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9=58V]M"7:;3^$;37=587=?:7=5
@.9:; 1

4 ;3>��sM"L2L29:HJ>'SBO�@.9�M"7�?:<�9:;3^-5 @.I 58IK>'587�589 7=@q<$HJ9=?=589��)587�;-9:;T58IUM">J>'?:<GL-5
@.I 587:9:;
@.L 587\; SJ5B[ XsM"I <-@.X'@.I @.VT@.L2; 1
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	 58<$7�� 5
?=<�9:;��
^-58VT? 521�� SJ58>J>'5��m5
?:<$9:;3^-58VT?=5G^2M"9\SJ589 7:9=5GOi@.9:IUr"V I 5
Sn@.QJL*M
^-58> 1

� 587uO��.9=?:7=5\^2M"9���M"7��JV3;3^-5 O�@.9:7:9=@.V3;3L I 5
S SJ587uI 5
?=7_58VT58I 58>�7��_9=5G7=58>'?=@.9 M"V3L-5 �J9 MW1
� 587:7=5 589K7=@.7 M"V37KH'SJ58V]M.SW7UMPO\QJ9=@
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V]M">JL27)1 � 587 M">'SJ587 ^.M"9�� M"7\H'SW^$;TSJ5�SJ5�^�;3L27:;3L-?:7=5"�m58L29=5 � 589\O�9 M 9:;T58IUM">J>'?:<�L-5
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SJ589)1 � 587 7:9=5
S
	 5 Oi@.9:IUr"VqI 5
S @.QJL*M)^-58>
^2M"9��mM"7\O r L2;3^-587GSJ5 ^�;3L27:;3L-?:7=5 SJ5#$'>J;37:;T@.>'589B@.LN9=5
?:HJV37 M"7=589 O�9 M 9=58V]M"7:;3^�;37=587=?=7=5
@.9:;T58>%�
? M"I�7_M"7&$'>'SJ5 >��$SW^-58>'SW;3L-5 @.L�7:;3VT?:7:9��_<$<-58V3;3L-5'�m587:;3>JL-58VT?=589_QsrAI 587:9:;3<$<-58>

g
O�@.9��$M"7

QJ9=@$SWHJ<$7=587
(I × S1 × S2, g)

589 58>nV(�2?:>J;3>JLU7:;3VmO�58V37:V3;3L2>J;3>JL-58> ;f^.M.o8HJHJIn1
) M"< 7:;3Vf^-5*	 VT5
SJ589 46M"9=o
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L-5
@.I 587:9:;�H'SW^�;TSJ587 7:;3V Q'?=58H'SJ@.9:;T58IUM">J>'?:<-5 IUM">JL.Oi@.VTSW;3L2X'5
SJ589)1!46587:9:;3<�7=58>'? @.9=58> @.L
SJ5d^�;3L27:;3L-?:7=5d<�9:HJIK>J;3>JL-?��m58L29=5 �m589�^$;3V �JV3;3^-5 �m58XsM">'SWVT587��w@.L 7:;3V$?:;TSJ?:7f^$;3V*SJ5
^$;3L27:;3L-?:7=5
SJ5#$'>J;37:;T@.>'589\O�9 M SJ58>6M"V3I 58>'5A9=58V]M"7:;3^�;37=587=?=7=5
@.9:; �JV3;3^-5AL2;3^-587)1

� L-58>J>'58I X'58VT5 QJ9=@
	:58<�7=587u^�;3V �
;3>'?:7=58;3>'?_?:HJIKIUM"7:;T@.>'?_<-@.>*^-58>�7:;T@.>!�JV3;3^-5 �J9:HJL27)1

!#"$! %'&)(+*-,/.0(1&3254+67*-&32
8 ; ?:7 M"9:7=589 I 5
S M"7 SJ5#$'>'589=5 �'X*^2M.SnSJ58>�Q'?=58H'SJ@.9:;T58IUM">J>'?=<-5 ?:7:9:HJ<$7:HJ9 589)1
9��;:R���v,w���!� �+<��+<��1< �
> Q'?=58H'SJ@.9:;T58IUM">J>'?=< I 587:9:;3< Qsr&58> L2V]M"7UIUM">JL.Oi@.VTSW;3L2X'5
S
M

589\587 ?��$IKI 587:9:;T?:< �s;3<�<-5 SJ58L-58>'589=589=587
(2, 0)

� 7=58>'?=@.9 Oi58V37��
g
�'Qsr

M
MPOR<-@.>'?=7 M">*7

;3>'SJ58<W?)1
=0>@?BADCFEHGJIKGML 0213021EDJN��u58>n<-@.9:7=@.I 58L2> <2M">

g ∈ T 2
0 (M)

?:<$9:;3^-5
? ?=@.I

g =
∑

gijdx
i ⊗ dxj .

8 ;%�.>'?:<-589 M"7 �m5
?:7=58IKI 5A<-@$5@OUo8;T58>*7=589:>'5
gij
1 � 587 L �.9=5
? Qsr O��.V3L-58>'SJ5BIUr.SJ5QP

g(∂k, ∂l) =
∑

gijdx
i(∂k)dx

j(∂l) =
∑

gijδ
i
kδ
j
l = gkl,

X�^-@.9
δik
589 FG9=@.>'5
o=<-589 SJ58V37 M.587)1 � M

g
589 ?��$IKI 587:9:;T?:< �'589

gij = gji
1

R 7
g
;3<�<-5_589�SJ58L-58>'589=589=587��m587 �WSJ589��.M"7�IUM"7:9:;To
58>

g(p) = {gij(p)}
589�;3>�^-589:7:; � 58V

Oi@.9 M"V3VT5
p ∈ M

1
g
?:<.M"V�XsM
^-5 <-@.>'?:7 M">*7 ;3>'SJ58<W?TS!SJ587:7=5 � 587 �$SJ589AM"7\IUM"7:9:;To
58>

g(p)XsM"9 SJ587 ? M"IKI 5NM">�7 M"V_>'58L*M"7:;3^-5N58L-58>*^ �_9=SW;T589 Oi@.9 M"V3VT5
p ∈ M

1
g
589 L2V]M"7 ;_SJ58>

Oi@.9=?:7 M">'S �_M"7U<-@$5@OUo8;T58>*7=589:>'5
gij ∈ C∞(U)

^2M"9:;T589=589 L2V]M"7 I 5
S
p
1 � M

g
589U587

7=58>'? @.9 O�58V37 Qsr
M

�J;3>'SWH'o
589=589
g
58>n> �!�J;3V3;3>'5��_9 Oi@.9:I

gp : TpM × TpM // U �WX*^-@.9
g(−,−)(p) = gp(−,−).
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� 587:7=5 � 587 �$SJ589��mM"7\^$; >*H6XsM"9 SJ5#$'>'589=587G58> ?���IKI 587:9:;T?=<!�J;3V3;3>'5��_9 Oi@.9:I QsrKX�^-589:7
TpM

�
p ∈ M

�m@.LNSJ589:I 5
S XsM"9G^$;�L 	 @.9:7
TpM

7:;3VdM"7 ?=<.M"V]M"9:QJ9=@$SWHJ<�7:9:HJIn1 � 587G589
?=7 M">'S'M"9=S M"7\?:<$9:;3^-5

gp(−,−) = 〈−,−〉p = 〈−,−〉
1

p_58^$;T?=589:>'5GOi@.9 SW;T?=?=5A?=IUr Qsr.?:7 M">'SJ5A<2M"> $'>'SJ5
? ;������ 5)`2C�� 1
8 ;f<2M">�>*H SJ5#$'>'589=5 58>�^-58<�7=@.9=? E��
	��
�
� > E�� C�� E�� > C 1

9��;:R���v,w���!� �1<��+< / <�� M.S
v 6= 0 ∈ TpM

1
v
<2M"VTSJ5
?

•
?:QsM.o
58V3;3<-5AX*^$;T?

g(v, v) > 0

•
7:;3I 58V3;3<-5BX*^$;T?

g(v, v) < 0

•
V3;3L2X*7:V3;3<-5�58V3VT589\>*HJV3V X�^�;T?

g(v, v) = 0

�  P�!cd� � �v,w���!� �+<��+<�� <�� >
� CFI ETE > G��$>���� >@? ? >@C >@G >@G���� � I LBI!�
" ?#" C%$

g↑ : T 0
1 (M) // T 1

0 (M)

LQI!& >'�(& >)�
g↑(v) = g(v,−)

=0>�&TI!� N 8 ; �.>'?:<-589GM"7\<-@.>'?:7:9:H'589=5 58> MPO��J;3VTSW>J;3>JL
g↑ : T 0

1 (M) // T 1
0 (M)

�sSJ589\7 M �
L-589 58>N^-58<�7=@.9

v ∈ TpM
@.L L2;3^-589 58> 0#�iO�@.9:I ;

T ∗
pM

1 � 5#$'>'589 58>60#�iOi@.9:I
g↑(v) =

g(v,−)
1 � @.9 �sM.?=;T?:^-58<�7=@.9=589

{∂1, . . . , ∂n}
@.L

{dx1, . . . , dxn}
Oir.?

g↑(v) =
∑

g(v, ∂i)dx
i.

* ^$;T?
v = ∂j

XsM)^-5
?

g↑(∂j) =
∑

gjidx
i.

� 58> ;3>*^-589=?=5AMPO��J;3VTSW>J;3>JL
g↓ : T 1

0 (M) // T 0
1 (M)

SJ5#$'>'589=5
? M">sM"VT@.L27���@.L O�@.9&�sM.?:;T? �
^-58<$7=@.9=589 Oir.?

g↓(dxi) =
∑
gji∂j

1
g↑
589G;3> 	:58<�7:;3^ �!S'M

g
;3<$<-5 589ASJ58L-58>'589=589=587)1 � M

g↑
589qV3;3>'5��_9��W589qSJ58>N?:HJ9�	:58<$7:;3^U@.L SJ589:I 5
S 589qSJ5\7=@ MPO��J;3VTSW>J;3>JL-589 ;T?=@.I @.9 $s589)1

=0>@?BADCFEHGJIKGML 0213021EZJN 8 ;s^$;3Vs; SJ587_5 O�7=589 O��.V3L-58>'SJ5 �J9:HJL-5 >'@.7 M"7:;T@.>'58>
∼
Oi@.9 I 587:9:;T?:<

�_<$^$;3^.M"VT58>'?��JSJ587\^�;3V ?:;3L-5 �'M"7

dxi ∼
∑

gij∂j
@.L

∂j ∼
∑

gjidx
i.

+ 58>'589=5�O r"9\^$; �J9:HJLUOi@.9 M"7 ^�;TSJ5 �!X*^2M.S6SJ589 I 58>'5
? I 5
S658>6@.9:7=@.>'@.9:IUM"V �sM.?=;T?��
X�^�;T? I 587:9:;3<�<-58>6589 ;3>'SJ5#$'>J;37)1
9��;:R���v,w���!� �+<��+< x <,� M.S

V
^ �_9=5 587_^-58<$7=@.9:9:HJI H'SJ?:7 �$9=587qI 5
S 587u;3>'SJ5#$'7 ?:<2M"V]M"9 �

QJ9=@$SWHJ<$7)1 � M 589
{e1, . . . , en} ∈ V

58> @.9:7=@.>'@.9:IUM"V �sM.?:;T? X*^$;T?
span(e1, . . . , en) =

V
�
ei ⊥ ej

@.L
ei
XsM"9\V.�_>JL-SJ5

1
58V3VT589

i
1

9��;:R���v,w���!� �1<��1<%-1< �
7u4 ;3>J<-@wl ?:<�;s9:HJI 589 SJ587 58HJ<$V3;TSW;T?:< 9:HJI U n H'SJ?:7 �$9=587dI 5
SI 587:9:;3<$<-58>
g = −dxi⊗dxi+

∑n
i=2 dx

i⊗dxi
1-4 ;3>J<-@)l ?=<�;39:HJIKI 587&� 587=58L2>'5
? U n

1

1

.
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>6Q'?=58H'SJ@.9:;T58IUM">J>'?:< IUM">JL.Oi@.VTSW;3L2X'5
S 589 58>6L2V]M"7 IUM">JL.Oi@.V��
SW;3L2X'5
S

M
H'SJ?:7 ��9=587GI 5
S658> I 587:9:;3<$7=58>'?=@.9AMPO <-@.>'?:7 M">*7G;3>'SJ58<W?��

ν
1 * ^�;T?

ν = 0
�

<2M"VTSJ5
?
M

9:;T58IUM">J>'?:<�@.L��JX*^$;T?
ν = 1

�J<2M"VTSJ5
?
M

� @.9=58>*7��-1
9��;:R���v,w���!� �+<��+<�� < �
>N<-@.>J>'58<$7:;T@.>NQsr 58>NL2V]M"7uIUM">JL.Oi@.VTSW;3L2X'5
S

M
589q58> MPO��J;3VTS �

>J;3>JL
∇ : X(M) × X(M) // X(M) ,

SJ589 @.QWO �$VTSJ589qO��.V3L-58>'SJ5
021

∇X1+X2
Y = ∇X1

Y + ∇X2
Y

DW1
∇X(Y1 + Y2) = ∇X Y1 + ∇X Y2

CW1
∇fX Y = f ∇X Y

�
f ∈ C∞(M)

. 1
∇X(fY ) = f(∇X Y ) +X(f)Y

�
f ∈ C∞(M)=0>@?BADCFEHGJIKGML 021302130)kJN � SJ587GQ'?=58H'SJ@.9:;T58IUM">J>'?=<-5K7:;3V O��_VTSJ5K589ASJ589A@.L-? r QJ9��qo8;T?A58>

Q'? 58H'SJ@.9:;T58IUM">J>'?:<A<-@.>J>'58<�7:;T@.> X��.9=58>'SJ5
7:;3V*SJ58>BQ'? 58H'SJ@.9:;T58IUM">J>'?:<-5 I 587:9:;3< � � 58^$;��
� ;3^$;37 M <-@.>J>'58<$7:;T@.>'58>%�.SJ589�589�7=@.9=?:;T@.>'? O�9:;$@.L <-@.IKQsM"7:; � 58V$I 5
SBI 587:9:;3<$<-58> 1.p_58^$;T?=587
<2M"> ?=5
? ;������ 5)`2C � ) X'5
@.9=58I 020�� @.L � � HJQ��2C�� ) X'5
@.9=58I DW130	��� S
SJ587 �m58I �_9:<-5
?��
M"7�SJ587 HJ>'SJ589:^-5*	:? � 58> ��7:7=5
?��qM"7

g
589N;3>�^-589:7:; � 58V�� SJ587�589�?:7 M.SW;3L27 9:;3L27:;3L27��qS'M

g;3<$<-5 589 SJ58L-58>'589=589=587)1 � 589 589 @.L-? r ; SJ587:7=5 7:;3V O��_VTSJ5 58> ? M"IKI 58>JX �_>JL I 58V3VT58I
<-@.>J>'58<$7:;T@.>'58> @.L I 587:9:;3<$<-58>%�'SJ589 ;mVT@.<.M"VT5G<-@$@.9=SW;3>sM"7=589 589 L2;3^-587 ^-5
S V3;3L2>J;3>JL-589:>'5

∑
Γlij∂l = ∇∂i

(∂j),

∑
Γlijglk =

1

2

(
∂glk

∂xi
+
∂gki

∂xj
+
∂gij

∂xk

)
.

Γkij
589 L2V]M"7:7=5GO�HJ>J<�7:;T@.>'589\Qsr

M
1

!#"�
 ��*�
���25, 2�������� 4+&�
��	67*-, &���� 25254J. &����#2���� 6 �!�	,"��#	&%$
�5& *

�d7q5
? ?=58>*7:;T58V37 58IK>'5G; 9:;T58IUM">J>'?:<NL-5
@.I 587:9:; 589_<$9:HJIK>J;3>JL'1 8 ; �.>'?:<-589 SJ589 Oi@.9 M"7_Oir
SJ587:7=5&�m58L29=5 � H'SW^$;TSJ587�7:;3V$Q'?=58H'SJ@.9:;T58IUM">J>'?:<-5_IUM">JL.Oi@.VTSW;3L2X'5
SJ589)1 � 587�I 5
?:7=5u< �.9=589
5 O�7=589 ? M"IKI 5GI 58VT@$SW; ?=@.I ;fSJ587 9:;T58IUM">J>'?:<-5A7:;3V O��_VTSJ5 �WI 58> ?=@.I ^$;f^�;3Vf?=5 �W589 SJ589
?=IUr �WI 58>n^ �q? 58>*7:V3;3L-5AOi@.9=?:<-58V3VT521 8 ; � 58L �$>'SJ589 I 5
Sn58> O�HJ>'S'M"I 58>*7 M"VRSJ5#$'>J;37:;T@.> 1
9��;:R���v,w���!� �1< � <��+< [\;T58IUM">J>'? <�9:HJIK>J;3>JL-?=7=58>'?=@.9

R : X
3(M) // X(M)

589 SJ5#$'>'589=587 ^-5
S
R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z ∀X,Y,Z ∈ X(M),

X�^-@.9
[X,Y ]

589 � ;T5#� QsM"9=58>*7=5
? 58> MPO
X,Y

1

Z



=0>@?BADCFEHGJIKGML 021EDW1EDJN � M
R
589RI�HJV37:;3V3;3>'5��_9u@)^-589

C∞(M)
�2?=5�����587"��� ���d9=@.Q @2?:;37:;T@.>

DW1EDW130�� �s589
R
58> 7=58>'?=@.9 MPOR7 �$Q 5

(3, 1)
1
R
<2M">�; VT@.<.M"VT5G<-@$@.9=SW;3>sM"7=589 ?=<�9:;3^-5
? ? @.I

R =
∑

Rlijkdx
i ⊗ dxj ⊗ dxk ⊗ ∂l,

X�^-@.9n<-@$5@OUo8;T58>*7=589:>'5
Rlijk

� 5
?=7=58IKI 5
? O�9 M Oi@.9:IKVT58>
R(∂i, ∂j)∂k =

∑
Rlijk∂l

1
Rlijk(p)

^2M"9:;T589=589 ; O��.V3L-5 � � HJQ��2C��WVT58IKIUMUZW130)`���L2V]M"7 I 5
S
p
�W;TSJ587 � XJ9:;T?:7=@��f58VT?��$I �

�m@.VT589:>'5B589 L2V]M"7:7=5GO�HJ>J<$7:;T@.>'589)1
� SNO�9 M

R
@.L I 587:9:;3<�<-58> SJ5#$'>'589=589\^$; 58>�> �nMPO �J;3VTSW>J;3>JL

Rm ∈ T 4
0 (M)

^-5
S
Rm(X,Y,Z,W ) = 〈R(X,Y )Z,W 〉.

* ^$;T? IUM"> ?:<$9:;3^-589 SJ587 ?=@.I 7=58>'?=@.9=589��!?:^2M"9=589\SJ587\7:;3V�� M"7 ^�;�M">*^-58>'SJ589 ;T?=@.I @.9 $s58>
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?
; SJ@ � M"9:I @2?&� @.L�� � ; �f589=58>*7:;]M"V �G5
@.I 587:9�� @"O � HJ9:^-5
?qM">'S + HJ9 O M.o
5
?�� 1
��� ,w������� � <��+<�� � <���� �
	�� � � � " � �	��� I � � � IKG � C�� I�
 � � �

X,Y ∈ X(Ur)
"$L � � �

S,N,∇r " L
Rr

& ADC/> �'" ? "
& > G �
"QC N � �5L A � �M>@C
� N

tanR(X,Y )Z = Rr(X,Y )Z − II(Y,Z)S(X) + II(X,Z)S(Y )
�

Z ∈ X(U)
�

��N
norR(X,Y )Z = g(−(∇X S)(Y ) + (∇Y S)(X), Z)N

�
Z ∈ X(Ur)

N
=0>�&TI!� N + 7:9 M"7=58L2;T58> 589&M"7 H'SW7:9��$<�<-5

R
^-5
S

Rr
@.L ? r 7:;3V ?=;TSJ?:7 ? M"IKI 58>JV3;3L2>'5

7 M">JL-58>�7:;]M"V��_@.L >'@.9:IUM"V3<-@.IKQm@.>'58>*7=589)1 ��589\SJ5#$'>J;37:;T@.>6MPO
∇r XsM"9 ^�;

R(X,Y )Z = ∇X ∇Y Z −∇Y ∇X Z −∇[X,Y ] Z

= ∇X(∇r
Y Z + g(∇Y Z,N)N) −∇Y (∇r

X Z + g(∇X Z,N)N)

−∇r
[X,Y ] Z − g(∇[X,Y ] Z,N)N

0)C



8 ; XsM"9 @.L-? r �sM"7
g(Y,N) = 0

�';TSJ587
Y ∈ X(Ur)

1 � 587:7=5AL2;3^-589
Z(g(Y,N)) = 0 =

g(∇Z Y,N) + g(Y,∇Z N)
� ; O��.V3L-5 � � HJQ��2C � �d9=@.Q @2?:;37:;T@.> DW130)C�� 1 � 587:7=5UL2;3^-589 >�H

Qm589GSJ5#$'>J;37:;T@.>+MPO * 5
? ?:;]M">*7=58>%�fM"7
g(∇Z Y,N) = −g(Y, S(Z)) = −g(S(Y ), Z)

�
S'M

S
589 ?���IKI 587:9:;T?=< 1 8 ;fXsM"9\? r �'M"7

R(X,Y )Z = ∇X(∇r
Y Z − g(S(Y ), Z)N) −∇Y (∇r

X Z − g(S(X), Z)N)

−∇r
[X,Y ] Z + g(S([X,Y ], Z)N.

��589 V3;3>'5)M"9:;37=587GMPO�<-@.>J>'58<$7:;T@.>'58> XsM"9 ^$;

R(X,Y )Z = ∇X ∇r
Y Z −∇Y ∇r

X Z −∇r
[X,Y ] Z

−∇X(g(S(Y ), Z)N) + ∇Y (g(S(X), Z)N)

+ g(S([X,Y ]), Z)N.

8 5
S ? M"IKI 5BM"9:L2HJI 58>*7G?=@.I @)^-58>WOi@.9 O r.?��'M"7

∇X ∇r
Y Z = ∇r

X ∇r
Y Z − g(S(X),∇r

Y Z)N.

� 587:7=5AL2;3^-589

R(X,Y )Z = ∇r
X ∇r

Y Z −∇r
Y ∇r

X Z −∇r
[X,Y ] Z

+ g(S(Y ),∇r
X Z)N − g(S(X),∇r

Y Z)N

− g(∇X S(Y ), Z)N − g(S(Y ),∇X Z) − g(S(Y ), Z)∇X N

+ g(∇Y S(X), Z)N + g(S(X),∇Y Z) + g(S(X), Z)∇Y N

+ g(S([X,Y ]), Z)N.

��589\SJ5#$'>J;37:;T@.> MPO
Rr

@.L
S
XsM"9 ^$;

R(X,Y )Z = Rr(X,Y )Z

− g(S(X),∇r
Y Z)N + g(S(Y ),∇r

X Z)N

− g(∇X S(Y ), Z)N − g(S(Y ),∇X Z) − g(S(Y ), Z)S(X)

+ g(∇Y S(X), Z)N + g(S(X),∇Y Z) + g(S(X), Z)S(Y )

+ g(S([X,Y ]), Z)N.

8 ; XsM"9 O�9 M��m58^$;T?=587 Oi@.9_DW1302130 . �JM"7
S(N) = 0 ⇒ S(X) ∈ TUr

Oi@.9
X ∈ X(Ur)

�W? r
^$;�XsM"9��mM"7

g(S(X),∇r
Y Z) = g(S(X),∇Y Z)

1 � SJ587 ^�;�X*H'?=<-589�� M"7 �sr.SJ5
S
@.L

g589 7=58>'? @.9=589��'XsM"9 ^$;

R(X,Y )Z = Rr(X,Y )Z

− g(∇X S(Y ), Z)N − g(S(Y ), Z)S(X)

+ g(∇Y S(X), Z)N + g(S(X), Z)S(Y )

+ g(S(∇X Y ), Z)N − g(S(∇Y X), Z)N.

0 .



8 5
S M"7 � 58> ��7:7=5 � 58; �J>J; �
9=58L2VT58> Oi@.9
S
Oir.?

R(X,Y )Z = Rr(X,Y )Z

+ g(S(X), Z)S(Y ) − g(S(Y ), Z)S(X)

+ g(−∇X S(Y ) + ∇Y S(X) + S(∇X Y ) − S(∇Y X), Z)N

= Rr(X,Y )Z + g(S(X), Z)S(Y ) − g(S(Y ), Z)S(X)

+ g(−(∇X S)(Y ) + (∇Y S)(X))N.

� 587 �.>'?=<-5
SJ5
O��.V3L-589�>*H ^-5
SB? M"IKI 58V3;3L2>J;3>JLAMPOJ7 M">JL-58>*7:;]M"V��f@"OW>'@.9:IUM"V3<-@.IKQm@.>'58>*7=589
? M"I�7 MPO
SJ5#$'>J;37:;T@.>'58>6MPO

II
1

8 ;-XsM"9�@.L-? r 58> <-@�@.9=SW;3>sM"7 O�9:; � 5
?:<$9:;3^-58VT?=521 � 587�O�@.9:I HJVT589=5
?�;-O��.V3L-58>'SJ5_?��_7:>J;3>JL'1
��� ,w������� � <��1<�� x <�� � �

f
�
N

" L
S

& ADC >��
" ? "
& >@G �'" C N � � �
∂r = ∇ f

"$L
X,Y ∈

X(U)
N � �5L A ���;>@C �;> C

� N
(∇∂r

S)(X) + S(S(X)) = −R(X, ∂r)∂r
�

��N
L∂r

g(X,Y ) = 2g(S(X), Y )
�

�MN
(∇∂r

S)(X) = L∂r
S(X)

N
=0>�&TI!� N � �.9=?=7=5nH'SJ? M"L2> 589 �JVT@.7U58> 9=5 Oi@.9:I�HJVT589:;3>JL-58> MPOB?��_7:>J;3>JL DW1302130 . 1 R >'SJ587
H'SJ? M"L2> 589\58>nH'SW9=58L2>J;3>JL @.LU@)^-589=?=QJ9:;3>JL-5
?)1 � SW9=58L2>J;3>JL-58> <2M"> ?=5
? ; ����587"�������
9=@
�
Qm@2?:;37:;T@.> . 130�� 1 + ;TSJ?:7=5NH'SJ? M"L2> O��.V3L-589 MPO O��.V3L-58>'SJ5 H'SW9=58L2>J;3>JL'1 ��589 SJ5#$'>J;37:;T@.> MPO
SJ58> � ;T5#� M �s5
SW7=5 �

L
�J@.L � 58; �J>J; �
9=58L2VT58>nOi@.9

S
XsM"9 ^$;

(L∂r
S)(X) = [∂r, S(X)] − S([∂r, X])

= ∇∂r
S(X) −∇S(X) ∂r − S(∇∂r

X) −∇X ∂r).

��589 V3;3>'5)M"9:;37=587GMPO * 5
?=?:;]M">�7=58>nXsM"9 ^$;

(L∂r
S)(X) = ∇∂r

(S(X)) −∇S(X) ∂r − S(∇∂r
X) − S(∇X ∂r)

= (∇∂r
S)(X) −∇∇X ∂r

∂r + ∇∇X ∂r
∂r

= (∇∂r
S)(X),

X�^-@.9 ^$;f;�SJ587 > �q?:7=?:;TSJ?:7=5BV3;3L2X'5
SJ?:7=58L2>nXsM"9 �J9:HJL27 � 58; �J>J; �
9=58L2VT58> Oi@.9
S
1


 "�
 ��*�
���25, 2�� � ��� �7* � &�� �5* 6 ��
�� (14
�fSJ587:7=5qMPOi?:>J;37�^$;3V*^$; �m58> �$7:7=5qSJ5dL-58>'589=58V3VT5uO�@.9:IKVT589�;$MPOi?:>J;37
DW130d7:;3VJM"7 �m589=58L2>'5

R
@.L

Ric
Qsr IUM">JL.Oi@.VTSW;3L2X'5
SJ589\I 5
S�?:Qm5
o8;T58V3VT5G9=5
?:7:9:;3<$7:;T@.>'589 Qsr O�@.9:I 58> MPO�I 587:9:;3<�<-58> 1

9��;:R���v,w���!�b� < � <��+<�� M.S
M

�
M1,M2

^ �_9=5KL2V]M"7:7=5UIUM">JL.O�@.VTSW;3L2X'5
SJ589)1 � M.S
I ⊆U + ^ �_9=5 587 r
�m58>*7 ;3>�7=589:^.M"V 1 � M.S

r = projI
�W@.L V]M.S

ψ,ϕ ∈ C∞(I)
@.L
ψ,ϕ > 0

1

0)Z



021 �
>+I 587:9:;3< Qsr O�@.9:I 58>
dr ⊗ dr + ϕ2(r)gM

Qsr
I ×M

<.M"VTSJ5
? 587�� � C�� >��
�1C�" �
	
�'� 1

DW1 �
>�I 587:9:;3<NQsr O�@.9:I 58>
dr⊗ dr+ ϕ(r)2gM1

+ ψ(r)2gM2

Qsr
I ×M1 ×M2<.M"VTSJ5
?\587 � " � �$>�� � � � C�� >���� C " � 	��'� 1

CW1 �
>+I 587:9:;3< Qsr�O�@.9:I 58>
dr ⊗ dr + ϕ2(r)gSn−1

Qsr
I × Sn−1 <.M"VTSJ5
? C " � � �

� I�"QG � ��� ? ? >
� C@I �FE 1
=0>@?BADCFEHGJIKGML DW1EDW1EDJN � @.9 SJ587 O��.9=?:7=5 589nSJ587 ^-58V3<-58>'SW7��\M"7�X�^�;T?

M1
@.L

M2
589

L2V]M"7:7=5\IUM">JL.O�@.VTSW;3L2X'5
SJ589��$S'MB589uSJ589=5
? o)M"9:7=5
?:;T?:<-5\QJ9=@�SWHJ<$7
M1×M2

@.L-? rA58> L2V]M"7
IUM">JL.Oi@.VTSW;3L2X'5
Sf1

� 587G589G587\<$9 M
^n7:;3VR58> I 587:9:;3< �mM"7 SJ58> 589 L2V]M"7G@.L ;3<$<-5 SJ58L-58>'589=589=587)1 R 7 QJ9=@
�
SWHJ<$7:I 587:9:;3<$<-589:>'5U589AL2V]M"7:7=5 O��.V3L-589 MPO �fM"7

gM , gM1
, gM2

@.L
gSn−1

589AL2V]M"7:7=5KI 5#�
7:9:;3<$<-589 @.L

ψ,ϕ ∈ C∞(I)
1 R 7_QJ9=@$SWHJ<�7:I 587:9:;3<$<-589:>'5G;3<�<-5G589 SJ58L-58>'589=589=5
SJ5 O��.V3L-589

MPO ����� 5)`2C � � 58IKIUM CW1EZ�� �'S'M
ψ,ϕ > 0

1
* ^$;T? IUM"> �.>'?:<-589KQ'?=58H'SJ@.9:;T58IUM">J>'?:<-5 QJ9=@�SWHJ<$7=589K?:<.M"V SJ589 �_>'SW9=5
? Oi@.9:7=58L2>

Qsr
dr ⊗ dr

58V3VT589��WIUM">n?:<2M"V ?��.9:L-5 Oi@.9��'M"7 58>*7=58>
gM

�
gM1

�
gM2

58V3VT589
gSn−1

589 58>
Q'? 58H'SJ@.9:;T58IUM">J>'?:< I 587:9:;3< 1
=0>@?BADCFEHGJIKGML DW1EDW1ECJN �B9=5
?:7=58> MPO SJ587:7=5nMPOi?:>J;37 M"9��m5*	 SJ589K^$;uHJ>'SJ589 O��.V3L-58>'SJ5nM"> �
7 M"L-58VT? 589)1

(M, g)
589 58> Q'?=58H'SJ@.9:;T58IUM">J>'?:< IUM">JL.Oi@.VTSW;3L2X'5
S+@.L

U ⊆ M
58>+r
� 58>

I �_>JL-SJ521
f ∈ C∞(U)

589�58> MPOi?:7 M">'SJ? O�HJ>J<�7:;T@.> @.L
Ur = f−1(r)

1
∇ f = N

589
>'@.9:IUM"V3^-58<$7=@.9\7:;3V

Ur
1

8 ;
^$;3V �m587:9 M"L27=5 7:;3V O��_VTSJ587��fX*^-@.9 I 587:9:;3<�<-58>
g
@.QWO �$VTSJ589AO��.V3L-58>'SJ5K<$9:;37=589:;3HJI P

� @.9R587�O M.?:7
r0
XsM"9�^�;$;TSJ58>*7:;�$'<2M"7:;T@.>'58>

U
diffeo

= I×Ur0
�wHJ>'SJ589RX�^�;3V3<-58>

g
@.QWO �$VTSJ589

M"7��*X*^$;T?
{E1, . . . , En−1}

589 58>N@.9:7=@.>'@.9:IUM"V ���$7:7=589 M"IKI 5\Qsr
Ur0

I 5
S X'58>'?��$> 7:;3V
g|Ur0

�'589

{F1, . . . , Fn} = {ϕ1(r)
−1E1, . . . , ϕn−1(r)

−1En−1, N},

58>e@.9:7=@.>'@.9:IUM"V ���$7:7=589 M"IKI 5 Qsr
U
I 5
S X'58>'?���> 7:;3V

g
� X*^-@.9

ϕi ∈ C∞(I)
@.L

ϕi > 0
1 � 5
?=H'SJ58>&?:<.M"VR^$;RXsM
^-5 � M"7

ϕi(r0) = 1
1 * ^$;T?

{E1, . . . , En−1, N}
589A58>

�sM.?=;T?qO�@.9
TpU

�J589

g = diag(ϕ2
1(r), . . . , ϕ

2
n−1(r), 1).

�qSJ58>J>'5 ?:;37:HsM"7:;T@.> 589
Ei ∈ X(Ur)

^-58<$7=@.9 O�58V37=589��!SJ589\;3<$<-5�MPO�X �_>JL-589AMPO
r
1 � 587\589

@.L-? r <�V]M"9:7��sM"7
gr
<�HJ> MPO�X �_>JL-589 MPO

r
1

=0>@?BADCFEHGJIKGML DW1EDW1 . N �
7�?=Q 5
o8;]M"V37:;3V O��_VTSJ5 MPO'?:;37:HsM"7:;T@.>'58>�; � 58I �_9:<$>J;3>JL DW1EDW1EC @w^-58> �
Oi@.9 589G587\lqM"9:Q 5
S6QJ9=@$SWH'o87)1!pq587:9 M"L27

(M, g̃) = (I ×M1, dr ⊗ dr + gM1

1 8 ;�XsM"9
^-5
SnQJ9=@
	 58<$7:;T@.>'58>

f : I ×M1
// I

L2;3^-587 58> MPO�?=7 M">'SJ? O�HJ>J<$7:;T@.>%�W;TSJ587
|∇ f | = 1

1
8 ;WXsM"9uM"7

Ur = M1×{r}
@.L
M = I×Ur = I×M1

�.I 5
S I 587:9:;3<
dr⊗dr+gM1

1
� MK589

(M, g)
L2;3^-587 ^-5
S

(M,dr ⊗ dr + ϕ2(r)gM1
)
�'SJ589 	:@ QJ9��qo8;T?\589\587\l_M"9:Qm5
S

QJ9=@$SWH'o87)1

0	�



8 �_V3L 58> @.9:7=@.>'@.9:IUM"V ���$7:7=589 M"IKI 5
{E1, . . . En−1, N}

Qsr
I×M1

I 5
S�X'58>'?���>
7:;3V
dr⊗dr+gM1

1 � MqO r"9�IUM"> 58> @.9:7=@.>'@.9:IUM"V ���$7:7=589 M"IKI 5
{F1, . . . Fn}

�
Fn = NQsr

(M, g)
�sX�^-@.9

{F1, . . . Fn} = {ϕ−1(r)E1, . . . ϕ
−1(r)En−1, N}.

465
S X'58>'?��$>n7:;3V �sM.?=58>
{E1, . . . En−1, N}

589
g = diag(ϕ2(r), . . . , ϕ2(r), 1)

1
� �.9=?:7 �.>'?:<-589U^�;\M"7K^$;T?=5 �dM"7 * 5
?=?:;]M">�7=58> XsM"9U58> ?��_9:V3;3L+?=;3IKQ 58VqOi@.9:Ij; SJ587

? 587:HJQ%�'SJ589 589 �m5
?:<�9=58^-587 ; �m58I �_9:<$>J;3>JLNDW1EDW1ECW1
�  P�!cd� � �v,w���!� � < � <��-< � >�� � G � �TL;>�� � >@C �'" ? I � > ? ADCFEHGJIKGML ��N � N � > C ?#� � C@I��QC/>
�
� C A �T>@G�� � � I " G >@G ? >�� � >@G ��� G � I%�

{F1, . . . , Fn}
�'" C

S diag
(
ϕ̇1

ϕ1
, . . . ,

ϕ̇n−1

ϕn−1
, 0
) N

=0>�&TI!� N 8 ;��m58> �$7:7=589 H'SJ? M"L2> �iD �
;s?��_7:>J;3>JL DW1302130	�B7:;3V �m589=58L2>J;3>JL MPO
S
1 * ^�;T?

i = n58V3VT589
j = n

589
g(S(Fj), Fi) = g(S(Fi), Fj)

Q 589B?���IKI 587:9:;uMPO * 5
?=?:;]M">*7=58> 1 � 9 M
�m58^$;T?=587qO�@.9 ? �_7:>J;3>JL DW1302130 . 589

S(Fn) = 0
1 * ^$;T?

i, j 6= n
XsM"9\^�;

LNg(Fi, Fj) = LN (g(Fi, Fj)) − g([N,Fi], Fj) − g(Fi, [N,Fj ]).

� M
{Fi}

589 58> @.9:7=@.>'@.9:IUM"V �sM.?:;T?G589
g(Fi, Fj) = 1

? r
LN (g(Fi, Fj)) = 0

1 � O��.V3L-5
^-@.9=5
? M">*7 M"L-58VT?=5 @.I

Fi = ϕi(r)
−1Ei

XsM"9 ^�;

LNg(Fi, Fj) = −g([N,ϕi(r)
−1Ei], Fj) − g(Fi, [N,ϕj(r)

−1Ej ])

N
589
>'@.9:IUM"V3^-58<�7=@.9u7:;3V

Ur
@.LBSJ589:I 5
SK;

r
� 9=587:>J;3>JL-58> Qsr

U
1 � M

Ei
;3<�<-5 MPO�X �_>JL-589

MPO
r
Oir.?

[N,ϕi(r)
−1Ei] = N(ϕ−1

i (r))Ei =
d

dr
(ϕ−1

i (r))Ei = −
ϕ̇i(r)

ϕ2
i (r)

Ei = −
ϕ̇i(r)

ϕi(r)
Fi.

� 587 ^$;3V ?:;3L-5 �sM"7 ^$;fXsM"9

LNg(Fi, Fj) = −g

(
−
ϕ̇i(r)

ϕi(r)
Fi, Fj

)
− g

(
−
ϕ̇j(r)

ϕj(r)
Fj , Fi

)

=

(
ϕ̇i(r)

ϕi(r)
+
ϕ̇j(r)

ϕj(r)

)
g(Fi, Fj)

=

(
ϕ̇i(r)

ϕi(r)
+
ϕ̇j(r)

ϕj(r)

)
δij .

� 587 �.>'?:<-5
SJ5UO��.V3L-589 >*H%��;TSJ587
LNg(Fi, Fj) = 2g(S(Fi), Fj)

1 8 ; XsM"9 58> 7:;3VT?:^2M �
9=58>'SJ5�? M"IKI 58>JX �_>JL Oi@.9

{Ei}
�JS'M �m58L2L-5��sr.SJ5

g
@.L

S
589\7=58>'?=@.9=589)1

�  P�!cd� � �v,w���!� � < � < x < � � � �FI���	 � � I�"QG >@G & ADC > �
" ? I�� >@?BADCFEHGJIKGML ��N ��N ��N � � >@C
R(Ei, N)N = − ϕ̈i

ϕi
Ei
N

0 �



=0>�&TI!� N 8 ; �J9:HJL-589 Oi@.9:IKVT58>�O�9 M ? �_7:>J;3>JL DW1302130 .
R(Ei, N)N = −∇N S(Ei) − S(S(Ei))

= −∇N (S(Ei)) + S(∇N Ei) − S(∇Ei
N).
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