v,) mapsFo(Vp) to p O(n) for every p 2 U, and
also

ff(x g)=f(x) g; for all x 2 Fo(Vp), 92 O(n):
Proof. Choose a local trivialization
f: U u R"

as in Proposition 2.20. Then the corresponding local di eonorphism for
the frame bundle (F(V);;M )

ff: Y(U)! U GL(nR)
is given onFp(V) by
ff (x) = (p:fp  X); x 2 Fp(V)

wheref, is the restriction of f to V,. Sincefy:V,!  R" is an isometry it
follows thatff mapsFo(V,) to p O(n), that is,

ff: YU\ Fo(V)! U 0O(n)

is a bijection. Since O(n) GL(n; R) is a submanifold it follows that
Fo(V) F (V) is also a submanifold and all the statements in the propo-
sition are now straightforward. We leave the details to the reader. O
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Example 2.22. The real projective n-spaceRP" is de ned as the quotient

RP" be the natural projection, that is,

(x) = [X]= [X1:::::Xn+1 ]
and these (n + 1) -tuples are called the homogenous coordinatesRP" is
an n-dimensional di erentiable manifold with coordinate systems (U;; i),
i=1;:::;n+1, given by

U =f[x]2RP" jx; 60g
and ;:U;! R" dened by

Notice that the inclusion of the unit n-spherei:S" (R"*! nf0g) gives
rise to a commutative diagram

s R nfOg

.

S"=f 1g % RP"

Hereii is a homeomorphism; hencdRP" is compact.

We shall now construct a 1-dimensional vector bundle withRP" as
basis. This is called thereal Hopf-bundle or the canonical line bundle The
total spaceH RP" R"*! is the subset

H = f([x];v) j v 2 sparfxgg

and the projection :H! RP" is the restriction of the projection onto
the rst component. There are local trivializations

hi: YU)! U R; i=1::::n+1;
given by

hi ([x];v) = (x]; vi):
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Theorem 2.23. (1) H RP" R"*! is an embedded submanifold and
:H! RP" is a 1-dimensional vector bundle with local trivializationsh;
as above.

(2) The associated frame bundle is:(R"*! nfOg)! RP". Here the ac-
tion by GL(1;R) = RnfO0g is just given by the usual scalar multiplication.

Proof. (1) és beforeh ; i denotes the usual inner product inR"**, that

is, b yi = b xiyi for x;y 2 R™1. For x 2 R"*! nf0g let P, denote
the orthogonal projection onto sparf xg, that is,
hy; xi
P. =
x(¥) e xi <

and denote the projection onto the orthogonal complement byP;? = id

P:R"™ I R; P7:R"™ 1 R"
be the projections

Pi(x) = xi; P7(x) = (X1;::53050:05Xn)

Ki: Ui Rn+1 | Ui R R" by
ki([x];v) = (X P Py(v); P P (V)):

It is easy to see thatk; is a homomorphism between the two product
bundles and that it is injective (and hence bijective) on eat bre. By
Proposition 2.14 k; is therefore an isomorphism, hence in particular a dif-
feomorphism. Since

ki(H\  *(U)=U R 0
it follows that H is embedded inRP"  R"*!, and sincekij,, 1y, =
h; 0 we have shown (1).
(2) By de nition the frame bundle for H is given by
F(H)=Ho=f(x];v)jv2sparfxg,vé0g

and = ju,. Now projecting on the second component inrHy, RP"
(R"*! nf0g) gives a di eomorphism | in the commutative diagram
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Ho —> R"*1 nfog
RP"
In fact the inverse | ! is given by
I (v) = ([v];v); forv2 R" 1nfog:

Also | clearly respects the action ofGL(1; R) = Rnf0g since in both cases
it is given by the scalar multiplication. O

Corollary 2.24. H is a non-trivial vector bundle for n > 0.

Proof. If H is trivial then by Corollary 2.15 the frame bundle F(H)!
RP" has a section. That is we have a di erentiable map

‘RP"1  R" nfog;
such that =id.Forx2S" R"l denef(x)2Rby
(XD = f(X)x; x2S" R"™ nfog:
Then f:S" | R nfOg is dierentiable. But f( x)( x) = ([ x]) =
([x]) = f(x), which implies that f( x) = f(x). Hencef takes both

values inR;: and R . Sincef is continuous andS" is connected this is a
contradiction. O






3 Principal G-bundles

The frame bundle for a vector bundle is the special case of a prcipal
G-bundle for the Lie group G = GL( n; R). In the following G denotes an
arbitrary Lie group.

De nition 3.1. A principal G-bundleis a triple (E; ;M ) inwhich :E!
M is a di erentiable mapping of di erentiable manifolds. Fur thermore E
is given a di erentiable right G-actionE G! E such that the following
holds.

(1) Ep= Yp), p2 M are the orbits for the G-action.

(2) (Local trivialization) Every point in M has a neighborhoodU and a
dieomorphism ' :  (U)! U G such that the diagram

L) LU G
\ %‘

commutes, i.e.' ="' jg, mapsEp to p G;and' is equivariant, i.e.,
"(xg)="(x)g 82 '(U)g26G

where G acts onU G by (p;d9g = (p;d%)

Notation. E is called the total space M the base spaceand E, =  1(p)
the bre at p2 M. Often we shall just denote the G-bundle (E; ;M ) by
E.

Remark. (1) s surjective and open
(2) The orbit space E=G is homeomorphic toM .

27
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(3) The G-action is free, i.e.,

Xg=x implies g=1 forall x 2 E, g2 G:

(4) For each x 2 E the mapping G ! Epgivenbyg 7 x g isa
di eomorphism.

(B5) If N M is a submanifold (e.g. if N is an open subset) then the
restriction to N

Ejn = ( *(N);;N)
is again a principal G-bundle with base spaceN .

Example 3.2. (1) For (V; ;M ) an n-dimensional vector bundle the as-
sociated frame bundle(F (V);;M ) is a principal GL(n; R)-bundle.

(2) If V is equipped with a Riemannian metric then (Fo(V);;M ) is a
principal O(n)-bundle.

(3) Let G be any Lie group andM a manifold. Then (M G; ;M ), with
the projection onto the rst factor, is a principal G-bundle called the
product bundle

De nition 3.3.  Let (E; ;M ), (F; %M) be two principal G-bundles over
the same base spac® . An isomorphism' :E! F is a di eomorphism
of the total spaces such that

(1) The diagram
E—F
M
commutes, i.e.' , ="' jg, mapsEp to Fp.
(2) ' is equivariant, i.e.

"(xg) ="' (X)g forall x2 E, g2 G:

Remark. Inthis case' ,:E,!  Fpis also a di eomorphism for eachp 2 M .
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De nition 3.4. A principal G-bundle (E; ;M ) is calledtrivial if there is
an isomorphism' :E! M G and' is called atrivialization .

Remark. It follows from de nition 3.1 that every principal G-bundle E has
local trivializations

":Eju T U G:
Lemma 3.5. Every isomorphism' :M G! M G has the form
" (p;a) = (p;g(p) @) p2M;a2G 3.1)
whereg:M | G is a di erentiable mapping.
Proof. It is easy to see that' de ned by (3.1) is an isomorphism with
inverse' ! given by
;= (pgP ' B p2M;b2G: (3.2)

conversely let' :M  G! M G be an arbitrary isomorphism and let
g:M! G be the mapping de ned by

"(p; 1) = (p; a(p) p2 M:

then g is clearly di erentiable and since ' is equivariant we obtain for
p2M,a2G:

“(pra) =" ((p;Da) = (" (;D))a= (p;a(p) @)
that is, (3.1) holds. O

Now for an arbitrary G-bundle (E; ;M ) choose an open covering of
M,U=1fU g, , and trivializations

Eju T U G
For U \ U 6 ; we consider the isomorphism
Lhu\vu G! U\U G
and by Lemma 3.5 this has the form
Y(p;a) = (p;ig (p) @) (3-3)
Wherga 2Gp2U\VU andg :U \ U ! G is a dierentiable
mapping.
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Notation. The collectionfg g. . are called thetransition functions for
E with respect to the coveringU (and trivilizations f' g 2 ).

Remark. For ;; 2 suchthatU \ U \ U 6 ; the following cocycle
condition holds

g Mg (M=9g (p foralp2 U \ U \ U;

34
g (p=1 forall p2 U : (34)

Conversely we have the following proposition.

Proposition 3.6. LetU=fU g , be an open covering of a manifoldv
and supposefg g. » is a system of dierentiable mappingsg :U \
U ! G satisfying the cocycle condition. Then there is a principal G-
bundle (E; ;M ) and trivializations ' :E;y ! U G, 2 ,such that
fg g. » isthe associated system of transition functions.

Proof. The total spaceE is the quotient space

E = u G

of the disjoint union of all U G, 2 , for the equivalence relation
de ned by

(p; @) (g;b ifand only if p=qgandb=g (p)a

where(p;a) 2U Gand(q;D 2 U G. The cocycle condition ensures
that is an equivalence relation. Furthermore the projectionsU  G!

U give a well-de ned continous mapping :E! M and we also have
obvious bijections

o Yu)y! U G

given by ' ((p;a) ) = (p;a). It is now straight forward to de ne a di e-

rentiable structure on E such that the maps' become di eomorphisms.
Furthermore one checks that (E; ;M ) is a principal G-bundle and by
construction f' g , are trivializations with fg g. » the associated
system of transition functions. O
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Exercise 3.7. Show that the bundle constructed in Proposition 3.6 is
trivial if and only if there is a system of di erentiable mapp ings

h:U! G 2
such that

g (p)=h (ph (p *; forallp2 U \ U :

In the previous chapter we associated to a vector bundlgV; ;M )
the frame bundle (F (V);;M ) which is a principal GL(n; R)-bundle. We
shall now show how to reconstruct the vector bundleV from the principal
bundle using the natural action of GL(n; R) on R". In general for a Lie
group G and a principal G-bundle (E; ;M ) we consider a manifoldN
with a left G-action G N ! N and we shall associate to this abre
bundle (En; n~;M) with bre N. For this we de ne the total spaceEn as
the orbit space

EN=E gN=(E N)=G
for the G-actionon E N given by
(x;u) g= (xg;g ‘u); x2E;u2N;g2G

so that Ey is the quotient space for the equivalence relation , where
(x;u) (y;v)ifand only if there existsg 2 G such thaty = xg andu = gv.
Furthermore let N:En! M be induced by the composite mapping

E NP B M
Then we have the following proposition.

Proposition 3.8. (1) Ey is in a natural way a di erentiable manifold
and n:En! M is dierentiable.

(2) There are local trivializations , i.e. every pointin M has a neighborhood
U and a di eomorphism f: Nl(U)! U N such that the diagram

() ~ " U N

A
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commutes.
Exercise 3.9. Prove Proposition 3.8.

Notation. The triple (En; ~n;M) is called the bre bundle with bre N
associatedto the principal G-bundle (E; ;M ).

Example 3.10. Let (V; ;M ) be a vector bundle and(F (V);;M ) the
corresponding frame bundle. Then the associated bre bundd with bre
R" (F(V)rr; grr;M) is in a natural way a vector bundle isomorphic to
(V; ;M ). In fact there is a natural isomorphism

F(V) eynr R" —V

NV

"(x;v) = x(v); x 2 Fp(V) =1s0(R"; Vp):

given by

Exercise 3.11. Let (E; =M ) be a principal GL(n; R) bundle and let
(V; ;M ) be the associated bre bundle with bre R" using the natural
action of GL(n; R") on R". Show that V is in a natural way a vector bundle
and that the corresponding frame bundle (F(V);;M ) is isomorphic to
(E; =M ).

Finally let us consider bundles over dierent base spaces: \$pose
(E% %M9 and (E; ;M ) are principal G-bundles.

De nition 3.12. A bundle mapfrom E%to E is a pair of di erentiable
mappings (f; f ) in the commutative diagram
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such thatff is G-equivariant, i.e.
ff(x g)=f(x) g; forall x 2 E% g2 G:

Example 3.13. (1) A bundle isomorphism is by de nition a bundle map
of the form

f
EO——E

|,

M —M

(2) If N M is a submanifold and (E; ;M ) is a principal G-bundle,
then the inclusion maps in the diagram

EjN —— E

I

N—M

is a bundle map.

(3) In the product bundle M G the projection , on the second factor
de nes a bundle map of the form

M G—25G

|

M — pt

Given a di erentiable mapping f:M°% M and a principal G-bundle
(E; ;M ) we can construct aG-bundle called the pull-back of E by f over
MO denotedf (E)=(f (E); M9, and a bundle map(;f ):f (E)!
E. That is, we construct a commutative diagram
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f(E) " HE

|, |

MO—— M
Todothisweletf (E) M? E be the subset

f(E)=f(mx2M® Ejf(p)= (X9

and let ®andff be de ned by the restriction of the projections to M ®and
E respectively. Then we have

Proposition 3.14. f (E)=(f (E); M9 isin a natural way a principal
G-bundle andff;f ) is a bundle map.

Proof. G clearly acts onf (E), and for eachp2 M ©°
(9 Yp)=f(p;x)ix2Es 0

is mapped bijectively byff to E ) which is a G-orbit. Hence it su ces to
show that f (E) is a locally trivial G-bundle. for this we can assumeE to
be a product bundleE = M G. In this case

f (E)=f(;;g;92M° M Gjf(p=agg=M° G

by the map (p;q;9 7 (p; 9). Via this isomorphismff is furthermore given
by the map (p;9) # (f (p); @) which shows thatff is a bundle map. O

Exercise 3.15. (1) Show that if ¢ff ):(E% M9 ! (E;;M )is a
bundle map then there is a canonical factorizationff™ = ff ', where
':E% f (E)is an isomorphism and(f;f ) is the bundle map in Propo-
sition 3.14.

(2) Show that this provides a 1-1 correspondence between theet of bundle
maps with xed map f:M% M of base spaces, and the set of isomor-
phismsE® f (E).

(3) In particular there is a 1-1 correspondence between theet of trivial-
izations of a bundle (E; ;M ) and the set of bundle maps to the trivial
G-bundle over a point (G; ; pt).
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(4) Show thatif f:M% M is a dierentiable map and if fg g. » is
a cocycle of transition functions for a G-bundle E over M with covering
fU g, thenfg f g is a cocycle of transition functions forf (E) over
M O with covering ff (U )g » .






4 Extension and reduction of
principal bundles

We will now examine the relation between principal bundles with di erent
structure groups. In the following let G and H be two Lie groups and

:H! G a Lie group homomorphism. Typically is the inclusion of a
closed Lie subgroup. Now supposéF; ;M ) is a principal H-bundle and
(E; ;M ) is a principal G-bundle.

Denition 4.1. Let':F! E be a dierentiable mapping of the total
spaces such that the following holds.

(1) The diagram
F—E
M

jr, mapsFy into Ep forall p2 M.

commutes, ie." p =
(2) The map ' is -equivariant, ie.,

"(x hy="(x) (h) forall x2 F, h2H:

Then':F! E is called anextension of F to G relative to and is also
called areduction of E to H relative to

Notation. (1) We will often omit the term relative to if is clear from
the context, e.g. when s the inclusion of a Lie subgroup.

(2) When s surjective with non-trivial kernel one usually calls a reduc-
tion a lifting of the bundle E to H.

37
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(3) Often the extension is just denoted by the target E and similarly a
reduction is denoted by the domainF . But it should be kept in mind that '
is part of the structure. This is important when talking abou t equivalences
of extensions resp. reductions (liftings).

De nition 4.2. (1) Two extensions' ;:F ! E, and"' 5:F ! E, are
equivalent if there is an isomorphism in the commutative diagram

/l
.

E>

F

(2) Two reductions (liftings) ' 1:F1!  E and' ;:F,! E are equivalent
if there is an isomorphism in the commutative diagram

F[x
7

Example 4.3. (1) Let (V; ;M ) be a vector bundle with a Riemannian
metric. Then the inclusion Fo (V) F (V) of the orthogonal frame bundle
into the frame bundle is an extension relative to the incluson O(n)
GL(n; R). Thus the Riemanian metric de nes a reduction of the principal
GL(n; R)-bundle F (V) to O(n). Furthermore there is a 1-1 correspondence
between the set of Riemannian metrics onvV and the set of equivalence
classes of reductions.

F2

(2) Let GL(n;R)*  GL(n;R) be the subgroup of non-singular matrices
with positive determinant. By de nition a vector bundle (V; ;M ) is called
orientable if the frame bundle F (V) has a reduction to GL(n; R)* and a
choice of equivalence class of reductions is called arientation of V (if

orientable).

Proposition 4.4. Let :H! G be a Lie group homomorphism and let
(F; ;M ) be a principal H-bundle. Then there is an extension ofr to G
relative to  and any two extensions are equivalent.
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Proof. Thereis a leftH-actiononGdenedby h g= (h)gforh2 H and
g 2 G. Consider the associated bre bundle with bre G, i.e. the bundle
(Fe; ;M) whereFg = F g Gand g(x;9)= (x)forx2 F;g2 G.
Here Fg has a natural right G-action given by

(x;9)9°= (x;99%; x2F: g:2 G:

It now follows from Proposition 3.8 that (Fg; ;M) is a principal G-
bundle. Furthermore the natural mapping ' :F ! F & G dened by
" (x) = ( x; 1) makesFg an extension ofF to G. If ' ©F!  ECis any other
extension then there is a natural isomorphism :Fg! E°given by

(x;9) ="' Ax) g; x2F;g2G

and clearly the diagram

EO

commutes. Hence ®F! ECis equivalentto' :F! Fg. O

Hence extensions exist and are unique up to equivalence. Rections
(or liftings) do however not always exist, and if they do, they are usually
not unique.

Exercise 4.5. Let :H! G be aLiegroup homomorphismandE; ;M )
a principal G-bundle.

(1) Show that E has a reduction to H if and only if there is a covering
U= fU g, ofM and a set of transition functions for E of the form
f h g 2 ,whereh :U \ U ! H aresmooth functions satisfying
the cocycle condition (3.4)

(2) If H G is a closed embedded Lie subgroup and is the inclusion,
show that E has a reduction to H if and only if there is a coveringU =
fU g, of M and a set of transition functions fg g. » for E with
fg g mapping into H.



4 Extension and reduction of principal bundles 40

Let us now restrict to the case whereH G is a closed embedded Lie
subgroup and is the inclusion.

We need the following lemma.
Lemma 4.6. The natural projection :G! G=H de nes a principal
H-bundle (G; ;G=H ).

Proof. Let U G be a local cross section, that is,U is an embedded
submanifold of G containing the identity element e, such that (U) = W
isopeninG=H and :U! W is adieomorphism.Let s:W! U be the
inverse. We now get a local trivializationf: *(W)! W H de ned by

f(a)=( (a);s( (a) *a):
This is clearly smooth and so is the inverse
f 1(w;h) = s(w) h:

Also f andf ! are H-equivariant, hencef is a local trivialization . Simi-
larly over the neighborhood gW we have the trivialization

fg: Ygw)! gw H
given by

fg(@) = ( (a);s( (g &) ‘g ‘a);
with inverse

fa'(u;h) =g s(g 'u) h:

This shows that (G; ; G=H ) is a principal H -bundle. O

More generally we can now prove:

Theorem 4.7. Let H G be a closed embedded Lie-subgroup and let
(E; ;M ) be a principal G-bundle.

(1) There is a natural homeomorphismk in the commutative diagram
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E=sH — % 3E & (G=H)

N\ /-

where is induced by . In particular E=H has a natural di erentiable
structure induced byk.

(2) Let ~:E! E=H be the natural projection. Then (E; =E=H ) is a
principal H-bundle.

(3) There is a 1-1 correspondence between the set of sections oéthundle
(E=H; ;M ) with bre G=H and the set of equivalence classes of reductions
of E to H.

Proof. (1) The map k is just induced by the natural inclusion E! E
(G=H) sendingx to (x;[H]) and the inverse is induced by the mapE
G=H! E=H given by k (x;gH) = xgH. SinceE ¢ (G=H) = Eg-y
is the total space in the associated bre bundle with bre G=H, it has a
di erentiable structure as noted in Proposition 3.8.

(2) Since the di erentiable structure on E=H is given via the homeomor-
phism k we have local trivializations of (E=H; ;M ), that is, over suitable
neighborhoodsU M we have a commutative diagram

Uy ——— U G

with the horizontal maps being di eomorphisms.

By Lemma 4.6 G! G=H is a locally trivial H-bundle; hence by the
upper part of the diagram above (E; =E=H ) is also locally trivial.
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(3) Suppose we have a reduction :F! E, where(F; ;M) is a princi-
pal H-bundle. Then' induces a natural map

s:M =F=H! E=H

which is easily checked to be a smooth section dfE=H; ;M ) using lo-
cal trivializations. Also if ' 1:F; ! E and ' 5:F;, ! E are equivalent
reductions then clearlys , = s ,.

On the other hand if s:M !  E=H is a section then we get a bundle
map of H -bundles

s(E)%E

|

M ——— E=H

and it follows that s:s (E)! E is a reduction ofE to H. O

Remark. (1) In particular E has a reduction toH if and only if (E=H; ,
M) has a section.

(2) For H = feg Theorem 4.7 gives a 1-1 correspondence between trivial-
izations of E and sections ofE.

Exercise 4.8. (1) Let G = H K be a semi-direct product of the two
closed embedded Lie subgroupsl and K, that is, H is invariant and the
natural map K ,!' G! G=H is an isomorphism of Lie groups. show
that if (E; ;M ) is a principal G-bundle then (E=H; ;M ) is a principal
K -bundle.

(2) For k nlet Wy be the manifold of k linearly independent vectors
in R", let

Gk(R™) = Wpk =GL(k; R)

be the Grassmann manifold of k-planes in R", and let px:Whi !
Gk (R") be the natural projection. Show that (Whx ; nk ; Gk(R™)) is a prin-
cipal GL(k; R)-bundle.
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(3) Similarly let Vpk Wi« be the Stiefel manifold of k orthogonal
vectors in R" with the usual inner product. Show that the inclusion Vi
Wy« de nes a reduction of the bundle de ned in (2) to the group O(k)
GL(k; R)

(4) Show that the natural map

EWk(RY)  eukr R¥! Gk(R") R
de ned by

1(X;v) = (IXT;Xv)

is an embedding. (Here[X] = .k (X) is the subspace spanned by the col-
umn vectors in the matrix X, and Xv denotes usual matrix multiplication.
Notice that | identi es the total space of the associated bundle with bre
RX with the submanifold of Gx(R") R" consisting of pairs([X ]; w) where
w2 [X])






5 Di erential Forms with
Values in a Vector Space

In the following M denotes a di erentiable manifold and V a nite dimen-
sional vector space. We shall consider di erential forms wih values in V,
generalizing the usual real valued di erential forms.

De nition 5.1. A dierential form ! on M with values in V associates

such that
(1) ! is multilinear and alternating.
(2) ! has the tensor property, ie.,

Remark. Alternatively ! is dened as a family ! x, x 2 M of k-linear
alternating maps

L To(M) T(M)! Vv

ping
X7 (Xa(x); 00 Xk (x))

is di erentiable.

45
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uniquely in the form

I =1l,e + + ! e,

case ofV = R" or V = M (n; R).

Notation. The set of di erential k-forms onM with values in V is denoted
by X(M;V).ForV = Rwehave K(M)= Kk(M;R).

Similar to the usual case we have an exterior di erential
d X(M;V)! K1 (M;V):

Relative to a choice of basisfe;;:::;e,g for V it is just de ned for ! =
e+ + 1 ,e, by

d = (d! 1)e; + + (d!'n)en

and it is easy to see that this equation is independent of basi Furthermore
we have the usual identities

d(d! ) =0; forall! 2 K(M;V), k2 N;

= (DX (X R Xk ) (5.1)
i=1
+ 0 CDTIIX XL R Ry X )
i<j
for all di erentiable vector elds Xi;:::;Xk+1 . These formulas follow easily

from the corresponding ones for usual di erential forms.

In order to generalize the wedge product of two di erential forms we
need the notion of the tensor productV W of two nite dimensional
vector spacesV and W. First let Hom?(V  W;R) denote the vector space
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of bilinear mapsV W ! R andthendeneV W as the dual vector
space

VW =Hom(Hom*(V W;R);R):
Forv2V andw2 W wedenev w2V W by

Hiv o owi =" (v;w); ' 2 Hom*(V  W;R):

We now have the following proposition.
Proposition 5.2.
(1) The mapping :V. W! V W givenby(v;w) 7 v wis bilinear.
(2) There is a bijection for any vector spaceU

Hom(V W:U) F Hom?(V W;U)

given by' 7 '

(3) V W is generated by the set of vectors of the formm  w, where
v2Vandw2 W.

(4) Iffeq;:ii;engandffy;:ii:;fmgare bases forV resp. W thenfe  f;g
is a basis forV  W. In particular

dim(V W) =dim (V) dim(W):
Exercise 5.3. Prove Proposition 5.2.

For!;2 X(M;V)and!,2 '(M;W) we can now de ne the wedge
product ! 1~ 1,2 ""K(M;V W) by the usual formula

where runs over all (k;l)-shues of 1;:::;k + |. As usual one has the
formulas

Par(Panta) = (Mot o) M s,
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forall!;2 KM;U), 1,2 '(M;V), 132 ™(M;W),
d(1 1A o) = (di )~ o+ ( DFEgA (dEp)

forall 112 XM;U), !, 2 !(M;W). Furthermore for a linear map-
ping P:V! W there is an induced mappingP: ¥(M;V)! K(M; W)
de ned by

(PI)(Xq1;::;Xk) =P P (Xqii Xk)
and it is easy to see that
d(P!) = P(d!); 12 kKM v):

In particular let T:V W ! W V be the linear mapping given by
T(v w)=w V. Then one has

Lo lo=( DNT( A1) (5.2)

forall 1,2 KM;V), 1,2 '(M;W). Finally for f:M ! N a dier-
entiable mapping of di erentiable manifolds we get as usualan induced
mapping f : X(N;V)! K(M;V), where for! 2 X(N;V), f (1) is
de ned pointwise by

f(tant)=(F 1)~ (F 1),
da(f (1)) =f (d);
f(P())=PE (1))

for P:V! W alinear mapping and for all! 2 K(N;V),112 X(N;V)
and!,2 '(N;W).

Exercise 5.4. Prove all unproven statements in the above.



6 Connections in Principal
G-bundles

We now come to our main topic which, as we shall se later, genalizes the
di erential systems considered in the introduction. This is the notion of a
connection.

In general we consider a Lie groupG with Lie algebra g = T¢G, and
we letAd: G!  GL(g) be the adjoint representation, i.e., forg 2 G Ad(g)
is the di erential at the identity element e of the mapping x # gxg !,
x2 G.

Let (E; ;M ) be a principal G-bundle. For a xed x 2 E the mapping
G! E givenbyg7? xg, g2 G, induces an injective mapvy:g! TyE
and the quotient space by the image ofv, is mapped isomorphically onto

T (xyM by the di erential of . That is, we have an exact sequence of
vectorspaces
0 y 0 — 5 TE sT M ——— 0

The vectors in v (g) TxE are called vertical tangent vectors of E and
we want to choose a complementary subspackl TxE of horizontal
vectors i.e., Hy is mapped isomorphically ontoT (,yM by . This choice
is equivalent to a choice of linear mapping! x: TxE! g, such that

Iy W =idyg (6.1)

and such that Hx = ker ! . Furthermore we shall require! ; to vary dif-
ferentially, i.e., f! x j X 2 Eg de nes a di erential 1-form with values in g,
hence,! 2 (E;g).

Example 6.1. Consider the trivialbunde E=M G, :M G! M
the natural projection. We dene ! yvc 2 1(E;g) as follows:

(mc)pg = (Lg 2 2); p2M;g2G (6.2)

49
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where M G! G is the projection onto the second factor and
Ly 1:G! Gislefttranslation by g *. Letus show that! vc 2 *(E;g),

that is, we shall show that ! yic is di erentiable. First notice that ! yc =
>(! o) where! o 2 1(G;g) is de ned by

(Yo)g=(Lg 1) : (6.3)

Hence it su ces to show that ! ¢ is di erentiable. For this notice that if
X 2 g= TeG andX is the corresponding left invariant vector eld then

Lo(®) = X

is constant and hence di erentiable. Since every di erentiable vector eld
Y on G is a linear combination of left invariant ones with di erent iable
coe cients it follows that ! o(Y) is di erentiable, hence ! ¢ is di erentiable.
Furthermore ! yc satis es (6.1): In fact for x = (p; @), v« is the di erential
ofthe mapG! M Gagivenbya 7 (p;ga, an hence(! mc)x Vx =
id =id.

Remark. The form ! ¢ on G is called the Maurer-Cartan form. For G =
GL(n; R) it is just the form

o= g dg; g2 G:

The form ! yc in example 6.1 satis es another identity: For g 2 G
let Rg:E!  E denote the right multiplication by g, that is Rg(x) = xg,
X2 E.Inthe caseE = M G we just have

Rg(p;a) = (p;ag) p2M;a2G:

Lemma 6.2. In E=M G the form! yc de ned by (6.2) sati es
Rg!mc =Ad(g 1) !wc; for all g2 G; (6.4)

where Ad(g 1) : (E;Q)! L(E; g) is induced by the linear map
Ad(g ):g! @

Proof. Since! yc = ,! o, for ! ¢ given by (6.3), and since

Rg!MCZRg 2!0— 2 Rg!o
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it su ces to prove (6.4) for ! = !, on G. But here we have fora2 G:
Rg(!)a="ag (Rg)
= (Lag 1) (Ry)
=(Lg1) (Ly1) (Rg)
=Ad(g ) (L, 1)
=Ad(g Y) !a;
completing the proof. O

With this as motivation we now make the following de nition.

De nition 6.3. A connection in a principal G-bundle (E; ;M ) is a 1-
form! 2 1(E; ) satisfying
(1) 'x vx =id wherevy:g! TE is the dierential of the mapping
g7 Xxg.
(2) Ry! =Ad(g 1)y 1,foral g2 G, whereRg:E! E is given by
Rg(x) = xg.

There is a more geometric formulation of (2): Fora 1-form! 2 1(E; g)
satisfying (1) in De nition 6.3 let Hy TxE, x 2 E, be the subspace

Hy =ker!:

Then as noted above :Hy ! T (yM is an isomorphism. Therefore
Hy TxE is called the horizontal subspaceat x given by ! , and a vector
in Hy is called ahorizontal tangent vector in E.

Proposition 6.4. For ! 2 (E;g) satisfying de nition 6.3 (1), the re-
quirement (2) is equivalent to

(2% (Rg) Hx = Hyg, forall x2 E andg2 G.

That is, the horizontal vector spaces are permuted by the rightction
of GonTE.

Proof. (2)) (29. If X 2 Hy, then we obtain
lg(Rg X) = (Rg! )(X) =Ad (g )(! (X)) =0;
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henceRg X 2 Hyg.

(2% ) (2). To prove (2) notice that both sides are zero when evaluagd on
horizontal vectors. Hence it is enough the verify (2) when egluated on a
vertical vector vy (X ), X 2 g. But for g2 G we have

Ry Vx = Vxgg Ad(g 1)

since both sides are the di erential of the mappingG! E given by
a7 xag= xg(g lag):

Hence by (1)

Ry(1)(vx(X)) = Lhg(vig Ad(g )(X)) =Ad (g )(X);
completing the proof. O

Remark. By Lemma 6.2 the form! yc 2 (M G) de ned in example 6.1
is a connectioninM  G. This is often called the Maurer-Cartan connection,

the trivial connection or the at connection. Notice that in this case the

horizontal subspace atx = ( p; @) is the tangent space to the submanifold
M fgg M G

Proposition 6.5. (1) Let {;f ):(E% M9 ! (E; ;M ) be a bundle
map of principal G-bundles and let! 2 (E;g) be a connection inE.
Thenff ! is a connection in EC.

(2) In particular if ' :F! E is an isomorphism of principal G-bundles

over M and! 2 I(E;g) is a connection in E then!" ="' 1 is a con-
nection on F.

(3) Supposéd 1;:::;1 2 YE; ¢ are connections on the bundI¢E; ;M )
and 1;:::; ¢ 2 C! (M) satisfy i =1 then the sum

is also a connection onE.
Exercise 6.6. Prove Proposition 6.5.

Corollary 6.7.  Every principal G-bundle has a connection.
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Proof. Let U=fU g » be a covering ofM with trivializations
" Ejuy T U G

By Proposition 6.5 the Maurer-Cartan connection inU G pulls back to
a connection! in Ejy . Now choose a partition of unity f g , and put

X
I = !

Then! is awell-de ned 1-form onE, and, by Proposition 6.5 (3), it satis es
the requirements for a connection (since these are local cditions). O

Next let us look at a local description of a connection, i.e., let us look
at a general connection! in a product bundle:

Proposition 6.8. Let E = M G be the product bundle with projection
:E! M,andleti:M! E be the inclusioni(p) = ( p;€).

(1) The induced mapi : *(E;g)! L(M; g) gives a 1-1 correspondence
between connections inE and g-valued 1-forms onM .

(2) Let':E! E be an isomorphism of the form' (p;a) = ( p; g(p)a) for

g:M ! G a dierentiable map, and let ! 2 1(E;g) be a connection in
Ewithi! =A2 1(M;g).Then! ="' | satises
il =A =Ad(gl) A+g (o) (6.5)

where! o 2 1(G;g) is the Maurer-Cartan form on G.

Proof. (1) First notice that given A 2 1(M; g) there is a unique form
K2 I(E;g) with i &= A such that
(i) A(X)=0 for X 2 T(E a vertical vector.
(i) RA=Ad(g ') Aforalg2G.
In fact, for x = (p; e) & is determined by A and (i) since
TxE =ker( ) i (TpM);
and fory = (p;0) = Rg(x), (i) implies that

Ry =Ad (g l) K,
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which proves uniqueness. On the other hand the forn#& given by
K (pg) = Ad (9 A (6.6)

de nes a form satisfying (i) and (ii). Now if ! yc denotes the Maurer-Cartan
connection omE then the correspondence

R !MC+R

gives a 1-1 correspondence between 1-forms satisfying (ipd (ii), and the
set of connections inE.

(2) As above we write

I =1y + A
where A =i ! . Then
"= Iyc+' R
gives
A=il =i" Iyc+i"' R
where! yc = ,lowith 2:M  G! G the projection.Now > g i=g
so that
i Imc=i" Slo=glo
Also by (6.6)
(' K)p=Rpgpy (1)
=Ad(g Y Ap Q)|
=Ad(g 1) Ap
since ' i=id. O
Remark. Notice that for the Maurer-Cartan connection ! yc, A=1i ! yc =

0.
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Corollary 6.9. Let (E; ;M ) be a principal G-bundle and letU = fU g »
be a covering afM with trivializations f' g » and transition functions
fg 9. 2 . Then thereis a 1-1 correspondence between connections i
and collections of 1-formsfA 2 (U ;g)g » satisfying

A =Ad(g ! A +g !g (6.7)
onU \ U.
Proof. If | is a connection in E the trivialization ' :Ejy ! U G
de nes a connection inU G by

b= Hen

For 2 we then have overU \ U that
I = ! (6.8)

where (U\VU) G! (U \NU) Gisthe isomorphism =
' 1 sothat

(p;d) = (p;g (pa):

Hence (6.7) follows from (6.8) and Proposition 6.8, (2).

On the other hand supposef A g » is given. Then there are corre-
sponding connectionsf! g in U G as in Proposition 6.8, (1) and by
Proposition 6.8, (2), (6.7) implies (6.8) or equivalently

on Ejy \u . Hence we get a well-de ned connectiorl in E such that the
restrictionto Ejy is' ! . O

Notation. Often a connection is identi ed with the collection fA g », of
local connection forms It is then denoted by A.

In the proof of Proposition 6.8 we encountered two important condi-
tions ((i) and (ii)) on di erential 1-forms on the total spac eE of a principal
G-bundle (E; ;M ). Let us state these for generak-forms onE with values
in a nite dimensional vectorspaceV.
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De nition 6.10. (1) Adierential k-form! 2 K(E;V) is calledhorizon-

Ty E for which at least one is vertical.

(2) Let :G! GL(V) be arepresentationofGonV.Then! 2 K(E;V)
is called -equivariant if

Ry = (@h forall g2 G:

(3) if in (2) is the trivial representation then a -equivariant form is
called invariant .

(4) If ! is both invariant and horizontal then it is called basic

Proposition 6.11. Let (E; ;M ) be a principal G-bundle and letU =
fU g » be a covering ofM with trivializations f' g , and transition
functions fg g. 2 .Let :G! GL(V) be a representation. Then there
is a 1-1 correpondence between horizontal-equivariant k-forms!~ on E
and collections ofk-forms f! 2 X(U ;V)g , satisfying

I = (g ) ! onU \ U. (6.9)

Here ! is the pull-back of! by the local sectionU ! Ejy sending
p2U to' I(p;e.

Proof. This is proved exactly as in the proof of Corollary 6.9 using he
following lemma. The details are left to the reader. O

Lemma 6.12. Let E = M G be the product bundle with projection
:E! M,andleti:M! E be the inclusioni(p) = (p;€). Let :G!

GL(V) be a representation.

(1) The induced mapi : K(E;V)! K(M;V) gives a 1-1 correspon-

dence between horizontal -equivariant k-forms on E and all V-valued k-

forms on M.

(2) Let':E! E be a isomorphism of the form' (p;a) = ( p;d(p)a)
for M ! G a dierentiable map. If I~ 2 X(E;V) is horizontal and
equivariant and if we put! = i!~ then

i(C1R)= (gbH (6.10)
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Proof. Again the proof is similar to the proof of Proposition 6.8 and the
details are left to the reader. We only note that given! 2 X(M;V) the
corresponding -equivariant horizontal k-form!~ on E is given by

e gy (X1i 05Xk = (@ D0 p( Xaiii X)) (6.11)
for X1;::5 Xk 2 Tpg)(E), p2 M, g2 G. O

Corollary 6.13. Let (E; ;M ) be any principal G-bundle and letV be a
vector space. Then : X(M;V)! K(E;V) gives an isomorphism onto
the basic forms onE.

Proof. This follows immediately from Proposition 6.11 since the cdlection
fl g 2 inthatcase de nes awell-de ned form! onM and since by (6.11)
the corresponding horizontal invariant form!~ on E is just the pull-back
by . O

Remark. Let :G! GL(V) be any representation, and for(E; ;M ) a
principal G-bundle let (Ey; v;M) be the associated vector bundlei.e.,
the associated bre bundle with bre V using the left action of G on V
given by gv = (g)v, g 2 G, v 2 V (cf. Exercise 3.11). Then Proposi-
tion 6.11 states in particular for k = 0 that there is a 1-1 correspondence
between the set of -equivariant functions s:E! V and the set of sections
s of the vectorbundle Ey . This set is often denoted ( M;E ) (cf. Propo-
sition 2.11). We shall denote the set of -equivariant horizontal k-forms
onE by X(M;Ev), so that in particular °(M;Ev)= ( M;Ev). Notice
that “(M;Ey) is a real vector space.

Corollary 6.14. Let (E; ;M ) be a principal G-bundle. Then the set of
connections in E is an ane space for the vector space 1(M;Eg). That
is, given one connection! ¢ any other connection! ; has the form! o+ A
for someA 2 1(M;Ey).

Notation. The set of connectionsin (E; ;M ) is denoted A(E) or just A
when E is clear from the context.

De nition 6.15. (1) A gauge transformation’ of the principal G-bundle
(E; ;M ) is an automorphism ofE, that is, a bundle isomorphism' :E !
E.
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(2) Two connections! 1;! 2 2 A(E) are called gauge-equivalentif there
exists a gauge transformation' such that

!2:!2[:' I (612)

Remark. Notice that the set of gauge transformationsG = G(E) is a group
and that

1y =1 forall ', 2G;
) (6.13)
That is, Gacts from the right on the set A and the set of gauge equivalence

classes is just the orbit spaceA=G.

Exercise 6.16. (1) Show that there is a 1-1 correspondence betwee@
and each of the following 3 sets.

(1.a) The set of di erentiable maps ~:E! G satisfying

~(xg) = g *~(x)g;x2 E; g2 G:

(1.b) The set of sections of the bre bundle (Eic; ic;M) associated to
the action of G on itself by inner conjugation (that is, g(a) = gag 1!).

(1.c) Given fU g » a covering of M and trivializations with transition
functionsfg g. 2 , the set of families of di erentiable mapsf :U !
Gg ., satisfying

g = g onU \ U: (6.14)

(2) In the above notation let ' 2 G correspond to the family f g »
and let ! be a connection inE with corresponding local connection forms
fA g, .Showthat! has local connection formsA g, where

A =Ad( H A+ g (6.15)

an! g is the Maurer-Cartan form.

Finally let us consider extension and reduction of connectins.
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De nition 6.17. Let :H! G be a Lie group homomorphism and let
F be anH-bundle and' :F! E an extension ofF to G. Furthermore let
| £ be a connection inF and ! ¢ be a connection inE. Then ! g is called
an extensionof ! ¢ (and ! ¢ a reduction of ! g) if

"l = TE: (616)

Exercise 6.18. Let :H! Gand':F! E be as above.

(1) Show thatif ! ¢ is a connection inF and ! ¢ is an extension inE then
' maps the horizontal vector spaces i isomorphically to the horizontal
vector spaces inkE.

(2) Show that if !  is a connection inF then there is a unique extension
le to E.

(3) LetfU g 2 be a covering ofM with trivializations of F respectively
of E such that the transition functions are fh g. » for F respectively
f h g. , forE.Showthatif! ¢ haslocal connections formgA g »
then the extension! g has local connection formsf A g2

Remark. In particular if H is a Lie subgroup and is the inclusion then
I £ and! g have the same local connection form.






7 The Curvature Form

As before let G be a Lie group with Lie algebrag and let (E; ;M ) be a
principal G-bundle with connection ! . We will now de ne the curvature
form generalizing the formF, in (1.7). Since! 2 1(E;g) we have! ! 2

2(E;g g)andwedenel[!;! 12 2?(E;g) to be the image of! ~! by
the linear mapping

[ g g g

determined by the Lie bracket, i.e. the mapping sendingX Y to [X;Y],
X;Y 2g.

De nition 7.1.  The curvature form F, 2 2(E; g) for the connection !
is de ned by the equation (the structural equation)

d = 1[0 ]+ Fpe (7.1)

In the above notation we have the following theorem.

Theorem 7.2. (1) f E=M G and! = !yc is the Maurer-Cartan
connection thenF, ,. =0, that is,
dive = 30 wme;!wmel (7.2)

(2) In general F, is horizontal and Ad-equivariant, i.e. de nes a 2-form
(also denoted)Fy 2 2(M;Eg).

(3) (The Bianchi identity) Furthermore
dFy = [F 5! ] (7.3)

In particular dF, vanishes on triples of horizontal vectors.

(4) SupposefU g , is a covering of M with trivializations f' g , of
Eju and transition functions fg g 2> . Suppose! has local connection

61
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forms fA g 2 . Then the curvature form F, corresponds to the family
Fa 2 2(U ;g) given by

Fa =dA +1[A A (7.4)

Notation. We will often denote the connection byA = fA g >, and in
that case identify the curvature form with the collection Fo = fFa g 2
given by (7.4).

For the proof of Theorem 7.2 we need a few preparations. Firshote
that given A 2 g there is an associated vector eldA on E de ned by
A, = W (A), x 2 E. Here as usualvy is the di erential of the map G! E
given by g7 xg, g2 G. Notice that for A;B 2 g we have

[A;B] =[A ;B [ (7.5)

To see this we observe that it is enough to show (7.5) locallyand hence we
can assume thatE is a product bundleE =M G.If 1M G! M
and ,:M G! G are the two projections then for A 2 g, the vector eld
A is the unigue vector eld on E which is ;-related to the zero vector
eld on M and is -related to the left invariant vector eld & on G. Since
[A;BT=[R B]for A;B 2 git follows that [A ;B ]is again ;-related to
zero and ,-related to [A; BT, hence (7.5) follows.

Next we observe that the vector eld A generates al-parameter group
of di eomorphisms of E given byt 77 Rg,, t 2 R, with g = exp(tA). That
is, we claim that for eachx 2 E, the curvet ?  xg¢, t 2 R, is an integral
curve for the vector eld A , i.e. it satis es the di erential equation

@ .

@{?gt (x) = ARgt(X). (7.6)
For t = 0 this follows from the de nition of A and hence we have foit
arbitrary:

@ @ e | |
@Egt (x) = @SRgs+t(X)JS:0 = @ggs(Rgt (x))js=0 = ARgt(x)'

We now have the following lemma.
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Lemma 7.3. Let Y be a dierentiable vector eld on E and letA 2 g as
above. Then

. Yy Y2
[A Y] = !,moxix

where Y,& = (Rg,) (YRg 1x)) 2 TxE.

Proof. (For a more general result see e.g. [S, ch.V, Thm. 10] or [W, Ripo-
sition 2.25 (b)].)

SinceE is locally trivial we can take E = U G whereU M has a
local coordinate system(x';:::;x"). Also choose a basi#\1;:::; Ay for g.
Then every vector eld Y on E has the form

x @ X
Y = a— + bA,
i=1 @X j=1 :

where a;b 2 C! (E). Also, since A is constant in the x'-direction we

X @ Xk _ _
[A:Y]= A (a')@(+ (A (B)A; + B[AA]): (7.7)

i=1 j=1

On the other hand

Yo o Y= X @) al(xg, 1))2 +
T @x
X ‘
+ (BOOA () B(xg, HA; (X)) +
1

j=

+ (B (xgy DA () B (xg HRg, A (xg 1))

j=1
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Hence, using (7.6), we have

N 2 L@ X _
t!“mof = . Ax(a)@"' o A (0)A; (x) +

(7.8)

X( j H 1 1Y) -
+ b (x) t!lm0 ¥(Ai (x)  Rg Aj(xg; )):
i=1 '

Here
Ro A (xg, 1) = v (Ad(g, 1)(A));
hence
Jim TA ) Ry A (0 ) = wi(B))
with
B = fim (A Ad(g (A) = ad( A)NA)= AL

Inserting this in (7.8) and comparing with (7.7) we obtain th e formula in
Lemma 7.3 O

Proof of Theorem 7.2. First notice that (1) follows from (2). In fact, as
in the proof of Lemma 6.2,! yc = 5!, Where! o is the Maurer-Cartan
connection on the bundleG! pt, thatis, F,,. = ,Fi,. Butif F,is
horizontal then it is clearly 0, and hence alsoF, . =0.

(2) Since! is Ad-equivariant also F, = d! + %[!;! ] is Ad-equivariant.
We shall just show that it is horizontal, that is, for X;Y 2 T4xE we must
show that if X is vertical then

(d)Xy)= 2[5 16Y): (7.9)
Since

[0 ICGY) =Xt [ECY) (X1 =20 (X);t (Y)]
(7.9) is equivalent to

(dD)XY) = [F(X); (YD (7.10)
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We have two cases: (1)Y is vertical; (2) Y is horizontal.
Case (1).Y is vertical. To show (7.10) for X and Y vertical we now
take X = A, Y = B, for A;B 2 g and compute using (5.1):
(d)A;B)=A(C®B) B(IMA) !(A;B]

A (B) B (A) !'(AB])

[A;B]

[ (A)! (B )]
which is (7.10) in this case.

Case (2).Y is horizontal. Again we take X = A, for A the vector
eld associated to A 2 g as above. Also we extendY to a vector eld
of horizontal vectors (also denoted byY). This is possible since for an
arbitrary vector eld Z on E extending Y the vector eld de ned by

(7.11)

Yy=2Zy vy y(Zy); y2E

is horizontal. For the proof of (7.10) we thus have to prove fo A 2 g and
Y a horizontal vector eld:

(d')(A ;Y)=0: (7.12)
Since! (A )= A is constant and since! (Y) =0 we get using (5.1):

(d)(A;Y) = T([AYD: (7.13)

SinceY is horizontal we get
L) = (Ry,! )(YRgxl(x)) =Ad(g b ! (YRgll(x)) =0:

Hence

Ot
LA YD) = fim % - 0;

and by (7.13) we conclude

(d')(A ;Y)=0



7 The Curvature Form 66

which proves (7.12) and hence (7.10) in case (2). This nishe the proof of
Theorem 7.2 (2) and hence also of (1).

(3) Let us dierentiate the equation (7.1):
0= i[5! 1+ ip;d 1+ dF
[dl:1 ]+ dF, (7.14)
S L] IR 1+ dFy

where we have used (5.2) and (7.1). But
! Lr1=o0 (7.15)
since
[ ErIXy;2)
=[5V ICGY ) E@] (5 IGZ)t ()] +
+ 50 10Y;2)3 (X))
=2([[' X))t (WML I (X);E@)I (Y)] +
+ I (Y) (@I (XD
=0;
by the Jacobi identity. By (7.14) and (7.15) we clearly have goved (7.3).
(4) This follows directly from (7.1) O

Remark. Let X andY be two horizontal vector elds on E. Then by (7.1)
we get

Fr(Xy)= 1t(IXy): (7.16)

Remark. Suppose(f; f):(E% M9 1  (E; ;M ) is bundle map and!

is a connection in E with curvature form F,. Then f ! is a connection
in E®with curvature form f F, . In particular if ' :E°! E is a bundle
isomorphism and! connection inE then! ="' | has curvature F," =

B T

De nition 7.4. A connection! in a principal G-bundle is called at if
the curvature form vanishes identically, that is if F, 0.
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Theorem 7.5. Let (E; ;M ) be a principal G-bundle with connection! .
Then! is atif and only if around every pointin M there is a neighborhood
U with a trivialization ' :  (U)! U G such that! restricted to Ejy is
induced by the Maurer-Cartan connection inU G, thatis ! jg;, ="' !mc.

Proof. (( ) This follows clearly from Theorem 7.2 and the above remark.

() ) AssumeF, O0.Forx2 EletHy TE be the subspace of horizontal
vectors, that is Hx = ker ! , x 2 E. This de nes a distribution which is
integrable; in fact, if X;Y are horizontal vector elds then by (7.16) we
have

0=F (X;Y)= 1(IX;Y]

so that [X;Y ] is again a horizontal vector eld. By the Frobenius Integra-
bility Theorem there is a foliation F = fF g », of E such that for each
X 2 E Hy is the tangent space to the leaf throughx. For g 2 G the di eo-
morphismRy:E! E satises Ry Hy = Hyg, 8x 2 E, by Proposition 6.4;
hence Ry maps the leaf through x di eomorphically to the leaf through
xg. Now x p2 M, x 2 (p) and let F E be the leaf through x.
SinceTyF = Hyand :Hy! TpM is anisomorphism we can apply the
Inverse Function Theorem and we can choose neighborhoods$ of p and
V F ofxsuchthat :V! U isadieomorphism. The inverse mapping
ssul v 1(U) de nes a di erentiable section in the bundle Ejy and
hence a trivializaton' = 1. U)! U G whose inverse is de ned
by (g;9 = s(g)g, g2 U, g2 G. The fact that ' is di erentiable follows
from the Inverse Function Theorem. Now let! ? be the connection inEjy
induced by the Maurer-Cartan connection inU G, thatis ! ="' | yc.
By the remark following Proposition 6.4 the horizontal vector space at a
point of the form yg,y2 V,g2 G is

(Rg) (Ty(V)) = (Rg) Hy = Hyg

which is also the horizontal vector space forl . Hence! jg;, and ! ° have
the same horizontal subspaces and therefore they agree. O

Corollary 7.6. Let (E; ;M ) be a principal G-bundle. Then the following
are equivalent:

(1) E has a at connection.
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(2) There is an open coveringfU g , and trivializations f' g o such
that all transition functions g :U \ U ! G are constant.

Proof. (2)) (1). Sinceg s constantg ! = 0. Hence the collection
fA 2 U9 jA 0; 2 g satises (6.7), and thus de nes a
connection! in E by Corollary 6.9. For this F; = 0 by Theorem 7.2 d)
since clearlyFp, =0,8 2

(1)) (2). By Theorem 7.5 we can choose a coverinfl g » and trivial-
izationsf' g 2 of M such that the given at connection ! restricted to
Eju is induced by the Maurer-Cartan connection,! y¢c inU G, 2
Furthermore we can arrange that all intersections are conneted (e.g. by
choosing a Riemannian metric oM and choosing allU to be geodesically
convex sets). Now by construction the local connection formfA g , for
! are all zero, hence by Corollary 6.9 we havg !, =0o0onU \ U where
I o is the Maurer-Cartan form on G. It followsthat g :U \ U ! G has
zero di erential and since U \ U is connectedg is constant. O

Exercise 7.7. Let (E; ;M ) be a principal G-bundle and letfU g , be
an open covering ofM with trivializations f' g , and transition func-
tionsfg g. » .Let':E! E be agauge transformation corresponding
to the family of dierentiable maps :U ! G satisfying (6.14). Let !
be a connection inE with local connection formsfA g » .

(1) Show that the curvature form F,  for the connection! ="' ! is
given locally by
Fa =Ad( 1) Fa; forall 2

whereF, is given locally by fFa g 2 .

(2) Let H G be a Lie subgroup with Lie algebrah g. Show that if
there is a reduction ofE and! to H then F, satis es the following: For
all x 2 E there is ag 2 G such that Ad(g)(h) contains the setfF, (X;Y ) j
X;Y 2 TxEag.

(3) The connection is calledirreducible if for all x 2 E, g is generated as
a Lie algebra by the setfF, (X;Y )| X;Y 2 T«Eg, i.e., is spanned by all
iterated Lie brackets of such elements. Show, that ifG is connected,! is
irreducible and if ' :E! E is a gauge transformation given byf g »
as above then! " =1 ifandonly if (p) 2 Z(G), forall p2 U ; 2
where Z(G) is the center of G.



8 Linear Connections

Let us study in particular the case whereG = GL( n; R). As usual the Lie
algebra isM (n; R), the set ofn  n real matrices with Lie bracket

[A;B]= AB BA; A;B 2 M(n;R); (8.1)
and the adjoint representation

Ad(g)(A) = gAg *; A2 M(n;R); g2 GL(n; R): (8.2)

Now consider ann-dimensional vector bundleV on a manifold M and
let E = F(V) be the frame bundle. A connection in this is therefore a
1-form ! 2 1(E;M (n)), ie. a matrix of ordinary 1-forms

3
in

2,
!:25 ;Ez); Ly 2 NME):
I

"1 20 o

Matrix multiplication de nes a linear map
M(n) M(n)! M(n)
sendingA B 71 AB, and this induces a map
2E;M(n) M(n)! 2(E;M (n)):

The image of! ~ I by this is also denoted! " ! ; that is,

(CADGY) =1 Y) P (X) (8.3)
and the components are given by
X
(A = Lk M1y (8.4)

k

69
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It follows from (8.1) and (8.3) that
[0 IOGY ) =2[E (X)) P () =20 ~ )X Y);

IR ERET (8:5)
Hence the structural equation (7.1) becomes
dl = 1AL +F; (8.6)
where F, is a matrix of 2-forms onE, i.e.,
2F11 T F1n3
Fi =2 : : Ez); Fi 2 2(E):
Fni it Fnn

Given a coveringfU g >, and local trivializations of V we get correspond-
ing local trivializations for E, and hence for each the local connection
form A 2 (U ;M (n)) is just a matrix of one forms as in (1.4) and the
corresponding curvature form

FA =A "A +dA
is just the formula (1.7). We shall now interprete the connedion and cur-

vature in terms of a di erential operator on the bundle V.

First observe that there is a natural isomorphism ofV with the vector
bundle Er» associated with E via , the identity representation (cf. 3.10
and the remark following Corollary 6.13). This gives anothe interpretation
of ¥M;V):

Lemma 8.1. Let!~2 X(E;R") be a horizontal and -equivariant k-form
Then!~ de nes for eachp 2 M ak-linear map ! ,: T,M ToM TV,

Proof. Let :E! M be the projection in the frame bundle for V and
for p 2 M choosex 2 E with (x) = p. For Xy;:::; Xk 2 TpM choose

Po(Xgpii; Xi) = X T OR 150015 ) (8.7)
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where we recall thatx 2 Iso(R";V,). This is well-de ned since!} is hor-

Xg(Fxg (Rg X 1,115 Ry k) = xg(RYH)(K ;1125 )
= xg(g 108111 ))
= X(-0€1;:::€10):
We leave it to the reader to check di erentiability. O
Remark. Conversely if! ,: TpM T,M !V, sati es the conditions

of the lemma then* de ned by (8.7) de nes a horizontal and -equivariant
k-form on E. Hence X(M;V) is the set of such! 's.

Now suppose! 2 1(E;M (n)) is a connection. We shall construct a
di erential operator called the covariant derivative

r: (M;V)! M:V): (8.8)

For this considers 2 ( M;V) and let stE! R" be the corresponding
-equivariant map. Then we de ng©(s) 2 1(E;R") by the formula

re(s)=ds+!s; (8.9)

where the multiplikation is the usual matrix multiplikatio n of the matrix
I and the column vectors.

Proposition 8.2. For s 2 ( M;V) corresponding to the -equivariant
maps.E! R", the I-formr€(s) 2 I(E;R") is also -equivariant and
horizontal, hence de nes a formr (s) 2 *(M;V).

Proof. Let us rst show -equivariance:

RE€(s) = Ryds+ Ry(! )(s Ry)

dis Rg)+ (Ad(g ') !)(s Rg)

dig *s)+ (g 'l9)g 's
=g lds+glls
=g re(s):
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Next let us show thatr € (s) is horizontal. For this we rst show that for
X 2 E we have

(ds)(vwA) = As; A2 M(n): (8.10)

In fact (ds) vy is the dierential of the map G! E sendingg to s(xg) =
g !s(x), hence (8.10) follows from the fact that the di erentialof g7 g !
is given by multiplication by 1. It follows that for A 2 M (n) we have

r€(s)(vA) = (ds)(vA) + ! x(vxA)s(X)
=  As(x) + As(x)
=0;
which proves the proposition. O

Notation. By Lemma 8.1,r (s) gives us for eactp 2 M alinear mapr (s)p:
To,M! V. For X 2 T,M we shall write

rx(s)=r(s)(X)2V, (8.11)
and this is called the covariant derivative of s in the direction X.
Proposition 8.3. The covariant derivative sati es
(1) 1 x+v(S)=T1 x(S)*+ 1 v(S)
() rx(s+s)=rx()+rx(s9)
@) rx((s=rx(s)= rx(s
(4) rx(fs)=X(f)s+ f(p)r x(s)
forall X;Y 2 T,M,s2 (M;V), 2Randf 2C! (M).

Exercise 8.4. Prove Proposition 8.3.

Next let us express the curvature form of the connectior on the frame
bundle E in terms of the covariant derivative r . First let us introduce the
notation

End(V) = Ey (n) (8.12)

for the vector bundle associated with the adjoint represenation (8.2) of
GL(n; R) on M (n). This is justi ed by the following lemma.
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Lemma 85. There is a1l 1 correspondence between horizontald-
equivariant k-forms € 2 K(E;M (n)) and families of k-linear maps

0: TpM T,M ! End(V),

a sections 2 ( M;V) give rise to another di erentiable section ( Xq;:::,
Xk)(s) given by

Xg; 0 Xk )P = p(Xa(p)sii Xw(p)(s(p) (8.13)

¥i=X;,i=1;:::;k, € and s related by
p(X1 i X)) = x 00K x (8.14)
wherex 2 E, = Iso(R"; Vp). O
Proposition 8.6. Let B, 2 2(E;M (n)) be the curvature form for the
connection! and letF, 2 2(M; End(V)) be the corresponding2-form as

in Lemma 8.5. Let r denote the covariant derivation associated td . Then
for X;Y dierentiable vector elds on M and s a section of V we have

FEOGYXs)=(rxry rovrx 1 xy)(S): (8.15)

Proof. Since it is enough to prove (8.15) locally we can assum¥ and
henceE to be trivial; hence we can choos® and ¥ onE = M  GL(n;R)
such that ¥ respectively ¥ are -related to X respectively Y (that is

¥, = X xyand ¥, = Y (), 8 2 E). Also, as in the proof of
Theorem 7.2 we can assum3€ and ¥ to be horizontal. Furthermore for
s2 (M;V)lets:E! R" be the corresponding -equivariant function.
Then by (8.14) and (7.16) we have for (x) = p:

Fi (Xp: Yp)(s(p) = x B, 08x; ¥x) x *(s(p))
x (D€ FL)(s(x):
On the other hand by (8.7) r x,(s) = x r€(s)(¥), and hence

(8.16)

My, (rx,) = x r€(€ (s)(%))(¥x):
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Therefore (8.15) is equivalent to
L(D& ¥FI)(s) =r(€ (s)(¥)OF) reqe (s)0%))(¥)
re(s)(Pe ¥1);

where we have used thaf, ¥]is -related to [X;Y ]. But since¥ and ¥
are horizontal we have

e (s(€))(¥) = d(d(s)))(¥) = ¥0€(s));

and similarly for ¥ and ¥ interchanged. Hence the right hand side of (8.17)
becomes

X(¥(s) F¥OK(s) D€ Fis) ! (& FD(s)= ! (K ¥I)(s);

(8.17)

which was to be proved. O

Next let us express interms of local trivializations. SupposefU g »

is a covering ofM with local trivializations f :Vjy ! U R", and as-
sociated transition functionsg :U \ U ! GL(n;R). Then there is a
1 1 correspondence between sections of V and families fs g » of
di erentiable functions s :U ! R", satisfying for ; 2

sM=9 s (p); p2U \ U: (8.18)
In fact s and fs g are related by

fs(p) = (p;s (p); p2U : (8.19)
Now fg g 2 are also transition functions for the frame bundle E =
F (V) corresponding to the local trivializationsf' = f g , correspond-

ingto ff g » ,asin(2.1). In the notation of Proposition 6.11 we have the
following proposition.

Proposition 8.7. Let s 2 ( M;V) correspond to the family fs g »
as above, thenr (s) 2 %(M;V) corresponds to the family of 1-forms
fr (s )g 2 given by

r(s)=ds +A s (8.20)

wherefA g , are the local connection forms for! dening r .
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Proof. Notice thatfor 2 the trivializations ' :Ejy ! U GL(n;R)
corresponding tof has the inverse de ned by' *(p;g) = (f )b ! g.and
hence the section :U ! Ejy used in Proposition 6.11 is given by

(P =" *pid) = (f )p*21s0(R"; V) = Ep:

For s 2 ( M;V) the coresponding -equivariant function s:E! R" is
relatedtofs g o by

S =8

and hence the locall-form r (s ) corresponding to the horizontal -equi-
variant 1-form is given by

r(s)=( )«(e(s)
= (ds+!5s)
=ds )+( !')Ns )
=d(s)+ A s ;
whereA = | by the proof of Corollary 6.9. O

Exercise 8.8. Let G be an arbitrary Lie group and :G! GL(n;R) a
representation. Let (E; ;M ) be a principal G-bundle. and let V be the
associated vector bundle. Let! be a connection inE.

(1) Show that the frame bundle of V is the extension ofE to GL(n; R) via
, and conclude that! has a unique extensiori to F(V), cf. Exercise 6.18.

(2) Now choose acoverindU g » of M and local trivializations of E and
hence alsd/ and F (V). Show that the covariant derivative r corresponding
to ! s given in terms of the local trivializations by

r(s)=ds + (A)s (8.21)

where! correspondstof A 2 (U ;g)g, :g! M (n)is the dierential
of ,andfs g » denes asectioninV.

Again return to the case of a vector bundleV on M, E = F(V) the
frame bundle and letr be the covariant derivative.
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De nition 8.9. A sections2 ( M;V) is called parallel if r x (s) =0 for
all tangent vectors X 2 ToM and for allp2 M.

In the notation of Proposition 8.7 we have the following cordlary.

Corollary 8.10. Let s 2 ( M;V) correspond tofs :U ! R"g > .
Then s is parallel if and only if

ds = A s; 2 (8.22)

That is, locally a parallel section satis es a di erential system as in
(1.4).
Proposition 8.11. The following are equivalent:
(1) Every point of M has a neighborhoodJ and parallel sections 1;:::,

( U;V) de ning a local frame for Vjy gives a trivialization of

Viu;f:Vjy! U R";

such that

fi=(pa); =10
wherefe;;:::;e,gis the canonical basis forR". Hence by (8.20)r ( ;) is
given in terms of this trivialization by r ( i) = Aej, where A is the local
connection form for! . It follows that ;;:::; , are parallel if and only if

A =0, thatis, ! jgj, is induced by the Maurer-Cartan connection via the
trivalization (2.1) of Ejy corresponding tof . The proposition now follows
from Theorem 7.2 (1). O

Exercise 8.12. We consider theGL(k; R)-bundle (W« ; nk ; Gk(R")), for
k n, and we considetW (n;k) M (n;k) = R as the open set olh  k
matrices X of rank k (cf. exercise 4.8).

(1) Show that the 1-form
= (X'X) XWX 2 H(Whi ;M (K); (8.23)
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gives a connection in the above bundle.
(2) Show that the curvature form is given by

Fro= (XIX) fdXtAdX  (XIX) Xt~ X (X'X) IXtdX:
(8.24)

(3) Show that the restriction of ! to the Stiefel manifold Vo.x ~ Whk iS
given by

I = X'dX (8.25)
and that this de nes a reduction to the O(k)-bundle (Vn.k; nk; Gk(R™))
with curvature form

Fi = dX'AdxX  dX'A XX 'dX

8.26
= dXtAdX + XtdX A XtdX: (8.26)

(4) For k =1 the connection! in the R -bundle (R" nf0g; ; RP" 1) is
given by

= —dx; x 2 R" nfOg:

Show that this connection is at, ie. F; = 0, and conclude that the real
Hopf-bundle locally has a non-vanishing parallel sectionNotice that this
does not exist globally by Corollary 2.24.






9 The Chern-Well
Homomorphism

We can now associate to a principalG-bundle (E; ;M ) with a connection

I some closed di erential forms onM , and as we shall see, the correspond-
ing classes in de Rham cohomology do not depend dn but only on the
isomorphism class of theG-bundle.

First some linear algebra: LetV be a nite dimensional real vector
space. Fork 1 let SK(V ) denote the vector space obymmetric k-linear
functions

P:V VvV i VI R
We shall identify P with with the corresponding linear map
P:V VvV = VI R

which is invariant under the action of the symmetric group ading on V
V i V. Thatis

P(v, it v )=P(vi i1 w)
for every permutation of 1;:::; k. We also have a product
#:8K(v ) s'(v)r skiv)

de ned by

1 X (9.1)

79
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where runs over all permutations of 1;:::;k+ |. We also putS°(V ) = R
and then

M
S(V)= sk )
k=0

becomes a commutative ring with unit12 R = S°(V ). The associativity
can be shown directly from (9.1), but it also follows from the proposition

by
B(x1;::5:%Xn) = P(v;ii:;v); V= Xi € (9.2)

for P 2 SK(V ). We then have

Proposition 9.1. (1) The mappingP 7@ B is an isomorphism of vector
spaces

SK(V ) = R[xq::: 1 xn ] (9.3)
(2) (P# Q) = B®, hence (9.3) gives an isomorphism of rings
S(V) F R[xi::ixnl

Proof. (2) Clearly follows from (9.1) and (1).

(1) We rstshow injectivity. For this notice that the coe ci entto xif Xin
is a positive multiple of
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Hence by the multi-linearity of P,

is the full polynomial ring. O

Remark. We have thus shown thatP 2 Sk(V ) is determined by the func-

choice of basid e;;:::;eygfor V gives an identi cation of the ring of poly-
nomial functions with the usual polynomial ring in n variables. The inverse
operation which to a polynomial function B associates a symmetric multi-
linear map P is often called polarization.

We now let V = g be the Lie algebra of a Lie groupG. Then the
adjoint representation of G on the Lie algebrag induces an action ofG on
Sk(g ) for every k:

De nition 9.2. (1) P 2 SX(g) is calledinvariant if gP = P, 892 G.

(2) The set of invariant elements in S (g ) is denoted| (G) and P 2
I X(G) is called aninvariant polynomial (although it is a k-linear function).

L
Remark. | (G)= |, IX(G) is a subring of S (g ).

We now return to the situation of a principal G-bundle (E; ;M ) with
connection! . Let F, 2 2(E;g) be the associated curvature form. For
k 1 we have

FK=F ~:rF 2 2(E;g 0 9 (9.4)
and sinceP 2 1X(G) de nes a linear map

P:g ::: g R
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we obtain a 2k-form P(FX) 2 2k(E). SinceF, is Ad-equivariant and hor-

izontal (by Theorem 7.2) and sinceP is invariant, it follows that P (Ff) is

invariant and horizontal i.e. a basic 2k-form. Hence by Corollary 6.13 there

is a unique 2k-form on M which pulls back to P(FX) by : 2K(M)!
ZK(E).

Notation. The form on M corresponding to P(FX) 2 2¢(E) is also de-
noted by P(FX), and is called the characteristic form corresponding to
P.

Remark. In the notation of Theorem 7.2 the characteristic form is given
inU by P(Ff )2 2(U )whereA=fA g, arethe local connection

forms. In these terms we shall writeP(FX) 2 2K(M) for the globally
de ned characteristic form.

Proposition 9.3.
(1) P(FX) 2 2(M) is a closed form, that is,d(P(F¥)) = 0.
(2) For P2 1¥(G) and Q 2 I'(G) we have

P# Q(Ff*") = P(FI) " Q(F)):
(3) Consider a bundle map(f;f ):

f
EO—— E

|

MO—— M

Then for ! a connection in E and! 2= ff | the induced connection
in E%we have

P(FX%) = (P(F9):

Proof. (1) Since : X(M)! K(E) is injective it su ces to prove that
d(P(FX))=0 in X(E). By Bianchi's identity we get

d(P(Ff)) = kP(dF, ~FX 1) = kP(F, ;! ]*FX ) (9.5)
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using the symmetry of P. But since the form in (9.5) is horizontal it is
enough to show that it vanishes on sets of horizontal vectorsBut this is
obvious since[F, ;! ] vanishes on sets of horizontal vectors.

(2) For a permutation of 1;:::;k + | let T denote the endomorphism
of g k*! given by

TXe 0 Xee) =X @ 00 Xy Xt X 2.0
Then by (5.2)
F!k+| = T F!k+| = T (F!k N F!I)

sinceF, has degree two. Hence by (9.1)

1 X
(P # QFf") = K+ D! P Q T (F
1 X
=Gan  PEONQED)

P(F) " Q(F/):
(3) SinceF,o=1f (F,) we clearly have in (E9:
P(Ff) =ff P(Ff):
Hence the statement follows from the injectivity of
0. &MY H(ED:
O

Remark. In particular if ' :E®!  E is a bundle isomorphism and! is a

connection inE thenfor!* ="' (1) we have
P(F!k‘ ) = P(F!k)

It follows that gauge equivalent connections have the sameharacteristic
forms.
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De nition 9.4.  Let (E; ;M ) be a principal G-bundle with connection! .
For P 2 IX(G) let

W(E;P) = [P(FF)I2 H*( (M) = HEE(M)
denote the cohomology class oP (F ).

Notation. The mapping w(E; ):1¥(G)! H?(M) is called the Chern-
Weil homomorphism It is often just denoted by w( ) if the bundle E is
clear from the context. For P 2 1¥(G), w(E;P) 2 H3k(M) is called the
characteristic class for E corresponding toP.

Theorem 9.5. (1) The cohomology classw(E;P) 2 H2X(M) does not
depend on the connectiorl , and depends only on the isomorphism class of
E.

(2) w(E; ) (G)s;#)! (Hgr(M);") is a ring homomorphism.
(3) For a bundle map

Eo— ' S E
f
MO———M
we havew(E%P) = f w(E;P).

For the proof we need the following version of the Poincaré Lema
which we will state without proof.

Let h: (M R)! Kk 1(M) be the operator de ned as follows: For
12 KM R),k 1lwrite! =ds® + ,wheresis the variable in R,
and put
z 1
h(l1) = : and h(!)=0; for ' 2 %M R):
s=0

Lemma 9.6. Letig;i;:M ! M R be the inclusionsio(p) = ( p;0),
i1(p)=(p;1), p2 M. Then

dh(! )+ h(d!') =iy! gy for 12 (M R):
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Proof of Theorem 9.5. We only have to show that [P (F*)] is independent
of the choice of connection. Then the remaining statementsdilow from
Proposition 9.3.

Let I o and! ; be the two connections inE and consider the principal

bundle (E R; id;M R). This has connection~ 2 YE R;gQ)
de ned by

Mxs) = (L 8)lox + 8! ax; (x;s) 2 E R:
This is a connection by Proposition 6.5, and clearlyi {(~)=1 , =0;1.
Hence

i (Fe)=F ; =0;1

and we obtain from Lemma 9.6:
dh(P(F{) = i,P(RY) ioP(RY)
X 1 k.. 0 ) [k (96)
= P(F") P(F!O);

sinced(P (F¥)) = 0 by Proposition 9.3. Hence by (9.6)P (F,) and P(F, ,)
represent the same cohomology class in the de Rham complex. O

Motivated by Theorem 9.5 let us introduce the following:

De nition 9.7. A characteristic classc (with R coe cients) for a principal
G-bundle associates to every principalG-bundle (E; ;M ) a cohomology
classc(E) 2 Hyg (M) such that for any bundle map (f;f ):(E% %M 9!
(E; ;M ) we have

c(E9) =f (c(E)):
If ¢(E) 2 Hiz (M) then cis said to have degred.

Remark. The set of characteristic classes (withR coe cients) is a ring
denotedH g (or Hg(R)).

Corollary 9.8. Let P 2 1X(G). Then E 7 w(E;P) de nes a character-
istic classw( ;P)= w(P).

One can prove the following theorem:
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Theorem 9.9 (H. Cartan). Let G be a compact Lie group. Then
w:l (G)!  Hg
is an isomorphism.

Remark. (1) Theorem 9.9 also determines the ring of characteristic lasses
in the caseG is an arbitrary Lie group with nitely many connected com-
ponents. In that case there is a maximal compact subgrougK G and
one shows that the inclusion gives an isomorphisntH g = H, .

(2) We can also de ne the ring of complex valuedG-invariant polynomials
on the Lie algebrag, using multi-linear functions (over R) P: g g!

C. The ring of these is denotedl -(G). The constructions in this chapter go
through and we can thus de ne a Chern-Weil homomorphism for(E; ;M )
a G-bundle with connection

wc(E; ):1c(G)! H( (M;C)) =Hg(M;C):

Finally let us consider the behaviour of the Chern-Weil homanorphism
in connection with extensions and reductions. For simplicly we restrict to
the case whereH G is the inclusion of a Lie subgroup andh g the
corresponding inclusion of Lie algebras. Le{(E; ;M ) be a principal G-
bundle, and supposeF E is a submanifold, so that (F; jr;M) is a
principal H-bundle. Then F is a reduction of E to H (cf. Chapter 4). The
following lemma is a special case of Exercise 6.18.

Lemma 9.10. If ! ¢ 2 I(F;h) is a connection in F then there is a unique
connection! g 2 Y(E;g), such that! gjr = ! ¢.

Proof. Let fU g » be a covering ofM with trivializations of Fjy !

U  H with transition functions fh g,h :U \U! H.Thenfh ¢
is also a set of transition functions forE. The form ! ¢ is determined by
fAg, ,A 2 (U;g suchthat A =Ad(h ') A +h !} Since

h mapstoH Gand!g, =!§ wehaveh !f =h !§. Hence
fA 2 (U ;g)g determines a unique connection orE by Corollary 6.9

O

The proof of the following proposition is straight-forward and is left
as an exercise.
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Proposition 9.11. Let (E; ;M ) be aG-bundle with a reduction(F; jg;
M) and suppose 2 I(E;q) is induced from a connection! ¢ 2 1(F;h)
as above. Then forP 2 | X(G) we have

P(FF.)=P(FX) in  *M):

In particular we have the following commutative diagram

I (G) —=51 (H)

w(E; x \/W(F; )

Hor (M)

where res denotes the restriction map of polynomials on the Lie algebrag
to the Lie algebrah.






10 Examples of Invariant
Polynomials and
Characteristic Classes

We now give some examples of invariant polynomials for somelassical
groups. In all cases we shall exhibit the polynomial functimv 7 P(v;::,
v), v 2 g for eachP 2 I K(G).

Example 10.1. G = GL( n; R). The Lie algebraisg= M (n; R), the set of
n n real matrices with Lie bracket

[A;B]= AB BA; A;B 2 M(n;R);
and the adjoint representation
Ad(g)(A)=gAg i  A2M(n;R); g2 GL(N;R):

For k a positive integer we letP,-, denote the homogeneous polynomial of
degreek which is the coe cient of " X for the polynomial in  given by

1 X
det | 2—A = Peo(Ar:::A) MK A2 M(n;R):
k=0

The polynomial Py-,, called the k=2-th Pontrjagin polynomial, is clearly
Ad-invariant. For (E; ;M ) a principal GL(n; R)-bundle

Pr=2(E) = W(E; Py=2) 2 HZK (M)

is called the Pontrjagin class for E. For V an n-dimensional real vector
bundle on M we write

Pr=2(V) = P=2(F (V)

where F (V) is the frame bundle.
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Example 10.2. G =0(n) GL(n;R) the orthogonal group af matrices
g satisfying g'g= 1. The Lie algebra iso(n) M (n; R) of skew-symmetric
matrices, i.e.

on)=fA2M(n;R)jA+ A' =0g¢: (10.2)
hence, by transposing
det | + ZiA =det | ziA ; A 2 o(n):

and it follows that the restriction of P,-, to o(n) vanishes fork odd. We

that since every vector bundle can be given a Riemannian meic it fol-
lows that the frame bundle has a reduction toO(n). Therefore also for any
GL(n; R)-bundle E we havep,-,(E) = 0 for k odd, although the represent-
ing characteristic form is not necessarily equal to zero.

Example 10.3. G =S0O(2m) O(2m), the subgroup of orthogonal ma-
trices satisfying det(g) = 1. The Lie algebra is so(2m) = o(2m) given
by (10.1). Hence the Pontrjagin polynomials

P 212(sSO(2m));1=0;1;:::;m

are also invariant polynomials in this case. But there is anther homoge-
neous polynomial Pf called the Pfa an polynomial of degree m given

by

1 X (10.2)

= 22m My (sgndaiz2a34 apem 1 @m);

where runs through the set of permutations of 1;:::2m, and whereA =
(aj) saties a; = g .
Let us show that Pf is Ad-invariant: Let g=(g; ) 2 O(2m) and put
gAg ' = gAg' = A%= (a])

that is
X

g = Ok 1 8k1k2 Gik 2 -
ki1kz
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Then for Pf0=22m mmIPf we have

X X
= A1 ko Aom  1kom Sgr( )g 1k g @m)kam -

In this sum the coe cientto ayx,k, @,, ik.m IS just the determinant of

X
=det(gj) sgn()ai12 apem 1 @m

That is
Pf(A%:::: A9 = det(g) Pf(A;:::A) (10.3)

for all A 2 o(2m), g 2 O(2m). In particular Pf is an invariant polynomial
for SO(2m), but it is not an invariant polynomial for O(2m) since

Pf(A%:::: A9 = Pf(A;:::A)
if det(g) = 1.
For an SO(2m)-bundle (E; ;M ) the characteristic class

e(E) = w(E; Pf) 2 H3 (M) (10.4)

is called the Euler classfor E. If E is the reduction to SO(2m) of the frame

bundle of an oriented vector bundleV on M then e(V) = e(E) is called the

Euler class ofV. One can show that for a compact oriented Riemannian

manifold of dimension2m the Euler-Poincaré characteristic (M) satis es
Z

(M) = he(TM);[M]i = Pf(F™); (10.5)
M

where TM is the tangent bundle of M and ! is the connection for the
reduction to SO(2m) of the orthogonal frame bundle of TM determined
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by the orientation. (Usually the connection is chosen to be he Levi-Civita
connection). The formula (10.5) is the higher-dimensionalGauss-Bonnet
Theorem.

Example 10.4. G = GL( n;C). The Lie algebra is M (n; C), the set of
n n complex matrices. As in the remark at the end of chapter 9 we sall
consider the polynomials with complex valuesCy, k =0;1;:::;n, given as
the coe cients to " X in the polynomial in

X
det | %A = Ck(A;::A) MK A2 M(n;C);
(10.6)

with i = p_1. For (E; ;M ) a principal GL(n; C)-bundle we thus obtain
characteristic classes in de Rham cohomology

& (E) = W(E; Cx) 2 HE(M; C) (10.7)

where the di erential forms have complex values. The polynanials Cy are
called the Chern polynomials and the classes in (10.7) are called th€hern
classesof E. Again for V a complex vector bundle overM we have an asso-
ciated frame bundle of complex framed- (V) which is a principal GL(n; C)-
bundle and we de ne

& (V) = a(F(V))

the Chern classes of a complex vector bundl¥ . Notice that the restriction
of Cx to M (n; R) satis es

iKC(A; 1 A) = Prea(Ar 1111 A); A2 M(n;R):

Hence if we extend a principalGL(n; R)-bundle E to a principal GL(n; C)-
bundle E¢ then for k = 21 we have inH L (M; C):

( D'ca(Ec) = pi(E): (10.8)
Example 10.5. G =U(n) GL(n;C) the subgroup of unitary matrices,
ie. the complex matricesg satisfying gg' = | where g denotes the com-

plex conjugate ofg. The Lie algebra isu(n) M (n; C) of skew-Hermitian
matrices, ie.

un)=fA2M(n:C)jA+ A' =0g
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In particular we have for A 2 u(n)

1 1 ¢ - 1
det | —A =det | + —A = det | —A
2i 2i 2i

mial on u(n). For (E; ;M ) a U(n)-bundle the Chern classes are therefore
real cohomology classes.

Since every complex vector bundle can be given a Hermitian ntec
it follows that any principal GL(n; C)-bundle has a reduction toU(n) and
hence all Chern classes for &L(n; C)-bundle are real cohomology classes.

Finally let us calculate the rst Chern class in a non-trivia | case.

Example 10.6. Consider the complex Hopf-bundle overCP": This is the
GL(1;C) = C -bundle (Hc; ; CP") with total space Hc = C"*! nf0g and
where is the natural projection map

Notice that the Lie algebra of C is just the abelian Lie algebraC so that
a connection inH¢ is a complex valued1-form on C"*! nf0g. We claim
that

z'd

jzj?
is a connection. That is, we must check (1) and (2) in the de nition of a
connection.

(1) For xed z 2 C"*! nfOg the map v,:C ! C"*! nf0g given by
V.( )=z satises
zdz(z ) _

iz

Pz vo( )=

sothatfor =1(v,!)1=d asrequired.
(2) For xed 2 C we have
5t -
R I = z_dz_2 -
1z ]
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as required sinceC is abelian.

Hence! is a connection. Again sinceC is abelian the curvature is
given by

Fo=d = jz%dz“\dnd iz A z'dz

which is also a basic form, i.e. the pullback of a form onCP". Now the
inclusion S2*1  C"*1 nfOg induces a di eomorphism S2"*1 =U(1) = CP"
and sincejzj? = 1 on S?"*1 we conclude that as a form onS2"*! =U(1) the
curvature is given by

F, = dz'» dz:
Notice also that
ﬁ! =dz&trdz = F

soF, takes on purely imaginary values. Finally F, is invariant under the
action of U(n +1) on CP" since

g F = (dz')g' » gdz= dz' ~ dz; g2 U(n+1):
In the notation of Example A15 F, = ilm F, now corresponds to theU(n)
invariant real alternating 2-form 2i dened on C" = spanfe;;:::;eng
since

dz' ~ dz(e;ier) =i (i) =2i

Now the rst Chern polynomial on gl(1;C) = C is given by
1

It follows that

ci(He) %dzt ~Ndz 2 H3(CPM)

1
= 2 AltZ(cM)Ym
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so in particular ¢;(Hc) 6 0. The constant in C;(A) is chosen such that for
n=1
z
a(F)= L (10.9)
cpt
In order to see this we rst observe that in the principal U(1)-bundle
:S%1 CP! we have
z z

I = Py 8z2 s®
2] jj=1
so that by Fubini's Theorem
z z
I MNE =2 i F
s? cpt

On the other hand ! * F, is aU(3)-invariant 3-form on S® whose value at
the tangent frame fieg; er;ie1g  Te, S% is

(! ~ Fi)(ieg;er;ieq) = (dzo ™ dzz ~ dzi)(ieo; e;ie1) = 2

Hence! " F, is 2 times the volume form on S® so that

2i Fi= 2vol(S®)= 4?2

which proves (10.9).






A Cohomology of
Homogeneous Spaces

In this section we show how to calculate de Rham cohomology afompact
homogeneous spaces. For notation see [D].

In the following G is a Lie group andH G is a closed Lie subgroup,
with Lie algebrasgand h g respectively. We shall study the homogeneous
manifold M = G=H with projection :G! M.

Proposition A1. (1) The following sequence of vector spaces

0 > h > g > Tey (G=H) ——— 0

is exact.

(2) Given h2 H we have the following commutative diagram.

0 > h > 0 > Ten (G=H) ——— 0
Ad( h)‘ lAd( h) th
0 s h s 0 > Ten (G=EH) ——— 0

Proof. (1) The dierentiable structure on G=H is de ned as follows: For
g=m handU, ma suitable neighborhood of0, the composite mapping

exp

Um G > G=H

is a di eomorphism onto an open neighborhood ofeH (see e.g. [D, Theo-
rem 9.43]. Consequently :m!  Tey (G=H) is an isomorphism, this shows
the claim.
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(2) Itisclearthat Ad(h) onhis the restriction of Ad(h) ong. The commu-
tativity of the square to the right follows from the followin g commutative
diagram

where h(x)= hxh *andLp(xH)= hxH. O

Remark. We see from the above proposition that induces an isomor-
phism

:g=h T Teq (G=H)

and that the isotropy representation of H on Tey (G=H), thatis, h 7 Ly ,
is identi ed with the adjoint representation on g=h.

Notation. For V a nite dimensional vector space let Altk(V), k 2 N,
denote the vector space of alternatingk-linear forms onV. ForH G as
above with Lie algebrash g let

Altk(g=h)"  Alt¥(g)

be the subspace consisting of 2 Alt¥(g) satisfying
(1) (vi;::5;w) =0 ifatleastonev; 2 h
(2)  (Ad(h)vy;::s; Ad(h)w) = (va;:ii;w) forallh2 H.

Finally for a manifold M let (M), k 2 N denote the vector space of
di erential forms of degree k on M. If M = G=H as above then

M) K (M);
denotes the subspace o6G-invariant forms, that is, forms ! satisfying
Lyt =! for all g2 G;

whereLy:M ! M is given by Lg(xH) = gxH, for all x 2 G.
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Proposition A2. LetH G andM = G=H as above.
(1) There is a natural isomorphism of vector spaces

KM)C £ AltX(g=h)":

(2) Furthermore is a chain map, where the di erential on the right hand
side is de ned by

2 AltX(g=h)";  vaiiiniviss 2 @

Proof. (1) Asbeforewelet :G! G=H be the canonical projection map
andlet! 2 ¥(M)® be aG-invariant form. We dene (!) by

(1)=( e2Alt*(g)

and we clearly have that (1) 2 Alt¥(g=h)" . Furthermore it is clear that
is injective because! 2 ¥(M )€ satis es

forall g2 G and vy;:::;v 2 Tgu M. For the surjectivity of let 2

Since 2 Alt*(g=h)" it easily follows that ! 44 is independent of the choice
of g2 G and of the choice of representatives fo(L ; 1) vi in g. To see that
I is di erentiable, we notice that because! by de nitionis G-invariant, it is
enough to show that! is di erentiable in a neighborhood of eH. But in this
neighborhood we can nd a local cross section, that is, a subemifold U G
with e2 U such that :U! (V) is a di eomorphism. Thus it is enough
to see that (! ) is di erentiable. For this we choose a basisf X1;:::; X0

iO)@j)= ij
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are also smooth. But (!) is G-invariant so it can be written as a linear
combination of the forms

fonon 01 i i ik ng

with constant coe cients. It follows that () is smooth.
(2) Becaused = dand : (M)®! (G)® is injective it is

for all tuples (I1;:::; 141 ) satisfying  1;;,  ::0 0 i, n. This follows
from the formula for d! because the remaining terms in the formula are
directional derivatives of functions on the form

which are clearly constant when! andX; are G-invariant. O
Remark. It follows that the formula in (2) de nes a form in  Alt k** (g=h)H

Exercise A3. Show the claim in the remark above directly. (Hint: First
show that for 2 Alt¥(g=h)" and X 2 h we have

Corollary A4. If H is compact and connected therM = G=H has a
G-invariant volume form, that is, a nonzero elementvy 2 "(M)®, n =
dim(M), and vy is unigque up to a scalar multiple.

Proof. SinceAlt "(g=h) is 1-dimensional we havelim(Alt "(g=h))" 1 with
equality if and only if det(Ad(h)) =1 for all h 2 H, where Ad(h): g=h!
g=his induced by the diagram in Proposition A1 (2). But (h) = det(Ad( h))
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de nes a continuous homomorphism :H! Rnf0g, and sinceH is com-
pact (h)= 1, forall h2 H. Hence is locally constant and sinceH is
connected 1 O

Example A5. If we identify SO(n 1) with the subgroup of matrices in
SO(n) of the form
h o
0 h’
there is a natural di eomorphism
:SO(n)=so(n 1) F s"! R"

givenby (gSO(h 1))= ge, g2 SO(n), wheree; =(1;0:::;0) (cf. [DG,
Exercise 9.45]). Notice that commutes with the SO(n) action, and the
SO(n) action on R" is given by matrix multiplication. It follows from Corol-

lary A4 that S" ! has aSO(n)-invariant volume form vgs 1 2 "(S" 1).

h2SO(n 1);

Exercise A6. Given the coordinates(x1;:::;Xn) on R" show that

X .
Vgn 1= C  ( )'xidxg MM NN dxn; c2 Rnfo0g:
i=1
Proposition A7. Let G be a compact Lie group and :G! GL(V) a
representation on a nite dimensional vector space (that is is a Lie group
homomorphism). Then there exists an inner product onV such that (g)
is orthogonal for all g 2 G, that is,

h (g)v; (g)wi = hv;wi for all viw2 V, g2 G:

Proof. Pick an arbitrary inner product h; i onV and choose an orientation
on G. It follows from Corollary A4 with H = feg that there is a unique
volumezform Vg on G that satis es

vg =1:
G

In factgfor vd 2 "(G)€ a volume form we have (asG is compact) that
Vol = v > Oand it follows that vg = v =Vol. We now de ne the inner
product on V by

Z

hywi = h(g Yv; (g Hwive:
G
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Then, for an arbritrary g°2 G we have forv;w 2 V:

z

h(g® v (¢° Hwi = Gh (0% Yv; (d%) Hwive
z

= Gh (g Yv; (g 1)Wi(Lgo 1) Ve
Z

h(g Yv; (g Hwive
G

hv; wi ;
O

Remark. Let O(V) GL(V) denote the group of orthogonal transforma-
tions with respect to the inner product h; i. Then O(V) is compact and
therefore a closed Lie subgroup irGL(V). It follows that :G! O(V) is
a Lie group homomorphism. If G is connected (g) 2 SO(V) for all g2 G,
where SO(V) O(V) is the subgroup of orthogonal transformations with
determinant 1.

Theorem A8. LetM = G=H,with GandH G as above and> compact
and connected. We then have the following.

(1) The inclusion i: (M)®! (M) induces an isomorphism on co-
homology.

(2) There is a natural isomorphism

Hge(M)=H (Alt (g=h)"')

Proof. Clearly (2) follows from (1) and Proposition A2.

To show (1) we pick, according to Proposition A7, an inner praluct on
the Lie algebrag of G which is invariant under the adjoint representation
Ad:G! GL(g), and sinceG is assumed to be connected we havkd(g) 2
SO(g) for all g2 G. By multiplying the inner product by a positive scalar
we can assume that the open unit disc

B=fX2gjhX;Xi< 19

is mapped di eomorphically under the exponential map onto an open
neighborhood U of e 2 G. As in the proof of Proposition A7 we let vg
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be the unique left invariant volume form on G that satis es
Z

vg =1:
G

Finally for g2 G we letLq:M ! M denote the di eomorphism given by
left multiplication with g2 G.

For! 2 X(M) we will de ne a G-invariant k-form I 2 K(M)®, in

Z
Fo(ve; v = Lgp(Lg visiiiiLg Vid)Ve
926G
or for short
Z
r = (Lg! Ive:
g2G

We shall show the following three claims:
(i) ¥ is aG-invariant di erential k-form.
@i If 12 XM)Cthenl =1,

(i) There are linear operators

s0=0;s: K(Mm)! kK I(Mm); k=1;2;:::
satisfying
dskt + sktldgr = forall! 2 kM), k=0:1;2;:::

The theorem then follows from (i) (iii).

() That I' is dierentiable is seen the same way as in the proof of Propo-
sition A2. To see that I' is G-invariant we rst notice that vg is a right
G-invariant form on G, that is Ry(vg) = vg for all g 2 G. This follows
from the fact that R VG again is left invariant so that

(Ry) Vo = (9ve; (g9 2 Rnfog;
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where :G! Rnf0Ogis a di erentiable homomorphism hence is constantly
equal to 1 sinceG is compact and connected. We now get
z

(Lgo) r (LgoLg! )VG

g2G

y4
(( ngo) Pve
492G
Z

= (L)(Ry 1) Vo)

x2G

= (L) = 1
x2G

wherex = gd’thatis g = x(¢°) * = Ry 1(x), it follows that Loa()=1,
which was to be proven.
(i) For ! 2 ( M)® we have

Z Z Z

= Lg(!)VG: lvg =1 vg = !
926G 926G G

(i) For this we use the neighborhoodU = exp B. We rst notice that

R R
i=" U= Ky

i i=1

is an open subgroup inG and since G is connected we havehlUi = G
(because the complement consists of cosets which are alsoey).

As U' U'*! and G is compact, there is aj 2 N such that G = Ul .
We get that ngéJ j g2 Ulgis an open covering ofG hence by compactness

we obtain G = ,_; gU. Now de ne inductively W1;:::; W, by
Wi = gU;ii i Wivs = g1 U w
=1
Then G= W; [ :::[ W, is a disjoint union and

=int (Wy) [ :::[ int(W))
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is a open subset such that@V S::l g@U is a union of (m  1)-
dimensional submanifolds inG, where m = dim G. For f an arbitrary
continuous function on G we thus have

Z Z Xi Z

fvg = fvg = fvg:
G v iz int( W)

Forg2 W; gU,g 2 U, we write g in the form
g=exp(X1) exp(X;j)exp(X)
and dene a curve (t;g) 2 G,t 2 [0;1] by
(tg) = exp(tX 1)  exp(tX)exp(tX ):

Then (0;g)= eand (1;9)= g. From we get a homotopyL (1q):M !
M, t 2 [0;,1], whereL () =id and L (;.q) = Lg. As in the proof of the
Poincaré Lemma (see [MT]) we get an operator

Ski K(Mm)! K (M)
such that
k k+1 _ .
dSg! + Sy d! =Lyt

Here Sg! is explicitly given by the formula
z 1

This is di erenti%ble in gfor g2 int(W;) and we may de ne

sk() = (SK1)ve:
g2V

By integration of the formgla above we gezt

dskt + skt g = (Lg! Ve (' Vg
g2V g2V
= (Lg! Ive (! )ve
92G g92G
=r I
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Exercise A9. Let M = G=H, where G is a compact Lie group with
identity component G,  G.

(1) Show that the number of components ofM is [G: GoH ], and that each
component is di eomorphic to Mg = Gp=Gg\ H.

(2) Conclude that
Har(M) = H (Alt (g=h)®e'")IC:Conl;
Exercise A10. Let M" = G=H, where G is a compact connected Lie
group. Show that the following statements are equivalent:
(1) M is orientable.
(2) Hir(M)8B0.
(3) Forall h2 H, det(Ad(h)) =1 where Ad(h): %:h! g=h.
(4) There is a volume formvy 2 "(M)® with v =1.
Exercise Al1l. Let G be a compact Lie group and :G! GL(V) a

representation on a nite dimensional vector spaceV. We write gv=(g)v
for g2 G;v 2 V. Now de ne the dual representation onV =Homg(V;R)

by
(gv)(V) = v (g *v); V2V ;v2V;g2G

Let Ve =fv2Vjgv=vgand(V )¢ =fv 2V jgv =v g
(1) Show that the natural mapping given by restriction

(V)L (v®)

is an isomorphism.

(2) Now let V and V° be two nite dimensional vector spaces with G-
representations as above and leB:V V%! R be a non-degenerateG-
invariant bilinear function. ( B is non-degenerate if the mapping8!: V!

V given by BI(V9(v) = B(v;V9, v 2 V;W2 VO is an isomorphism.B is
G-invariant if B(gv;gW) = B(v;v9) forallv2 V;W2V%g2G)

Show that B by restriction gives a non-degenerate bilinear function

B:V¢E Vv®I R
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Exercise A12 (Poincaré duality). Let G be a compact connected Lie
group, H G a closed Lie subgroup and putM = G=H. Assume that M

k(M )G n k(M )G| R
by
B(: )= " 2 KM% 2 M Km)e:
(1) Show that B is non-degenerate (cf. Exercise All).

(2) Show the formula

B(d; )=( D¥B(;d );forall 2 kK L(M)®, 2 " kKM)S:

(3) Show that B induces a non-degenerate bilinear function
B:HK(M) HI kM) R k=0;:::n

That is B’

Hints to (1): First show the following lemma: For V an n-dimensional
vector space andv 2 Alt " (V) a generator, the bilinear function

HIR K1 HE (M) is an isomorphism.

B:AItK(V) Alt" kK(V)! R
given by

Ao =B(; )V 2 AltK(V); 2 Alt" K(V)
is non-degenerate.

We conclude the appendix with a few examples.

Example A13. M = S" (cf. Example A5). Let R"*! have the coordinates

:SO(n+1)=SO(n) ¥ s" R
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given by (gSO(n)) = g&, g2 SO(n + 1), whereeyg = (1;0;:::;0). The
di erential

:so(n +1)=so(n)! R" =span(epy)’
satis es
(Ad(h)X)=h (X) X 2son+1); h2SO(n)

and thereby induces an isomorphism

Alt ¥(R")SO(M) Alt X(so(n + 1)=s0(n)) SO k=0;::n;
where

AILK(RMSM = £ 2 AR | (hve;zisshve) = (i w)G;
forall vi;:::;vk 2 R" and h 2 SO(n). We now have

AltK(R")SO(M) = Rdet k=n

0 k=1;:::;n 1

where det is de ned by the determinant. It is clear that det is SO(n)-
invariant (by de nition). So let us show that every 2 Altk(R")SO(M),
k<n; isO:

Let fep;:::;eng be the canonical basis forR", and notice that is
determined by f (e,;::5;e,)j1 i1 <:::<ig ng Butfor k<n

and
h%e1) = &,;h%e) = e,;::5;h &) = &,
hence
(e;ine)= (eniine)= (8,;:008,);
thatis (e,;:::;&,)=0 . We have thus shown that

< R[vgn] k=n
HX:(SM) = 0 k=1;::5;n 1
"R k=0

wherevgn 2 "(S") is the volume form from Example A5.
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Exercise A14. For M = RP" the n-dimensional projective space, show
that

R k=0 and k = n odd

k ny —
Har (RPT) = 0 otherwise

Example A15. M = CP" = U(n+1)=U(1) U(n)). C"*! has the
coordinates(zp;:::;zy) andH =U(1) U(n) U(n+1) is the subgroup
of matrices on the form

9= o g 2 U(1);h 2 U(n):

It is easy to show that the mapping
cu(n+1)=u(n) u@!@ C"

given by

Xn; 1
x)=9 : ¢
Xn;n
is an isomorphism, and that
(Ad(g)X)= h (X); for X 2u(n+1) M(n+1)
and g2 H as above. That is we get an isomorphism
Altk(CMHYM 1 ALK (u(n +1)=(u(1)  u(n))"

where

(v;w) = Im(w'v)
is U(n) invariant and that (e;;ie;) =1 so that

Alt2(CMYM g 0:
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We show that
R 2 0 k 2nkeven

Alt (CMYM = , Al
R(CT) 0 otherwise A1)
SinceC" = spangfe;;:::;ey;ie1;:::;ieng, 2 AltK(CM)V(M is determined
by the values
(&;105 8,065,500 0e,);
wherel ;< <ip n1 j1< <jp mnandp+ q= k. Butif
there is ajs 2fiy;:::;ipg then the mapping
e I=js
7 .
@ S 16 js

is unitary so that

(&;:iney e, inie )= (e e, e, ;i 0e,);
thatis (e,;:::;e,, igj,;:::;igj,) = 0. In the same way we show that if
it 2fj1;:ijqg then  (e,;::: e, iej,;:::5ie5,) = 0. Thatis, =0 if
p6 qand fork =2p, is determined by the values

(&, 8, 08,500 0e,)
There is an h 2 U(n) such that h(e) = &,, | = 1;:::;p, hence is
determined by (ey;:::;€p;ieq;:::;iep).

We conclude that Alt 2’(C")U("™ is at most 1-dimensional, so it is
enough to show that P 6 0. An easy calculation shows that

which shows (A.1). This also shows that

R 2 0 k 2nkeven

Her (CP™) ,
ar (CP") 0 otherwise

(A.2)

Exercise A16 (Symmetric spaces). Let M = G=H, where G is a com-
pact connected Lie group andH G is a closed Lie subgroup. Leth g
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be the Lie algebras forH and G respectively, and assume that there is a
complementm g such that g = m h and such that the following is
satis ed:

(1) Ad(h)(X)2mforallh2 H,X 2 m.
(2 [X;Y]12hforall X;Y 2 m.
Show that there is a natural isomorphism
HE; (M) = AltX(mM; k=0;1;2;:::
where the action ofH on Alt ¥(m) is induced by the adjoint action of H on
m given by (1).

Exercise A17. Let G be a compact connected Lie group. ASG acts on
the Lie algebrag by the adjoint representation, show that there is a natural
isomorphism

Hi: (G) = Alt*(g)®:

Hint: Use Exercise A16 forthecaseH G G, H =1f(0;0)jg2 Gg.
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